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Persistent Homology in Finance and
Machine Learning: From Theory to Practice

[ABSTRACT]: In this paper, we discuss a key issue in the application of topo-
logical data analysis, namely, persistence diagrams are not directly compatible

with many standard statistical and machine learning methods. To address this,

persistence landscapes and persistence images are introduced to convert topo-

logical information into appropriate mathematical structure.

The thesis consists of a theoretical review and two applications. In the the-

oretical review, we introduce the notions of simplex, complex, filtration, per-

sistent homology, persistence diagrams, and vectorizations. In the first applica-

tion, we reproduce a financial market analysis based on persistence landscapes

and their Lq-type norms. In the second application, we reproduce a machine

learning experiment in which persistence images are used for clustering syn-

thetic geometric shapes.

[Keywords]: Persistent Homology, Persistence Diagram, Persistence Land-

scape, Persistence Image

I



[摘要]：在本文中，我们探讨了拓扑数据分析应用中的一个关键问题，即
持续同调图与许多标准统计和机器学习方法并不直接兼容。为了解决这

个问题，持续景观和持续图像被引入，旨在将拓扑信息转化入更合适的

数学结构中。

本论文由理论综述和两个应用组成。在理论综述中，我们介绍了单

形，复形，过滤，持续同调以及向量化方法。第一个应用中，我们复现了

一项基于持续景观及其 Lq 型范数的金融市场分析。第二个应用中，我们

复现了一个机器学习实验，其中持续图像被用于合成几何形状的聚类。

[关键词]：持续同调,持续同调图,持续景观,持续图像
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1. Introduction
Topological data analysis (TDA) is a set of tools providing a framework for studying

data through its shape, connectivity, and other topological structures [4]. Persistent homol-

ogy is particularly important, it tracks the birth and death of homological features across a

filtraction [8] by persistence diagrams [6, 15]. However, a persistence diagram is a multi-

set of points instead of vectors, and distances between diagrams are usually defined through

metrics such as the bottleneck or Wasserstein distance [5]. This makes persistence diagrams

difficult to use directly in many standard statistical and machine learning pipelines. So sev-

eral vectorization methods have been developed to solve this problem. In this thesis, we

focus on two representative methods: persistence landscapes [3] and persistence images [1].

These methods transform persistence diagrams into functional or finite-dimensional repre-

sentations.

This thesis organize contents from theory to application. The theoretical part introduces

the mathematical background of simplex, complex, filtrations, persistent homology, persis-

tence diagrams, and two vectorizations.

We apply the preceding theory in two case studies, each reproducing selected results

from an existing paper.

The first application [9] concerns financial market analysis. In this setting, persistence

landscapes and their Lq-type norms are used to summarize topological features of point

clouds constructed from market return data. The goal is to examine whether these topo-

logical summaries exhibit visible changes around major unstable periods of markets. This

analysis should be understood as exploratory rather than as a formal forecasting model: ele-

vated topological signals may be associated with market crisis, but predictive early-warning

claims require additional research.

The second application [1] is a machine learning task. Persistence images are used as

features for clustering synthetic geometric point clouds. This experiment provides simple

benchmarks for evaluating whether vectorized persistent homology can preserve shape in-
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formation under noise.

The remainder of this thesis is organized as follows. Section 2 introduces the mathe-

matical background. Section 3 presents two vectorization methods. Section 4 reproduces the

financial market application. Section 5 reproduces the machine learning application. Section

6 concludes the thesis and gives suggestions on future work.

2. Mathematical Foundations of Persistent Homology
Persistent homology studies how homological features appear and disappear along a

filtration. In this thesis, all simplicial complexes in the theoretical development are treated as

finite abstract simplicial complexes. This formulation is standard in computational topology:

chain groups, boundarymaps, homology groups, filtrations, persistent homology groups, and

persistence intervals can all be defined from finite abstract simplicial complex [2, 15].

This formulation is natural for our application sections, since Vietoris–Rips complexes

are defined by declaring finite subsets of a metric space to be simplices by using a pairwise-

distance condition.

Throughout this section, homology is taken with coefficients in a fixed field F (In com-

putations, we mainly use Z/11Z or Z/2Z). This convention makes all chain groups and

homology groups vector spaces.

2.1 Abstract Simplicial Complexes

In this thesis, simplices are always nonempty, while the empty complex is allowed.

Thus the empty complex contains no simplices.

Definition 2.1 (Abstract simplex). Let V be a finite set. An abstract k-simplex in V is a

nonempty subset σ = {v0, v1, . . . , vk} ⊆ V with cardinality k + 1. The elements of σ are

called vertices.

Definition 2.2 (Face). Let σ be an abstract simplex. A face of σ is a nonempty subset τ ⊆ σ.

If |τ | = ℓ+ 1, then τ is an ℓ-simplex.

Definition 2.3 (Abstract simplicial complex). An abstract simplicial complexK on a finite

2



vertex set V is a collection of nonempty finite subsets of V such that whenever

σ ∈ K and ∅ ̸= τ ⊆ σ,

we also have τ ∈ K. The elements of K are called simplices. Equivalently, under the con-

vention used in this thesis, an abstract simplicial complex is closed under taking nonempty

faces. The empty complex is allowed, but the empty set is not regarded as a simplex.

Definition 2.4 (Dimension). The dimension of a simplex σ is dimσ = |σ| − 1. If K ̸= ∅,

the dimension of a finite abstract simplicial complex K is dimK = maxσ∈K dimσ. For the

empty complex, we use the convention dim ∅ = −1.

The definition records only which finite subsets of vertices are declared to be simplices.

This is sufficient for defining chain groups, boundary operators, homology, and persistent

homology [2, 15].

2.2 Chain Groups and Homology

Definition 2.5 (Oriented simplex). Let σ = {v0, . . . , vp} be an abstract p-simplex. An orien-

tation of σ is an equivalence class of orderings [v0, . . . , vp], where two orderings are equiv-

alent if they differ by an even permutation. Reversing the orientation changes the sign:

[vπ(0), . . . , vπ(p)] = sgn(π)[v0, . . . , vp].

