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[ABSTRACT]: In this reading report, we systematically introduce the ho-
mological stability problem of moduli spaces revealing a profound connection
with representation theory. Firstly, we outline the basic theoretical framework
of moduli spaces and their relationship with common mathematical concepts.
Furthermore, based on the theory of group (co)homology and the computational
method of spectral sequences, we follow Quillen's classical proof to provide a
complete proof of homological stability for the case of braid groups. Further-
more, when considering more general moduli spaces with compact property
(such as the unorder configuration space C),(M ) of fixed n points on a man-
ifold M), Quillen's topological stability theory encounters limitations. To ad-
dress this, we introduce representation stability and, with the powerful tool of
the FI-module category (a category focus on ‘injective’ and ‘finite’), prove that
the homology groups H,(F,,(M); Q) and cohomology groups H*(F},(M); Q)
of ordered configuration spaces possess FI-module structures. On this basis,
by deriving key properties such as the existence of characteristic polynomials
and the growth of dimension polynomials, we ultimately characterize the rep-

resentation stability theorem for the homology of configuration spaces.

[Key words]: homological stability; representation theory
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1. Introduction

Moduli spaces are an important type of research object in mathematics such as algebraic
geometry, topology, and mathematical physics. What they contain is the parameterization
of geometric objects, that is, how to consider a family of geometric objects with the same
structure as a whole according to some primary rules. The homological stability of moduli
Spaces, that is, the asymptotic behavior of the homology groups of some specific moduli
space families with the change of indicators, is a key issue for studying their structures,
classifications, and connections with other branches of mathematics.
1.1 Background and motivation

At the end of the 20th century, mathematicians began to notice that the configuration
spaces of certain geometric objects exhibited the phenomenon of homological stability. In
the 1970s, Quillen took out the concept of “homological stability”!'l. Sooner, McDuff!”]

proved the homological stability of {C,,(M)},, and Segal gave explicit stable ranges!”.

Theorem 1 Let M be the interior of a compact connected manifold with nonempty boundary.
For each k > 0 the maps (sy,)« : He(Cn(M); Z) — Hy(Chi1(M); Z) are isomorphisms for

n > 2k.

And, Quillen provided a proof of homology stability in the manifold configuration
space. We called it “Quillen's argument”, as Quillen 's argument.

In 2012, Thomas Church published the research on “homological stability of manifold
configuration spaces”. Specifically, for a closed manifold M, when the number of con-
figuration points tends to infinity, the homology group of its configuration space exhibits a
stable pattern.

In 2013, Church and Benson Farb formally proposed the concept of stability].

In 2014, Church, Ellenberg and Farb further studied the representation stability of alge-
braic varieties over finite fields!"l.

In 2018, Galatius, Kupers and Randal-Williams proposed a new stability on the ho-

mology of linear groups and mapping groups, which was called “secondary homological
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stability”l],

In 2024, Sierra and Wahl utilized the arc complex to reveal the homological stability of
the symplectic group!™.
1.2 Outline

In this reading report!”), I will present it in the following order:

1. Basic Notions and Tools: In this part, we will induce some tools, such as spectral se-
quence, to compute the cohomology and category to describe the patten of homological

stability and reprersentation stability.

2. Topological Homological Stability: In this part, we will describe the Quillen's argu-

ment and give out a brief proof.

3. Representation Stability: In this part, we find out the limitations of the homological
stability. Then, we will using the tools in representation theory to describe the repre-

sentation stability.



2. Basic notions and tools
2.1 Moduli space

In mathematics, a very important question is how to classify. Or, how to use it to express
the equivalence and differences between mathematical objects.

Moduli spaces serve as geometric solutions to classification problems in mathematics,
providing a structured way to parameterize equivalence classes of objects such as Riemann
surfaces, vector bundles, and algebraic varieties.

These spaces arise naturally in algebraic geometry, differential geometry, and topology,
offering deep insights into both the objects being classified and the geometric structure of the
moduli space itself. By transforming abstract equivalences into geometric structures, they

offer deep insights into the objects being classified and their variations.