Definition 2.6 (p-chain group). Let K be a finite abstract simplicial complex. For p ≥ 0,

the p-chain group Cp(K) is the vector space over F generated by the oriented p-simplices

of K. An element of Cp(K) is called a p-chain and can be written as c =
∑

i aiσi, where

ai ∈ F and each σi is an oriented p-simplex of K.

Definition 2.7 (Boundary operator). The boundary operator ∂p : Cp(K) → Cp−1(K) is

defined on an oriented p-simplex [v0, . . . , vp] by

∂p[v0, . . . , vp] =
p∑

i=0

(−1)i[v0, . . . , v̂i, . . . , vp],
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where v̂i means that vi is omitted. The definition is extended linearly to all p-chains. For

p = 0, we set ∂0 = 0.

Proposition 2.8 (Boundary of a boundary). For every p ≥ 1, ∂p−1 ◦ ∂p = 0.

Proof. It is enough to verify the identity on an oriented p-simplex [v0, . . . , vp]. Applying

the boundary operator twice produces a sum of oriented (p − 2)-simplices. Each term is

obtained by deleting two vertices. If the two deleted vertices are vi and vj with i < j, then

the corresponding face appears twice: once by deleting vi first and then vj , and once by

deleting vj first and then vi. These two occurrences have opposite signs. Hence all terms

cancel in pairs, and therefore ∂p−1∂p[v0, . . . , vp] = 0. The identity holds for every p-chain by

linearity.

Definition 2.9 (Chain complex). The sequence of vector spaces and boundary maps

· · · −→ Cp+1(K)
∂p+1−−→ Cp(K)

∂p−→ Cp−1(K) −→ · · ·

is called the simplicial chain complex of K.

Definition 2.10 (Cycle group and boundary group). The p-cycle group of K is Zp(K) =

ker ∂p. The p-boundary group of K is Bp(K) = im ∂p+1.

Proposition 2.11 (Boundaries are cycles). For every p ≥ 0, Bp(K) ⊆ Zp(K).

Proof. Let b ∈ Bp(K). Then there exists a (p+ 1)-chain c ∈ Cp+1(K) such that b = ∂p+1c.

Applying ∂p gives

∂pb = ∂p∂p+1c = 0.

Hence b ∈ ker ∂p = Zp(K). Therefore Bp(K) ⊆ Zp(K).

Definition 2.12 (Homology group). The p-th homology group of K is the quotient vec-

tor space Hp(K) = Zp(K)/Bp(K). Elements of Hp(K) are homology classes of p-cycles

modulo p-boundaries.
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Definition 2.13 (Betti number). The p-th Betti number of K is βp(K) = dimHp(K).

The first Betti numbers have standard interpretations. The number β0 counts connected

components, β1 counts independent one-dimensional loops, and β2 counts two-dimensional

voids. In the abstract setting, these terms should be understood as the usual topological

interpretations of the corresponding homology groups.

2.3 Filtrations of Abstract Simplicial Complexes

Definition 2.14 (Subcomplex). LetK be an abstract simplicial complex. A subcomplex of

K is an abstract simplicial complex L such that L ⊆ K.

Definition 2.15 (Filtration). A filtration of a finite abstract simplicial complexK is a nested

sequence of subcomplexes

K0 ⊆ K1 ⊆ · · · ⊆ Km = K.

The index i is called the filtration index. If a simplex σ ∈ K first appears in Ki, then i is

called the filtration value of σ.

As the filtration grows, new simplices are added. Consequently, homology classes may

be born, persist for several filtration levels, and die at later levels. This is the basicmechanism

recorded by persistent homology [6, 8].

Definition 2.16 (Filtration value). LetK• be a filtration

∅ = K0 ⊆ K1 ⊆ · · · ⊆ Km = K.

The filtration value of a simplex σ ∈ K is the smallest index i such that σ ∈ Ki.

2.4 Persistent Homology Groups

Let

K• : K0 ⊆ K1 ⊆ · · · ⊆ Km

be a filtration of finite abstract simplicial complexes.
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Proposition 2.17 (Inclusion-induced map on homology). For every pair of indices i ≤ j,

the inclusion ιi,j : Ki ↪→ Kj induces a linear map on homology f i,j
p : Hp(Ki) → Hp(Kj).

Proof. The inclusion ιi,j : Ki ↪→ Kj sends every simplex of Ki to the same simplex re-

garded as a simplex ofKj . Therefore it induces a linear map on chain groups ιi,j# : Cp(Ki) →

Cp(Kj). This chain-level map commutes with the boundary operators: ∂pιi,j# = ιi,j# ∂p.Hence

cycles are mapped to cycles and boundaries are mapped to boundaries. Therefore, if two cy-

cles in Ki differ by a boundary, their images in Kj also differ by a boundary. Thus the

chain-level inclusion induces a well-defined linear map on homology, f i,j
p : Hp(Ki) →

Hp(Kj).

Definition 2.18 (Persistent homology group). For i ≤ j, the p-dimensional persistent ho-

mology group from level i to level j is

H i,j
p = im f i,j

p .

Thus, H i,j
p consists of the p-dimensional homology classes that are already present at

level i and remain nontrivial at level j [6, 15].

Proposition 2.19 (Chain-level description of persistent homology). Let

Z i
p = Zp(K

i), Bj
p = Bp(K

j).

Then

H i,j
p

∼= Z i
p/(B

j
p ∩ Z i

p).

Proof. Define a map ϕ : Z i
p → Hp(Kj) by sending each cycle z ∈ Z i

p to its homology class

[z] in Hp(Kj). Since Ki ⊆ Kj , every cycle inKi can also be regarded as a cycle inKj .

The image of ϕ is exactly the image of the induced homology map f i,j
p : Hp(Ki) →

Hp(Kj). Hence imϕ = H i,j
p . The kernel of ϕ consists of those cycles in Z i

p that become

boundaries inKj , namely kerϕ = Bj
p ∩ Z i

p. By the first isomorphism theorem,

Z i
p/(B

j
p ∩ Z i

p) ∼= H i,j
p .
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Definition 2.20 (Persistent Betti number). The p-dimensional persistent Betti number

from level i to level j is

βi,j
p = dimH i,j

p .