2.1.1 Some Examples of Moduli Spaces

Lines in the Plane without paralleling to the y-axis
These kinds of lines can be written as y = kz+0b. Each line is one-to-one corresponding

to a unique binary array (k, b). Thus, the moduli space of line with finite slope on R is
{y = kx + blk,b € R}

Lines in the Plane

The moduli space of lines passing through the origin in R? is the real projective line
RP', which is topologically a circle. Each line is represented by an angle 6 € [0, 7), with the
endpoints 0 and 7 identified to reflect the continuity of lines. This space captures the idea of

continuous families of lines through maps from a parameter space X to RP".



Elliptic Curves

An elliptic curve is a genus-1 Riemann surface with a marked point, often described as
the quotient C/A for a lattice A C C. The Teichmiiller space 7; ;, modeled by the upper
half-plane H, parametrizes marked elliptic curves via the modular parameter 7. The coarse

moduli space 91, ; = H/PSLy(Z) is isomorphic to C.
2.1.2  Applications and Connections

Number Theory

Modular forms, which are functions on moduli spaces like H/PSLy(Z), play a central
role in the Langlands program. This program connects number theory to harmonic analysis
and has led to significant breakthroughs, such as Wiles’ proof of Fermat’s Last Theorem
through the modularity of elliptic curves.

Characteristic Classes

Families of vector bundles over a space X induce cohomology classes (e.g., Euler class)
via pullback to moduli spaces. These invariants measure topological twisting in parameter-
ized families and provide tools for understanding the global structure of moduli spaces.
2.2 Braid group

The Braid group is a concept in mathematics. Compared with permutation groups, it
pays more attention to the process of permutation. It extends the concept of discrete sym-
metric operations to continuous “paths” and characterizes the path of permutation between
points.

More information on the relationship between braid group and moduli space will be



used in the rest of this article.

2.2.1 As the trace of permutation

To figure out the first definition of braid group, imagine hanging several strings verti-

cally, allowing them to crisscross through space without being cut or overlapping.

Definition 1 (First definition of (pure) braid group)
For fixed n points, let py, . .., p, be n distinct points in C. Let (f1, ..., fn) be a n-tuple

of continuous functions,

fi0,1] = C
such that
fi(0) =pi,  fi(1) = p, for some j
and

{tlfi(t) = f;(t)} = O for any i #

under compounding action, these n-tuples form a group, called braid group, denoted as B,,.
Furthermore, if we require f;(1) = p;, then we get another group called pure braid
group, denoted as P,, which is the action permutate n points and required n points fixed

after permutation.

In this way, an element of the braid group can be represented as the figure below.

%

/

o

2.2.2  As the fundamental group of a manifold

Because the story we want to make will be closely related to module space, we need

another definition, one that comes from module space.



Definition 2 (ordered Configuration Spaces)

Let M be a topological space. The configuration space is

Fy(M) = {(p1,....pa)lpi #pj ifi # 5t C M"
For example,
» Fo(M) is a singular point,
» Fy(M) is the topological space M itself,
» F1(C) consists of two distinguish triangle.

Definition 3 (unordered Configuration Spaces)

Let M be a topological space. The configuration space is

Co(M) = {{p1,...,pn}lpi #p; ifi #j} C M"/S"

Or, more simply, C,(M) = F,,(M)/S™

Definition 4 (Second definition of (pure) braid group)

m1(Cn(C)) called braid group. 71 (F, (C)) called pure braid group.

Actually, the two different definitions of (pure) braid group are equivalent, since the

loop on C,,(C) is one-to-one corresponding to one method to permutate n points.

2.3 Group homology and group cohomology

Imagine a topological space where the fundamental group captures information about

“loops” within the space, while the homology groups describe the dimensions and the quan-

tity of “holes” present in the space. As the group representation theory uses the characteristics

of a group mapping the properties of the group, group homology adopts the concept of treat-

ing abstract groups G as an “algebraic shadow of a space”, constructed in such a way that G

reflects a virtual “shape” which gives out its homology groups.



Definition 5 (acts freely)
Say that G acts fieely on a space X ifthemap G x X — X x X, (g,x) — (x,gx), is

a homeomorphism from G x X onto its image.