The number βi,j
p counts independent p-dimensional homology classes that persist from

Ki toKj .

2.5 Birth, Death, and Persistence

Definition 2.21 (Birth). A p-dimensional homology class is born at level i if it appears in

Hp(Ki) but is not in the image of the induced map Hp(Ki−1) → Hp(Ki). For i = 0, every

nonzero class in Hp(K0) is regarded as born at level 0.

Definition 2.22 (Death). A p-dimensional homology class born at level i dies entering level

j if it stops to represent an independent homology class when passing from Kj−1 to Kj .

Equivalently, it either becomes a boundary in Kj or merges with an older homology class

under the standard persistence pairing convention.

The standard pairing convention says that when two homology classes merge, the class

born earlier is regarded as surviving, while the class born later is regarded as dying [6, 15].

Definition 2.23 (Birth–death pair). If a p-dimensional homology class is born at level i and

dies entering level j, then the corresponding birth–death pair is (i, j), i < j. If the filtration

is indexed by real parameters α0 < α1 < · · · < αm, then the corresponding birth–death pair

is written as (αi,αj).

Definition 2.24 (Persistence). The persistence of a birth–death pair (b, d) is pers(b, d) =

d− b.

A feature with large persistence survives over a long range of filtration values and is of-

ten interpreted as more significant. A feature with small persistence lies close to the diagonal

in the birth–death plane and is often interpreted as less robust.
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2.6 Persistence Diagrams

For a finite filtration, birth–death multiplicities can be described through persistent Betti

numbers. Since the filtration is finite and homology is taken over a field, the associated per-

sistence module decomposes into interval modules. The persistent Betti numbers therefore

determine the interval multiplicities by the following rank-invariant formula.

Theorem 2.25 (Multiplicity formula). Let i < j. The number of p-dimensional homology

classes born at level i and dying entering level j is

µi,j
p =

(
βi,j−1
p − βi,j

p

)
−
(
βi−1,j−1
p − βi−1,j

p

)
,

with the convention that terms involving i− 1 are zero when i = 0.

Proof. By the interval decomposition theorem, the persistent Betti number βi,j
p counts the

number of p-dimensional persistence intervals whose birth index is at most i and whose

death index is greater than j. Therefore, the difference βi,j−1
p − βi,j

p counts the number of

p-dimensional intervals whose birth index is at most i and whose death index is exactly

j. Similarly, βi−1,j−1
p − βi−1,j

p counts the number of such intervals whose birth index is at

most i− 1 and whose death index is exactly j. Subtracting the second quantity from the first

removes the intervals born before level i. Hence the remaining number is exactly the number

of p-dimensional homology classes born at level i and dying entering level j.

Definition 2.26 (Persistence diagram). Let

K• : K
0 ⊆ K1 ⊆ · · · ⊆ Km

be a filtration indexed by real parameters α0 < α1 < · · · < αm. The p-dimensional per-

sistence diagram of K•, denoted by Dgmp(K•), is the multiset in the extended birth–death

plane R× (R ∪ {∞}) defined as follows.

For every finite birth–death pair with i < j, the point (αi,αj) is included with multi-

plicity µi,j
p .

8



If a p-dimensional homology class is born at level i and does not die within the filtration,

then the point (αi,∞) is included with the corresponding multiplicity. Equivalently, the

multiplicity of the infinite point born at level i is µi,∞
p = βi,m

p − βi−1,m
p , with the convention

that terms involving i− 1 are zero when i = 0.

Each point in Dgmp(K•) records the birth time and death time, finite or infinite, of a

p-dimensional homology class. Points are counted with multiplicity.

Definition 2.27 (Diagonal). The diagonal in the birth–death plane is∆ = {(x, x) : x ∈ R}.

A point far from the diagonal corresponds to a long-lived homology class, while a point

close to the diagonal corresponds to a short-lived class.

Remark 2.28 (Finite and infinite intervals). The persistence diagram Dgmp(K•)may contain

both finite points (b, d), b < d < ∞, and infinite points (b,∞). Infinite points correspond to

homology classes that are born during the filtration but do not die before the final complex

Km.

In the vectorization methods used later in this thesis, we restrict attention to finite off-

diagonal points

(b, d) ∈ Dgmp(K•), b < d < ∞.

These finite birth–death pairs are the input for persistence landscapes and persistence images.

A persistence diagram is a multiset of points rather than a vector in a Euclidean space.

Therefore, although persistence diagrams summarize the evolution of homology across a

filtration, they are not directly compatible with many standard statistical and machine learn-

ing methods. This is the motivation of the vectorized representations introduced in the next

section.

2.7 Vietoris–Rips Filtrations

We now describe the main way in which filtrations are obtained from point-cloud data in

this thesis. The Vietoris–Rips construction is naturally formulated in the language of abstract

simplicial complexes: it declares certain finite subsets of a metric space to be simplices

9



according to a pairwise-distance rule [2, 15].

Definition 2.29 (Vietoris–Rips complex). Let (X, d) be a finite metric space and let ε ≥ 0.

The Vietoris–Rips complex of X at scale ε is the abstract simplicial complex

VRε(X) = {∅ ̸= σ ⊆ X : d(x, y) ≤ ε for all x, y ∈ σ}.

Proposition 2.30 (Vietoris–Rips complexes are abstract simplicial complexes). For every

finite metric space (X, d) and every ε ≥ 0, VRε(X) is an abstract simplicial complex.

Proof. Let σ ∈ VRε(X). Then for every pair of vertices x, y ∈ σ, d(x, y) ≤ ε. Let ∅ ̸= τ ⊆

σ. Every pair of vertices of τ is also a pair of vertices of σ. Therefore, for every x, y ∈ τ ,

d(x, y) ≤ ε. Hence τ ∈ VRε(X). Thus every nonempty face of every simplex in VRε(X)

also belongs to VRε(X). Therefore VRε(X) is an abstract simplicial complex under the

convention used in this thesis.

Proposition 2.31 (Vietoris–Rips filtration). Let 0 ≤ ε0 < ε1 < · · · < εm. Then

VRε0(X) ⊆ VRε1(X) ⊆ · · · ⊆ VRεm(X).

Therefore, the Vietoris–Rips construction gives a filtration.

Proof. Suppose σ ∈ VRεi(X). Then for every pair of vertices x, y ∈ σ, d(x, y) ≤ εi. If

i ≤ j, then εi ≤ εj. Therefore d(x, y) ≤ εj for every pair x, y ∈ σ. Hence σ ∈ VRεj(X).

Thus

VRεi(X) ⊆ VRεj(X)

whenever i ≤ j. This proves that the Vietoris–Rips complexes form a filtration.

Given a finite metric space (X, d) and an increasing sequence of scale parameters, the

Vietoris–Rips filtration produces a filtration of abstract simplicial complexes. Therefore, the

persistent homology and persistence diagrams defined above apply directly to Vietoris–Rips

filtrations.
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3. Vectorization of Persistence Diagrams
As we mentioned before, persistence diagrams are not directly suitable for many stan-

dard statistical and machine learning methods since they are not vectors in a Euclidean space,

and distances between diagrams, such as the bottleneck and Wasserstein distances, are based

on matching problems [5]. Therefore, persistence diagrams are often transformed into vec-

torized representations.

This section introduces two representative vectorization methods: persistence land-

scapes [3] and persistence images [1]. The persistence landscape maps a diagram to a se-

quence of functions, while the persistence image maps a diagram to a finite-dimensional

matrix.

3.1 Persistence Landscape

As discussed before, the p-dimensional persistent homology of a finite filtration can be

represented by a persistence diagram Dgmp(K•). When we do computations, the points of

this diagram may be obtained by reducing the boundary matrix of the filtration.

In the following definition, we use only finite off-diagonal birth–death pairs (b, d) ∈

Dgmp(K•) with b < d < ∞. Intervals with infinite death time are excluded from the

landscape vectorization in this thesis.

For each finite point (b, d) ∈ Dgmp(K•) with b < d < ∞, define the associated tent

function

Λ(b,d)(t) = max{0,min(t− b, d− t)}.

Equivalently,

Λ(b,d)(t) =

⎧
⎪⎨

⎪⎩

t− b, b ≤ t ≤ b+d
2 ,

d− t, b+d
2 ≤ t ≤ d,

0, otherwise.

This function is supported on [b, d], reaches its maximum d−b
2 at the midpoint b+d

2 , and is zero

outside [b, d].
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For each k ∈ N, the k-th persistence landscape function λk : R → R is defined by

λk(t) = k-max
{
Λ(b,d)(t) : (b, d) ∈ Dgmp(K•)

}
,

where k-max denotes the k-th largest value in themultiset above. Diagram points are counted

according to their multiplicities. If fewer than k tent functions are nonzero at t, then λk(t) =

0.

The persistence landscape associated with Dgmp(K•) is the sequence of functions λ =

(λ1,λ2,λ3, . . .). Thus, a persistence landscape should be viewed not as a single function, but

as a sequence of functions obtained by ordering the tent functions pointwise.

This sequence can be regarded as an element of a suitable Lq-type function space. For

1 ≤ q < ∞, its landscape norm is commonly written as

∥λ∥q =
(

∞∑

k=1

∫

R
|λk(t)|q dt

)1/q

.

Equivalently,

∥λ∥q =
(

∞∑

k=1

∥λk∥qLq(R)

)1/q

.

This notation emphasizes that the norm is taken over the entire landscape sequence, rather

than over a single landscape function.

3.2 Persistence Image

Persistence images provide another vectorized representation of a persistence diagram.

They transform a diagram into a finite-dimensional representation that can be used in statis-

tical and machine learning algorithms.

Let

Dp := Dgmp(K•) = {(bℓ, dℓ)}ℓ∈I

denote the p-dimensional persistence diagram. As in the persistence-landscape construction,

we restrict attention to finite off-diagonal points.

The first step is to transform each birth–death pair into birth–persistence coordinates:

12



T (bℓ, dℓ) = (bℓ, dℓ − bℓ). Write (uℓ, vℓ) = T (bℓ, dℓ), so that uℓ = bℓ, vℓ = dℓ − bℓ. Thus, vℓ is

the persistence of the corresponding homological feature.

Let w : R× R≥0 → R≥0 be a nonnegative weighting function on the birth–persistence

plane. In practice, w is usually chosen to increase with persistence and to vanish, or become

small, near v = 0, thereby reducing the contribution of short-lived features close to the

diagonal.

For each transformed point (uℓ, vℓ), we associate a smoothing kernel centered at (uℓ, vℓ).

A common choice is the two-dimensional Gaussian kernel

φσ,(uℓ,vℓ)(x, y) =
1

2πσ2
exp

(
−(x− uℓ)2 + (y − vℓ)2

2σ2

)
,

where σ > 0 is a smoothing parameter.

The persistence surface associated with Dp is defined by

ρDp(x, y) =
∑

ℓ∈I

w(uℓ, vℓ)φ(uℓ,vℓ)(x, y).

This surface is a smoothed and weighted representation of the transformed persistence dia-

gram in the birth–persistence plane.

Let {Prs}1≤r≤m, 1≤s≤n be a finite m× n grid of pixels covering a prescribed region of

the birth–persistence plane. The persistence image is the matrix whose (r, s)-entry is

PIrs(Dp) =

∫∫

Prs

ρDp(x, y) dx dy.

Thus, the persistence image is obtained by integrating the weighted persistence surface over

each pixel of the grid. In the numerical implementation, the pixel integral is approximated

by evaluating the persistence surface at the pixel center and multiplying by the pixel area.

After vectorizing the resulting matrix, the persistence image becomes an ordinary finite-

dimensional feature vector. The grid resolution, smoothing parameter, and weighting func-

tion all affect the final representation, so these choices are important in applications.
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4. Application I: Financial Market Analysis
4.1 Problem Setting

This section reproduces the financial market application of Gidea and Katz [9], who

applied topological data analysis to daily returns of four major US stock market indices.

Their method constructs rolling point clouds from multivariate return data, computes one-

dimensional persistent homology, and summarizes the resulting persistence landscapes by

their Lq-type norms.