If we get such a topological space, we can consider the quotient space X /G. Through
covering space theory in algebraic topology, the fundamental group of the quotient satisfies
m(X/G) = G. In this way, we can consider the group G as an “algebraic shadow of a

space” as the foundamantal group of a algebraic topological space.

Definition 6 (the classifying space)

For a group G,

* The group homology of G with coefficients in an abelian group A is defined as:

H.(G;A) = H.(BG; A)

* The group cohomology of G with coefficients in an abelian group A is defined as:

H*(G;A) .= H*(BG; A)

Here, EG is a contractible space on which G acts freely, and BG = EG/G is the

classifying space of G.

By this definition, BG is unique up to (weak) homotopy equivalence.
Furthermore, if G is a discrete group, then BG is precisely an Eilenberg-MacLane space
K(G,1).

For example,

Consider the additive action of Z on R; the classifying space BZ is a circle.

Consider the action of Z, on S* sending a point to its opposition; the classifying space

BZs is RP*>



2.4 Spectral sequence

Spectral sequence is a tool to calculate some homology groups which is difficult to
calculate directly. The core idea is to transform high-dimensional or complex homology
calculations into a series of low-dimensional approximation problems by layer by layer de-
composition and recursion.

For a fix H* where H* is a graded R-module or a graded k-vector space or a graded
k-algebra or **-

Consider the filtered:

H*>---DF'H* D F"M'H*> ... > ... > {0}

In actual calculations, it is always difficult for us to calculate the homology group. The
spectral sequence mainly separates the homology group differentials how the operator kills
things at each page. As we turn the pages from 1 to infity, we approach the relationship
between homology groups bit by bit.

A filtration of H*, say F™, can be collapsed into another graded vector apace called the
associated graded vector space and defined by E}(H*) = FPH*/FPT H*.

If H* is locally finite graded vector space, then we have H* = B °, Eg(H*)

E(Z)mq _ FpHp+q/Fp+1Hp+q

The index ¢ is called the complementary degree

The index p is called the filtration.

Definition 7 (a sketch definition of spectral sequence)!’"
A (first quadrant, cohomological) spectral sequence is a sequence of differential bi-
graded vector spaces, that is, forr = 1,2,3,.. .,and for p and q > 0,we have a vector space

EP4. Furthermore, each bi-graded vector space, I ,is equipped with a linear mapping



d, : E; — E: which is a differential, d, o d, = 0, of bidegree(r,1 — ),

. P4 p+r,q—r+1
d,: EPY — EP .

Finally, forall v > 1, E", = H(E*,d,), that is,

. P9 p+r,g—r+1
e kerd, : EP? — E?

r+1 — — -1
d, - BT g

2.4.1 Serre spectral sequence
There is a useful theorem called ’Serre spectral sequence theorem’

Theorem 2 Let F — X — B be a fibration with B path-connected. If 71(B) acts trivially

on H.(F; G), then there is a spectral sequence { EP, d,.} with:
1. d, : EP? — EP~t 1 gpd BN = kerd,/Imd, at EP1.
2. Stable terms EP:"~P isomorphic to the successive quotients F¥/FP~! in a filtration
0OCFyC---CFEF'=H,(X;G)of H,(X;G).
3. B} = H, (B H,(F;G)).
2.5 Category

A category is a kind of algebra structure which only focus on the object itself and ho-

momorphism between objects.

Definition 8 (category)
Category is a langurage to describe the mathmatics and their relations. A category C

consists of the following parts:

* Objects Ob(C) Some mathematic objects, such as sets, groups, R-modules or topology

space.



» homomorphism Hom (X, Y') the mapping between objects which preserve some struc-

ture.
* composition o: satisfying (f og)oh = fo(goh);

* Identity idxy € Home(X, X): forany f : X — Y, we have f oidx = f and

idyof=/f.
For example, we give out some familiar category
 Sets: objects are sets, homomorphisms are mapping
* Gp: objects are groups, homomorphisms are group homomorphism
» Top: objects are topological space, homomorphisms are continuous functions.