The purpose of this reproduction is to examine whether the main empirical patterns

reported in the original study can be recovered under a individual pipeline. We mainly fo-

cus on whether the persistence landscape norms display obvious changes around the 2000

technology crash and the 2008 global financial crisis. The analysis should be understood as

retrospective and exploratory: it studies selected historical crisis windows and does not by

itself establish an out-of-sample forecasting rule.

The reproduction focuses on:

• the long-term evolution of the normalized L1 and L2 norms of persistence landscapes

over the sample period;

• the localized behavior of the L1 norm in the 1,000 trading days preceding the 2000 and

2008 crisis dates;

• secondary rolling indicators based on the variance, low-frequency spectral behavior,

and lag-1 autocorrelation of the L1 norm.

4.2 Methodology

The persistent homology in this reproduction were computed by using the GUDHI [12]

library. The overall workflow follows the financial-market pipeline of Gidea and Katz [9]:

daily market returns are converted into a sequence of rolling point clouds, persistent homol-

ogy is computed on each point cloud, and persistence landscapes are summarized by their

Lq-type norms.
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Data Preprocessing and Log-returns. We consider d = 4 daily time series of adjusted

closing prices Pi,j for the S&P 500, DJIA, NASDAQ, and Russell 2000 indices. In the

original paper, the data were downloaded from Yahoo Finance. In this reproduction, the

historical price series covering the period from 1988 to 2016 were assembled from Stooq,

The Wall Street Journal, and the Federal Reserve Economic Data (FRED) database [13, 14,

7] . This difference in data source may contribute to discrepancies between the reproduced

figures and the original results.

To reduce non-stationarity and focus on relative price changes, we compute the daily

log-returns ri,j = log
(

Pi,j

Pi−1,j

)
,where i denotes the trading day and j ∈ {1, . . . , 4} identifies

the index. Each day i is therefore represented by a vector xi = (ri,1, ri,2, ri,3, ri,4) ∈ R4.

The resulting four-dimensional return vectors form the input time series for the topological

analysis.

Sliding Window and Point Cloud Construction. To capture the evolution of the market

state, we apply a sliding window of size w. For each time index n, we collect w consecutive

return vectors and form a point cloudXn = {xn, xn+1, . . . , xn+w−1} ⊂ R4.We use a window

size ofw = 50 trading days with a sliding step of one day. The topological statistic computed

from Xn is time-stamped at the end of the window, namely at trading day n+ w − 1.

Persistent Homology and Vietoris–Rips Filtration. For each rolling point cloud Xn,

we construct a Vietoris–Rips filtration using the Euclidean distance in R4. At scale ε, the

Vietoris–Rips complexVRε(Xn) includes a k-simplexwhenever all pairwise distances among

its k + 1 vertices are at most ε. As ε increases, this produces a nested family of simplicial

complexes:

VRε1(Xn) ⊆ VRε2(Xn) ⊆ · · · ⊆ VRεm(Xn), ε1 < ε2 < · · · < εm.

For each rolling point cloud, we compute the persistence diagram of the first homology group

H1. In the implementation, the Vietoris–Rips complex is constructed up to dimension 2,
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which is sufficient for computing H1.

Persistence Landscapes and Landscape Norms. Given a finite birth–death pair (bi, di)

in a persistence diagram, we define the associated triangular tent function Λi : R → [0,∞)

by Λi(t) = max{0,min(t− bi, di − t)}. This function is centered at (bi + di)/2 and reaches

height (di − bi)/2.

The persistence landscape is then defined as a sequence of functions λ = {λk}k∈N,

where λk(t) is the k-th largest value among the collection {Λi(t)}i for each t ∈ R: λk(t) =

k-max{Λi(t) : i = 1, . . . , N}. To summarize the strength of persistent topological features

by a scalar quantity, we compute the Lq-norm of the persistence landscape:

∥λ∥q =
(

∞∑

k=1

∫

R
|λk(t)|q dt

)1/q

, 1 ≤ q < ∞.

In this study, we focus on the L1 and L2 norms of the persistence landscapes derived from

H1. These norms provide scalar summaries of persistent loop-like features in the four-

dimensional return space. In the numerical implementation, the landscape representation

is discretized, and the corresponding integrals are approximated numerically. If a rolling

point cloud has no finite H1 interval, its landscape norm is set to zero.

Normalization for Visualization. For visualization, the computed landscape-norm series

are rescaled by min–max normalization, x̃t = xt−mins xs
maxs xs−mins xs

. The normalization range de-

pends on the reproduced figure. In the long-term plot, the minimum and maximum are com-

puted over the whole sample period. In the localized plots, the time window is first extracted

and the normalization is then applied within that window.

Statistical Indicators for Early-Warning Analysis. To investigate possible pre-crisis be-

havior of the topological signal, we analyze the rawL1-norm series using a secondary rolling

window of 500 trading days. This secondary window is also trailing: for each date, the cor-

responding indicator is computed from the 500 observations ending at that date.
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Within each 500-day window, we compute the sample variance, the average spectral

density at low frequencies, and the lag-1 autocorrelation. The low-frequency spectral indi-

cator is obtained from a spectral estimate of the demeanedL1-norm series, and is summarized

by averaging over the lowest positive frequency range. These derived indicators are used as

exploratory summaries of the topological signal rather than as a calibrated forecasting model.

4.3 Long-term Empirical Results: Reproduction of Figure 9 [9]

Following the procedure described above, we computed the daily time series of the

normalizedL1 andL2 norms of persistence landscapes. This analysis provides amacroscopic

view of the evolution of the topological signal over nearly three decades.

Figure 1. Time series of normalized L1 (blue) and L2 (red) norms of persistence landscapes for the four
US stock market indices (1988–2016). Vertical dashed lines indicate the Dot-com crash (2000) and the
Lehman Brothers bankruptcy (2008).

The reproduced Figure 1 is qualitatively consistent with the main pattern reported in the

original study. The normalized L1 and L2 norms display obvious spikes during periods of

severe market turbulence. In particular:

• Dot-com crash (2000): One of the most prominent peaks in the entire sample occurs

around March 2000. This indicates that the persistence landscape becomes substan-

tially larger during the collapse of the technology bubble, reflecting a stronger H1
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features.