In the following statements, we will use categories to represent some special patterns,

such as FI-module.
2.6 Simplex

In geometry and algebraic topology, the simplex serves as the fundamental building
block for constructing more complex geometric structures. It is intrinsically a convex set
generated by convex combinations of affinely independent points. Formally, given n +
1 affinely independent points vy, vy, ..., v, in R™-space (m > n), the corresponding n-

dimensional simplex is defined as:

A" = {i )\ivi
1=0

Aizo,ixizl},
1=0

For example:
* A 0-simplex is a point

* A I-simplex forms a line segment

10



* A 2-simplex corresponds to a triangle

* A 3-simplex represents a tetrahedron

The combinatorial structure of a simplex is characterized through its faces —every k-
dimensional face (k < n) is generated by any subset of k£ + 1 vertices from the original set.
This property endows simplices with a hierarchical recursive framework, establishing their

foundational role in simplicial complexes.

11



3. Topological homological stability
3.1 Calculation of the group cohomology of braid groups

Consider small n, we have

Fi(C) 2 C, K(T) = S!, F3(C) = C x C\ {0} x C\ {0,1}

When n is small, we can know what the manifolds corresponding to the braid group are,
so we can use our algebraic topological methods to calculate the cohomology groups.
The following are some calculation results on the homology group of braid groups in

small n.l'"]

3
ol

NNNNNNNNNNO
NNNNNNNN

Lo | Ly | L
Lo | Ly | L
Ly | L | Ls | L3
Ly | L | Ls | L3

© 00 O Ol Wi+~ O—

Therefore, around 1970, Arnol'd proposed the representational stability of braid groups.

Theorem 3 '/
Let M be the interior of a compact connected manifold with nonempty boundary. For

each k > 0, the induced map

(5n>* : Hk(Bn> Z) — Hk(BrH—la Z)
is an isomorphism for n > 2k.

3.2 Quillen's argument

Theorem 4 !/ Thm. Quillen's argument for homological stability

Let) - Gy — Gy — G — --- — G, — - -+ be a sequence of discrete groups.

12



For each n, let W,, be a simplicial complex with a simplicial action of G,, with
1. W, is (”T_Q)-connected.
2. Vp > 0, G, act transitively on the set of p-simplices.
3. Yo, in W, we have {g € G, : g|s, = Id,,} = stab(o,) := {g € G,, : go, = 0,,}.
4. 3h € G, s.t. h stab(o,)h = Gp_pp1.

5. ¥ edge [vo,v1] in W, there exist g € G s.t. gvg = vy and for all h € G if hp,v,) =

Idpy, 0,) then gh = hg.

Then, the sequence {G,},, is homologically stable.
Specifically, H,(G,) — Hy(Gpy1) is an isomorphism for n < 2k + 1 and a surjection
forn =2k + 1.

Proof.

To connect that BG,,_,, to BG, for each n we obtain a homology spectral sequence by
using W,, X, EG,, to build an approximation to BG), from the spaces BG,—,, for p > 0.

Since W, is (“52)-connected, we have H,(W,, x¢, EG,) = 0 forn < 271,

By Shapiro's lemmal'’!, we get a spectral sequence:

E}, =@ H,(stab(0,),Z) = Hy(Gp—p-1,Z) = EX) = Hyyo(W, X, EG,)
orbits

Thus, we have £ = 0 forp + ¢ < "T_l

Now, to finish the proof, we want to show that
dl : Eé,z = HZ(Gn> — E:ll,z = Hz(GnJrl)

is sur when n > 27 and inj when n > 2i + 1.

Then, we prove by induction on ¢, case « = 0 is trivial.

13



For the surjection of d' : Ej; = H;(G,) — EZ{; = H;(G,+1), we only need to check.
(1) E= ;=05
() E;,, = 0forp+ q=iwithq <.

As B =0whenp+q < " andi—1< 2 when2i <n

when ¢ < 7, we claim that

B! = BoisHy(S(0,), Z) = BomvitsHy(Grny1, Z)

isanisowhenp+ g <7andisasurwhenp+q =1+ 1.
For a p-simplex o,, st(o,,) is conjugate to G,,_,_1.

denote d; as the boundary operator of o, and ¢;, as the induced map by conjugate action.

H,(St(0,),Z) —%— H,(St(d;0,),Z) —"— H,(St(o,_1),7)
HQ(GR-H’Z) L > Hq(Gn+17Z)

commute because ¢, acts as identity on H,(G,41,Z). Thus, we get a map from the
g-line of E*-page to the chain complex of W,,,1/G,,;1. And this map is iso when p + ¢ < i
and sur whenp 4+ g =17 + 1.

Because of H,.(W,,11/Gp1) is trivial when * < n — 1 by condition 2 and condition 5,
we have proved Eﬁyq = 0 forp+q =i withg < i forisince : < n — 1 when 2¢ < n and
1> 1.

For the injection of d' : Ej, = H;(G,) — E_{, = H;i(Gn41), we can translate
the injection of ' : B}, = H;(G,) — E_{;, = H;(Gy41) to three conditions on spectral
sequence when n > 2i + 1.

(1) Eg3; = 0;

() E., =0forp+q=1i+1withq <i;

(3)d': Ef; — Ey, is the 0-map.
For (1), we need i < "T_l , which is equivalent to n > 2¢ + 1.
For (2), it is similar to (2) for surjection.

For (3), the boundary map is d' = d}—d} on each orbit o; with d} = ¢, o d; for some

14



ho, h1 € G, 1. Never loss of generality, we can assume that hg = id.
Furthermore, by condition 5, we can assume that i, taking one vertex of o, to the other.

And, we have h; commuting with every element in st(o;) On the group level, we have

st(oy) ——2—— hyst(og)hyt

C}LOZid Chq
do
st(oy) —————— st(0y)
Hence, we have dj = d} implies d* = 0.

We finish the proof.

3.3 Examples

Now, we use Quillen's argument to prove the homology stability of the braid group.

To use the Quillen's argument, we need to construct a sequence of complex W), satisfy-
ing the condition of Quillen's argument.

Consider the construction given by Hatcher and Waul called arc complex.

Let D? be the closed disk. Fix n points {vy,...,v,} in its interior and a distinguished
point x on its boundary. Define the vertices of W, as the isotopy class of D? \ {vy,...,v,}
joining * with one of the marked points v;. The vertices of WW,, form a p-simplex if and only
if the corresponding isotopy classes can be described as arcs that do not intersect.

Hetcher and Waul prove the high connectedness of W,,.

Lemma 1 [f'S has at least one pure boundary, then F(S; Ao, \,,) is contractible for all

n > 1.

Proof.  The general idea of the proof is to consider an arc with one end on 0,5 (this has a
point in the simplex).

Consider < Iy, ..., I, > as one of the simplices, P =} _, t;1; as one of the points, and
consider the representation with the least intersection. Let ¢ = > a;t; where a; = [1; N I|
(thickness). Then prove that the entire simplicial complex can be deformed into < I >,

which is a star-shaped domain with [ as the center point.

15



OJ
Actually, B,, givess out the action on S, that is said, B,, gives out a simplicial group
action on S.
Consider a fixed p-simplex and fixed a representation by describing the corresponding
isotopy classes as some arcs with points {p;,, ..., p;, }. denote the arcs as f; : I — D? with
fi;(0) = =, fi;(x) ¢ OD? fori € (0,1] and f;;(1) = p;;.

Choose another point aq different from * on the boundary of D?.
Lemma 2 for condiction 2, B,, act transitively on p-simplices.

Proof.

First, consider the point p;,. We observe that after removing all arcs, the remaining
part of the disk ID? is a simply connected component. Consequently, there must exist a path
connecting ag to p;, that is disjoint from all other arcs and the points {p; }. Furthermore,
by the Jordan curve theorem, this path will divide the disk D into two simply connected
components. And, the point % and ay must be contained in the boundary of these components.

Next, we consider each point p;; individually, which must be in some connected branch
that was previously divided. So think of this connected branch as a D? with fewer points. We
can again construct a path connecting ag to p;; that is disjoint from all other arcs and another
point {p; }. This operation still divides the connected branch into two new simply connected
branches.