• Global Financial Crisis (2008): A second major cluster of elevated values appears

around the Lehman Brothers bankruptcy in September 2008.

The close co-movement between the L1 and L2 norms suggests that the increase in

persistent topological structure is not specific to one particular choice of q.

4.4 Localized Results: Reproduction of Figure 10 [9]

To better assess the potential of TDA as an early-warning tool, we next examine the

1,000 trading days preceding the technology crash of 2000 and the LehmanBrothers bankruptcy

of 2008. Figure 2 and Figure 3 compare the normalized S&P 500 index with the correspond-

ing L1 norm of the persistence landscape.

Figure 2. S&P 500 index (top) and L1 norm (bottom) for the 1,000 trading days prior to March 2000.
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Figure 3. S&P 500 index (top) and L1 norm (bottom) for the 1,000 trading days prior to September 2008.

In Figure 2, the S&P 500 exhibits a strong but volatile upward movement from 1996

through early 2000. The topological signal, however, reveals a more irregular pattern of

growing instability:

• beginning as early as 1997, the L1 norm displays several spikes that gradually increase

in frequency and magnitude;

• a major surge appears in early 1999, well before the primary market peak.

Figure 3 shows the lead-up to the 2008 crisis. In this case, the S&P 500 peaks in late

2007 and then begins to weaken. The corresponding topological signal remains compar-

atively decreasing through 2005 and 2006, but rises substantially once financial stress be-

comes more visible:

• starting in late 2007, the L1 norm begins to increase;

• amajor spike appears in early 2008, followed by another sharp rise close to the Lehman

bankruptcy in September 2008.

In general, these localized plots suggest that, in the two reproduced crisis windows, the

topological signal becomes elevated before or around the most dramatic phase of the market
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breakdown. This is consistent with the exploratory interpretation of persistence landscape

norms as potential early-warning indicators, but it does not establish a general forecasting

rule.

4.5 Derived Statistical Indicators: Reproduction of Figure 11 [9]

To further examine the pre-crash behavior of the topological signal, we compute three

secondary indicators from the raw L1-norm series using a 500-trading-day trailing rolling

window: variance, average spectral density at low frequencies, computed from a spectral

estimate over the lowest positive frequency range, and the lag-1 autocorrelation (ACF lag-

1). Figure 4 and Figure 5 show these metrics for the 250 trading days preceding the March

2000 and September 2008 crashes.

Figure 4. Reproduced early-warning indicators for the 250 trading days prior to the Dot-com crash (March
10, 2000). The panels show the variance, low-frequency spectral density, and ACF lag-1 of the L1 norm.
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Figure 5. Reproduced early-warning indicators for the 250 trading days prior to the Lehman Brothers
bankruptcy (September 15, 2008).

The statistical indicators reveal distinct patterns, although their stability differs across

measures:

• Variance: In both crisis periods, the variance of the L1 norm shows a clear upward

trend.

• Spectrum (low frequency): In the 250 trading days preceding both crashes, the aver-

age spectral density at low frequencies generally increases. This indicates that the fluc-

tuations of the topological signal become increasingly dominated by slower-moving

components.

By contrast, the lag-1 autocorrelation is considerably less stable. In the original study,

the ACF does not display a consistent upward trend prior to either crash, and our reproduction

likewise shows substantial fluctuations, with occasional sharp drops, especially during the

Lehman period. This suggests that, in this setting, the low-frequency spectrum is a more

robust indicator than the raw lag-1 autocorrelation.

4.6 Summary and Reflection

Our reproduced indicators differ in some details from those reported in the original paper

[9] . These discrepancies may arise from differences in data source, software implementa-

tion, numerical approximation, and plotting conventions. Nevertheless, the main qualitative
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pattern is broadly consistent with the original study: in the two selected crisis windows, the

persistence-landscape norms and their derived indicators become elevated before or around

the most severe phase of market stress.

At the same time, we can see why this experiment should be interpreted as a retrospec-

tive exploratory reproduction rather than a formal forecasting test. For example, the crisis

windows are chosen around known historical events. The conclusion is mainly deduced by

visual patterns, descriptive comparison, lacks a complete out-of-sample forecasting valida-

tion with non-crisis comparison windows and standard financial baselines.

The current situation in academic field also fits my opinions, the financial interpretation

of these topological signals remains partly unresolved. Explanations based on critical transi-

tions, spectral reddening, or systemic stress should be understood as heuristic interpretations

rather than established economic mechanisms.

We can see the potential of TDA in areas like quantitative trading, however, a full val-

idation of predictive value would require further studies.

5. Application II: Machine Learning Application
5.1 Problem Setting

In this application, we reproduce part of the geometric-shape experiment from Adams

et al. [1] and treat it as a concrete TDA workflow for unsupervised clustering. The dataset

contains six synthetic shape classes: solid cube, circle, sphere, three clusters, hierarchical

clusters, and torus.

The task is to evaluate whether persistence image features preserve shape information

under noise. We compute persistence diagrams in dimensions H0 and H1, transform them

into persistence images, build pairwise distance matrices with L1, L2, and L∞ metrics, and

perform K-medoids clustering [10] withK = 6. Clustering quality is reported as best match

accuracy after optimal label alignment.
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5.2 Methodology

Our pipeline is:

Point Cloud −→ Persistence Diagram −→ Persistence Image
−→ Distance Matrix −→ K-medoids and Evaluation.

Throughout this application, let η ∈ {0.05, 0.10} denote the noise level. For each fixed

η, let a = 1, . . . , Nη, Nη = 150, index the point-cloud samples in the same noise group. We

use k ∈ {0, 1} for the homological dimension.

Data Generation. Following the synthetic shape experiment in the original paper [1], we

consider six shape classes: solid cube, circle, sphere, three clusters, hierarchical clusters, and

torus. For each shape class, each noise level η ∈ {0.05, 0.10}, and each sample index a, we

generate a clean point set Xa = {xa,i}500i=1 ⊂ R3 from the corresponding geometric model,

then perturb it by isotropic Gaussian noise:

x̃(η)
a,i = xa,i + ε(η)a,i , ε(η)a,i ∼ N (0, η2I3), i = 1, . . . , 500.