Then, we get a partition that gives a coincidence trace variation of g € G such that gA,
can be represented as connected * to each point using straight arcs.

Consider the conjunctive transformation i € G to transform all connected points to the
left and all unconnected points to the right, and we get the following figurel.

That is, for every A, there exists i € G such that gA, can be represented as above, so

B, acts transitively on p-simplices.

16



Figure 1 normal form

Following the step of 2, we called “normalform” the A, C W,, which can be represented
as connected * to each point using straight arcs.

For the condition 3 and 4, every p-simplex in W, can be transformed into a normal
form. This implies that the stabilizer subgroup of a p-simplex in B,, consists precisely of

those elements that act trivially on individual points. Formally, for any o, € W,,, we have:

{g€B, | 9lo, = id,, } = stab(o,) == {g € B, ‘ g-0p =0y}

and

3h € G, s.t. h™'stab(o,)h = G, 1

For 5, we consider the normal form of 2-simplex. Let g € B,, be the action that trans-
forms the two leftmost points counterclockwise. If h|(y,.0,] = Id[,,0,], then h will act on
Po, p1 trivially. By the figure2, gh = hg is clear.

To summarize, we have checked every condition of Quillen's argument. Then, the se-

quence {B, }, is homologically stable.

Corollary 1 /'

Let M be the interior of a compact connected manifold with nonempty boundary. For

17



Figure 2 gh = hg

each k > 0, the induced map

(8n)s« : Hi(Bn(M); Z) — Hy.(Bpi1(M); Z)

is an isomorphism for n > 2k.

Similarly, we have

Corollary 2 Let M be the interior of a compact connected manifold with nonempty bound-

ary. For each k > 0 the maps

(sp)*% : He(Cp(M); Z) — Hip(Cn+ 1(M); Z)

are isomorphisms for n > 2k.

18



4. Representation stability
4.1 Caculation of the group cohomology of pure braid group

However, the condition of Quillen’s arguement seems to be a little too strong, if it is
also for some very characteristic modular Spaces, such as F),(M), the theorem will not be
hold.

Consider P2 = 7(3) as an abelianization group of P, , we get an abelian group con-
sisting of the image «;; of the generators 7;; as figure 3.

Thus, we have H,(F,(M);Z) ~ n? asn — oo.

Clearly, Homological stability fails.

But, from the view point of representation theory, we found more stability called rep-
resentation stability.

Church and Farb, proposed a new paradigm for stability in spaces like the ordered con-
figuration spaces F,,(M )of a manifold M. Because (co)homology is functorial, the S,,-
action on F,,(M) induces an action of S, on the (co)homology groups. Even though the
(co)homology does not stabilize as a sequence of abelian groups, they proposed, it does sta-

bilize as a sequence of S,,-representations.

~

Figure 3 Artin’s generator 7,
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4.2 S,-representations

In order to better characterize this representation stability, we only need to consider the

irreducible S),-representations, since .5, is finite group implies V' is semi-simple.

4.2.1 Young graph

The representation theory give out a way to corresponding every irreducible .S,,-representation

to a Young graph one-to-one.

Theorem S (Young’s Correspondence Theorem) The representation theory of S,, estab-

lishes a canonical bijection:
{Irreducible S,-representations} < {)\ Fn ‘ Young diagram )\}

where \ = n denotes a partition of n. The irreducible representation V) corresponding to A

is uniquely determined by the Specht module construction.

Consider the action of S,, on F},(C), we can induce the action of S,, on H(F},(C); Q).
Whenn > 4k, the H,,_; to H, no longer increases with new parts, but continues to add a

square to the right side of the first row of the Young graph of each part. Subsequently, Church
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proved that H*(F,,(M); Q) also has a similar property, and it is not necessarily limited to
F,,(M); a series of other spaces also exhibit similar properties and stability.

Thus, there is a impotent question: Are there any hidden patterns between these
changes in representation?

Church, Ellenberg, Farb, Nagpal, Putman answer this question and proposed represen-
tation stability.
4.3  FI-module

In order to accurately and reasonably characterize the mathematical properties of homo-
topy stability, describe how other parts change at the same time when n approaches infinity.

We firstly describe the process of n increasing as a category.

4.3.1 A general introduction of FI-module

FI-module V' over R
we want to use FI-module to describe the “embedding” and the “automorphism” in-

duced by S,,.

Definition 9 (FI-module V over R)
Let FI be the category whose objects are finite sets (including()), and whose morphisms
are all injective maps. Given a commutative ring R (typically Z or QQ), an FI-module V' over

R is a functor from FI to the category of R-modules.
For example,

* V, = Q the trivial S,, -representations, ¢,, the identity maps.
« V, = Q", S, permutes the standard basis, ¢,, : Q" = (Q" x 0) — Q"+

* V,, = Q[zy,...,x,] the polynomial algebra with S,, permuting the variables, ¢,, the

inclusion.

are FI-modules.
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Although this is essentially a concept on category, because of its special structure, we
can also define its generated set like a “module” and then consider a “finitely-generated”

FI-module

Definition 10 (finitely generated FI-module)
Let V' be an Fl-module. A subset S C Unzo V., is said to generate V' if either of the

following equivalent conditions holds:
1. The images of S under all FI-morphisms span V), for every n > 0;
2. The smallest FI-submodule of V' containing S is V itself.

We say V is finitely generated in degree < d if there exists a finite set of elements S C

U,<q Vi that generates V.

For example, consider the FI-module V' over a commucative ring R such that V,, =

R[z1, ..., x,](2) is the submodule containing all degree-2 homogeneous polynomial in R[z1, . . .

andl, : V,,_; — V,, isthe inclusion map. Then, let.S = {22, z125} whichz? € V}, 125 € V3

1. Vi=<x >
2. Vo =< a2, w129, 23 >
.2 .2 .2
3. Vs =< a7, 25, x5, x1T2, Toks, T1T3 >

2 2
4.V, =<a]...,25,01T9, ..., T1Tp, ..., Tp 1Ty >

) n?

Clearly, S span every V,,. Hence, V' is a finite generated FI-module.
4.4  the (co)homology group of F,, (M) is FI-module

So, what is the relationship between FI-module and representation stability? Then a
very important point worthy of our attention is that the cohomology and homology of F,,( M)
are a FI-module.

Consider a point in F},(M) as an index embedding p : [n] — M

22
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7 )

Figure 5 f, defined using bourdary

For any FI-morphism f : [n] — [m], we can define that

' Fu(M) — F,(M);p—po f

the we get a covariant functor on cohomology groups given by f'.

But, in this way, we can only get a contravariant functor on the homology groups. That
goes against the direction we need to go in.

So we need to try to induce a covariant functor on £, using 5,,. That is why we need to
further assume that dim M > 2 also has at least one non-empty boundary.

Then, we can define f, as follows: For any © = (z1,...,2,) € F,(M), fi(z) =
(f1),-- > Ty, Yntis - - - » Ym), Where we relabel the indices of x; using f and add some
points Y11, - - . , Y at infinity using the non-empty boundary.

For example, if f : [3] — [4] = {a, b, ¢, d}, then we can figure it out as figure>5.

That is a covariant functor from FI-category to the category of homology groups.

4.5 Representation stability
Church-Ellenberg-Farb and(independently) Snowden proved that FI-modules over Q

satisfy a Noetherian property:

Lemma 3 submodules of finitely generated modules are themselves always finitely gener-

ated.

then, we can claim the representation stability as below,
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Definition 11 (Representation stability!'!l) Let V' be an FI-module over Q, finitely gener-

ated in degree < d. The following hold.

* Finite generation. Forn > d,

Spa1 - 1n(Vi) spans V1.

» Polynomial growth. There is a polynomial in n of degree < d that agrees with the

dimension dimg(V,,) for all n sufficiently large.

* Multiplicity stability. For all n > 2d the decomposition of 'V, into irreducible con-

stituents stabilizes.

* Character polynomials. The character of V,, is independent of n for all n > 2d.