Where I3 denotes the 3 × 3 identity matrix, so the noise is independent across coordinates

with variance η2 in each coordinate. This yields the noisy point cloud X̃(η)
a = {x̃(η)

a,i }500i=1. For

each noise level, we generate 25 point clouds per class, giving 150 point clouds in total. In

details:
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Table 1. Mathematical definitions of the synthetic shape classes.

Shape class Clean point-cloud generation

solid_cube xi ∼ Unif([0, 1]3).
circle θi ∼ Unif(0, 2π), xi = (cos θi, sin θi, 0).
sphere φi ∼ Unif(0, 2π), si ∼ Unif(−1, 1), and xi =

(
√
1− s2i cosφi,

√
1− s2i sinφi, si).

three_clusters Centers are c1 = (0, 0, 0), c2 = (2, 2, 2), and c3 = (4, 0, 4). Points
are allocated equally among the three centers, and xi = cj + ξi, where
ξi ∼ N (0, 0.12I3).

hierarchical_clusters Main centers are c1 = (0, 0, 0), c2 = (5, 5, 5), and c3 = (10, 0, 10).
Offsets are o1 = (0.5, 0, 0), o2 = (0, 0.5, 0), and o3 = (0, 0, 0.5).
Points are allocated equally among the nine combinations of main
center and offset, and sampled as xi = cj + oh + ξi, where ξi ∼
N (0, 0.052I3).

torus θi,φi ∼ Unif(0, 2π), and xi = ((Rtor + rtor cos θi) cosφi, (Rtor +

rtor cos θi) sinφi, rtor sin θi), where Rtor = 2.0 and rtor = 0.6.

Persistent Homology. Given the noisy point cloud X̃(η)
a endowed with the ambient Eu-

clidean metric, we construct the Vietoris–Rips filtration and compute persistent homology

in dimensions 0 and 1. In the numerical implementation, the Vietoris–Rips complex is con-

structed up to dimension 2, which is sufficient for computing H0 and H1.

For each sample a, noise level η, and homological dimension k ∈ {0, 1}, this produces

the persistence diagram

D(η),raw
a,k := Dgmk

(
VR(X̃(η)

a )•
)
.

Each point in D(η),raw
a,k is a birth–death pair (bℓ, dℓ), recording the birth and death values of a

k-dimensional homological feature.

For the persistence-image construction, we retain only finite off-diagonal points and

define

D(η)
a,k :=

{
(bℓ, dℓ) ∈ D(η),raw

a,k : dℓ < ∞
}
,

where multiplicities of repeated birth–death pairs are preserved. In particular, for H0, the

essential class that never dies within the filtration is excluded from the vectorized represen-

tation. Thus each point-cloud sample is represented, for the purpose of persistence-image
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vectorization, by the pair
(
D(η)

a,0, D
(η)
a,1

)
.

Persistence Image Construction. Each finite birth–death point is first transformed into

birth–persistence coordinates: T : (b, d) 1→ (u, v), u = b, v = d − b. For each sample

a, noise level η, and homological dimension k ∈ {0, 1}, write D̂(η)
a,k := T

(
D(η)

a,k

)
for the

corresponding multiset of transformed points. Thus D̂(η)
a,k = {(uℓ, vℓ)}ℓ∈I(η)a,k

.

For each fixed noise level and homological dimension, the maximum persistence over

all samples in the same noise group is defined as

v(k)∗,η := max
{
vℓ : (uℓ, vℓ) ∈ D̂(η)

a,k for some a = 1, . . . , Nη

}
.

We then use the piecewise linear weight function wη,k(u, v) = w̄η,k(v), where

w̄η,k(v) =

⎧
⎪⎨

⎪⎩

0, v ≤ 0,

v/v(k)∗,η , 0 < v < v(k)∗,η ,

1, v ≥ v(k)∗,η .

Thus, the persistence-image weight and grid range are fitted separately for each noise level

and each homological dimension. This is consistent with the fixed-dataset clustering setting

of the original experiment.

The Gaussian smoothing kernel is parameterized by its variance. We set σ2 = 0.1,

and use persistence-image resolution RPI = 20. To keep the notation compatible with the

persistence-image construction in Section 3.2, write the one-dimensional Gaussian density

centered at vℓ as

φ(1)
σ,vℓ

(t) =
1√
2πσ

exp
(
−(t− vℓ)2

2σ2

)
,

and the two-dimensional isotropic Gaussian density centered at (uℓ, vℓ) as

φ(2)
σ,(uℓ,vℓ)

(x, y) =
1

2πσ2
exp

(
−(x− uℓ)2 + (y − vℓ)2

2σ2

)
.

For H0, all connected components in the Vietoris–Rips filtration are born at filtration

value zero under the usual convention. Therefore, the birth coordinate carries no additional
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information for finite H0 points, and the persistence coordinate is equivalent to the death

coordinate. Following the convention described in the original paper [1], we use a one-

dimensional persistence-image representation for H0, based only on the persistence coordi-

nate, rather than a full two-dimensional birth–persistence image. This is a one-dimensional

analogue of the persistence-image construction in Section 3.2, specialized to the H0 case

where all finite components are born at zero.

For H0, define the one-dimensional persistence surface

ρ(η)a,0(t) =
∑

(0,vℓ)∈D̂
(η)
a,0

w̄η,0(vℓ)φ
(1)
σ,vℓ

(t).

The H0 image is a one-dimensional discretization with RPI bins over [0, v(0)∗,η + 3σ]. Let

{Q(η,0)
m }RPI

m=1 be the corresponding one-dimensional grid of intervals, and let tm be the center

of Q(η,0)
m . Them-th entry of the H0 persistence image is

PI(0)m

(
D(η)

a,0

)
=

∫

Q
(η,0)
m

ρ(η)a,0(t) dt.

In the numerical implementation, this integral is approximated by PI(0)m

(
D(η)

a,0

)
≈ ρ(η)a,0(tm)∆t,

where ∆t is the bin width. If a sample has no finite H0 points after discarding the essential

class, the corresponding H0 vector is set to zero.