The characters of V are in fact eventually equal to a character polynomial, independent

of n.

For the first item, it is relatively obvious. The third rule is a clear definition of the rule
we observed before.

So, we will now focus on explaining second rule and forth rule.

4.5.1 Characteristic polynomial

To explain representation stability, we have to define the ‘character polynomial’ as fol-

low,

Definition 12 (character polynomial)

Foralli > 0, consider X; : S,, — N defined by

Xi(0) := number of i-cycles in o.

Polynomials in Q[ X1, X, ...| are called caracter polynomial. Any character polyno-

mial P € Q[X1, X5, ...] also define a mapping from S,, to Q for all n > 1.
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The degree of a character polynomial is defined by setting deg(X;) = i.

For example, 0 = (123) € Sy, then X (o) =1, X3(0) = 0,23(0) = 1.

If P = X?+ X2, then P(o) = 12 + 0> = 1 and deg(P) = max{1-2,2-2} =4

Based on this concept, we can redefine rule 2 and 4 more mathematically. we denote
that weight(1") as the minimal number of element that can generate the FI-module V.

we using stab-deg(V)['*! to describe where the FI-module stable. Ifstab-deg(V) = s,
then whenn > s, FI-moduleV” no longer loses information when splicing new elements (by

mapping7’), and the old and new structures are completely compatible.

Theorem 6 /7
let V' a finite generated FI-module over a field R with characteristic 0.
There exist a polynomial Py € Q[ X1, Xo,...] with deg Py < weight(V') such that for

all n > stab-deg(V') 4+ weigh(V') and all 0 € S,
XVn(O') == Pv(O').

For example, If we define a FI-module V' with V,, = Q|x1, . . ., z,,] and natural inclusion
mapping [, : V,,_1 — V. Then, we have Py (0) = X; + X5. (For every o € S,,, we only

need to find the number of fix points on the basis < 22, ..., 22, 2179, ..., Ty 1T, >.)

4.5.2  Why does the polynomial stability appear after 2d?

The proof'is a bit long, we will sketch the prooft'*1.

Firstly, we consider a special FI-module,

Definition 13 The FI-module M (W)
We define the functor M(—): FB-Mod — FI-Mod as the left adjoint of w: FI-Mod —

FB-Mod. Explicitly, if W is an FB-module, then the FI-module M (W) satisfies

M(W)g = colimpepp, frssy Wr @ Wr,

TCS
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withthe map f: M(W)s — M (W) induced by f: S — S’ being the sum of (fr): Wr —
Wi

Definition 14 The irreducible representation V' (\),,

Given a partition \, for any n > A\ we define the padded partition
An] = (n—=XANA1,..., \).
Forn > A\, we define V (\),, to be the irreducible S,,-representation
V(N = V-

Definition 15 The FI-module M (\)
When k is a field of characteristic 0, given a partition A we write M () for the FI-
module M () : M(Vy).

Lemma 4 For any partition \ , the FI-module M (\) over a field of characteristic 0 has

stab-deg((M(\)) = \1).

This is very important because soon we will know that in fact most of the FI-module
we care about can be decomposed into these basis parts.

And, for each finite-generated FI-module, we have a classification theorem.

Theorem 7 Every finite generated F'I-module is form of the
V=M.
A
Then, we have
stab-deg(M (M) = A < |A| = weight(M (N)).

To sum up,

stab-deg(V") < weight(V).
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That is why the representation stability appeared when ¢ > 2d = d + d.
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5. Conclusion

In this thesis, we study the homology stability of moduli spaces from the perspective of
representation theory and conducts an in-depth analysis taking braid groups as an example.
By introducing tools such as the FI-module and characteristic of polynomials, we revealed
the essential characteristics represention stability and proved the representation stability of
the braid groups. Compared with the traditional homological stability, representation stabil-
ity provides richer information and a deeper understanding, offering a new perspective for
us to study the properties and behaviors of moduli spaces.

This topic is still very active. Now, there are many new developments in this topic,
such as secondary homological stability, which was introduced by Galatius-Kupers-Randal-

Williams in 2018.
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