For H1, we use the usual two-dimensional birth–persistence plane. Define

u(1)
∗,η := max

{
uℓ : (uℓ, vℓ) ∈ D̂(η)

a,1 for some a = 1, . . . , Nη

}
.

The H1 image is constructed on an RPI × RPI grid over [0, u(1)
∗,η + 3σ] × [0, v(1)∗,η + 3σ]. Let

{P (η,1)
rs }1≤r,s≤RPI be the corresponding grid of pixels, and let (xr, ys) be the center of P (η,1)

rs .

For H1, define the persistence surface

ρ(η)a,1(x, y) =
∑

(uℓ,vℓ)∈D̂
(η)
a,1

wη,1(uℓ, vℓ)φ
(2)
σ,(uℓ,vℓ)

(x, y).
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The (r, s)-entry of the H1 persistence image is

PIrs
(
D(η)

a,1

)
=

∫∫

P
(η,1)
rs

ρ(η)a,1(x, y) dx dy.

In the numerical implementation, this integral is approximated by PIrs
(
D(η)

a,1

)
≈ ρ(η)a,1(xr, ys)∆x∆y.

Equivalently,

PIrs
(
D(η)

a,1

)
≈

∑

(uℓ,vℓ)∈D̂
(η)
a,1

wη,1(uℓ, vℓ)φ
(2)
σ,(uℓ,vℓ)

(xr, ys)∆x∆y.

If a sample has no finite H1 points, the corresponding H1 image is set to the zero vector.

After vectorization, define

z(η)a,0 := vec
((

PI(0)m (D(η)
a,0)
)RPI

m=1

)
∈ R20,

and

z(η)a,1 := vec
((

PIrs(D(η)
a,1)
)
1≤r,s≤RPI

)
∈ R400.

Although theH0 andH1 vectors can be concatenated into a 420-dimensional feature vector,

the results reported in this reproduction evaluate theH0 andH1 features separately, matching

the structure of the comparison table in the original experiment.

Distance Geometry and K-medoids Evaluation. For each noise level η, homological di-

mension k ∈ {0, 1}, and norm index q ∈ {1, 2,∞}, we compute the pairwise distance matrix

∆(η,k,q) =
(
∆η,k,q(a, b)

)
1≤a,b≤Nη

,where∆η,k,q(a, b) =
∥∥∥z(η)a,k − z(η)b,k

∥∥∥
q
.K-medoids clustering

is then performed withK = 6 by solving

min
M⊂{1,...,Nη}, |M|=K

Nη∑

a=1

min
m∈M

∆η,k,q(a,m),

whereM is the set of selected medoid indices.

In the reproduction run, we use ninit = 50 random initializations and select the solution

with the lowest unsupervised clustering objective. This initialization budget is smaller than
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that used in the original paper [1], and may contribute to discrepancies in the reproduced

clustering accuracies.

After clustering, the cluster labels are matched to the true shape labels using the Hun-

garian algorithm [11] applied to the contingency matrix. The reported clustering accuracy

is the best-match accuracy after this optimal label alignment. The true class labels are used

only in this final evaluation step.

5.3 Results

Table 2 compares our reproduction results with the PI entries reported in the original

paper [1]. The comparison is made for the two noise levels η = 0.05 and η = 0.10, the two

homological dimensions H0 and H1, and the three vector norms L1, L2, and L∞.

Table 2. Comparison between reproduction and original PI results (accuracy).

Noise Component Metric Reproduction Original Reproduction − Original
0.05 H0 L1 1.0000 0.9330 +0.0670
0.05 H0 L2 1.0000 0.9270 +0.0730
0.05 H0 L∞ 1.0000 0.9400 +0.0600
0.05 H1 L1 1.0000 1.0000 +0.0000
0.05 H1 L2 1.0000 1.0000 +0.0000
0.05 H1 L∞ 1.0000 1.0000 +0.0000
0.10 H0 L1 1.0000 0.9530 +0.0470
0.10 H0 L2 1.0000 0.9530 +0.0470
0.10 H0 L∞ 1.0000 0.9600 +0.0400
0.10 H1 L1 0.7867 0.9530 -0.1663
0.10 H1 L2 0.9333 0.9600 -0.0267
0.10 H1 L∞ 0.9400 0.9600 -0.0200

In general, the reproduction supports the main conclusion that persistence image fea-

tures are effective for this shape-clustering task. At the lower noise level η = 0.05, both H0

andH1 PI features achieve perfect clustering accuracy in this reproduction run. At the higher

noise level η = 0.10, the H0-based features remain perfectly separated, while the H1-based

features show some degradation, especially under the L1 metric.

5.4 Summary and Reflection

The reproduced results are broadly consistent with the original study in showing that

persistence images provide effective finite-dimensional features for distinguishing the six

synthetic shape classes.
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The H0 results should be interpreted carefully. Since the synthetic shapes are not

rescaled to a common geometric size, H0 persistence can reflect metric-geometric informa-

tion such as scale, density, and cluster separation, rather than purely topological connectivity.

This does not invalidate the clustering result, but it affects the interpretation of why the H0

features separate the classes so well.

The differences between the reproduction and the original may arise from random sam-

pling of the point clouds (the reported accuracies come from a single fixed random seed,

with multiple K-medoids initializations inside that run, rather than from a multi-seed aver-

age), noise realizations, implementation details in the persistence image construction, and

the K-medoids optimization procedure. In particular, this reproduction uses a smaller num-

ber of random K-medoids initializations than the original paper [1], which may contribute to

the lower H1 accuracy at η = 0.10.

A more complete extension would report mean and standard deviation across multiple

random seeds, use a larger K-medoids initialization budget, and test the sensitivity of the

results to shape normalization and persistence image parameters.

6. Conclusion
This thesis examined persistent homology and two vectorized representations of per-

sistence diagrams, persistence landscapes and persistence images, in two reproductions: fi-

nancial market analysis and machine learning. In general, our results suggest that these

vectorized representations provide feasible ways to transform the information of persistence

diagrams into mathematical structures that fits standard computational pipelines. Despite

certain limitations, it has already demonstrated potential for application in fields such as

finance and machine learning.
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