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Topological Feature Embedding and
Representation for Machine Learning on 3D
Point Clouds

(BF A H/EHITF: K—T)

[ABSTRACT] : Point clouds are widely used for 3D data, but their
unordered structure and lack of explicit connectivity make it difficult for
neural networks to capture stable global structure. This thesis studies how
persistent-homology-based topological features can complement geometric
point cloud learning. The work first summarizes a topological feature
extraction pipeline from complex construction and filtration to persistence
diagrams and vectorization. It then organizes topological representations
along two dimensions: spatial scope, including global and local
representations, and adaptivity, including fixed and learnable representations.
It also compares three integration strategies: feature-level augmentation,
representation-level integration, and loss-level structural constraints. A
PointNet-based ablation study on ModelNet40 is conducted using
persistence-image descriptors from Ho and Hi. The results show that
topology-only features are not sufficient for competitive classification, while
selected topological signals, especially Hi-based descriptors, provide small
but useful complementary information. This suggests that topology should be
used as an auxiliary structural prior rather than a replacement for geometric

learning.

[Key words]: Point Clouds; Topological Data Analysis; Persistent

Homology; Topology-aware Learning; Feature Integration
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1. Introduction

Point clouds have become a fundamental representation for 3D data in applications such
as shape analysis, robotics, and computer graphics!!!. Unlike images or volumetric grids, a
point cloud is an unordered set of points without explicit connectivity, which makes point
cloud learning structurally different from learning on regular grids/?!.

Deep learning methods such as PointNet, PointNet++, and DGCNN have made substan-
tial progress by addressing permutation invariance and improving local feature aggregation!>#!,
However, because these models primarily learn from coordinates and local geometric relations,
global structural properties such as connectivity, loops, and multi-scale organization may not
be fully captured.

Topological data analysis (TDA) provides a complementary perspective for this problem.
Persistent homology, in particular, describes structural patterns that appear and disappear
across scales, producing information such as connected components and loops that can
complement local geometric features®!. This makes topology a natural source of structural
information for point cloud learning.

This paper investigates how topological information can be represented and incorporated
into point cloud learning. Rather than focusing on individual methods separately, it organizes
topology-aware point cloud learning from two perspectives: how topological information is

represented, and where it is integrated into the learning pipeline.

2. Structural Limitations of Point Clouds and the Role of Topology

Although point clouds are simple, flexible, and easy to acquire, their structural infor-
mation is largely implicit!!!. A point cloud records sampled coordinates, but it does not
directly provide edges, surfaces, or a stable neighborhood structure. As a result, relations such
as adjacency, connectivity, and global organization must be constructed or inferred during
learning.

This section examines the structural limitations that motivate the use of topology in point
cloud learning. It first discusses why neighborhood construction, sampling irregularity, and
limited global structure awareness make point cloud learning difficult. It then explains how
topological methods, especially persistent homology, can provide complementary multi-scale

structural information.



2.1 Structural Limitations of Point Clouds

A point cloud is fundamentally an unordered set of points sampled from a 3D object or
scene. Although each point carries spatial coordinates, the representation itself provides only
discrete geometric samples rather than an explicit structural description. Therefore, many
important shape relations must be inferred from the point distribution instead of being directly

given in the input'?,

* Unstable connectivity modeling. Unlike meshes or graphs, point clouds do not contain
predefined edges or adjacency relations between points. As a result, neural networks
must construct connectivity indirectly, often through k-nearest neighbors or radius-
based search®>*!. However, these neighborhoods are heuristic and can be sensitive to
noise, point density, and sampling variation. A small perturbation in the input may

change the neighborhood structure, which in turn affects the extracted features.

* Irregular and incomplete sampling. Point clouds are often acquired from real-world
sensors such as LIDAR scanners and depth cameras, which usually produce non-uniform
point distributions!!!. Some regions may be densely sampled, while others may be
sparse, noisy, or missing due to occlusion and sensor limitations. This irregularity
introduces ambiguity in local geometric interpretation. For example, a sparse region
may correspond either to a genuinely flat surface or to missing observations, and a local

neighborhood may fail to represent the true underlying surface structure.

* Limited global structure awareness. Many point cloud networks rely heavily on
local feature aggregation!**l. While this strategy is effective for extracting fine-scale
geometric patterns, it may not be sufficient for representing global shape organization.
Two objects may have similar local surface geometry but different global structures. For
instance, a shape with a loop and a shape without a loop may share similar local patches,
but they differ in their topological organization. Purely local geometric features may

not clearly capture this difference.

Therefore, the main challenge is not only that point clouds are sparse or unordered, but
that their structural information is implicit. Connectivity, holes, loops, and global organization
must be inferred from coordinates rather than read directly from the representation. This
creates a gap between the raw point cloud input and the structural information needed for

robust shape understanding!!l.



2.2 How Topology Can Help
Topological data analysis provides a way to extract structural information from point

[5-6] Tnstead of assuming that the input al-

clouds without requiring predefined connectivity
ready contains edges or faces, topology constructs these relationships from metric information.
For example, Vietoris—Rips filtrations build simplicial complexes from pairwise distances
at different scales!”l. As the scale parameter changes, connected components, loops, and
higher-dimensional structures can appear and disappear. This process allows global structure
to be recovered from the point set itself.

Persistent homology is especially useful because it captures topological features across
multiple scales>®1. Short-lived features are often treated as noise, while long-lived features
are interpreted as more stable structural patterns. This multi-scale property is well suited to
point clouds, where the correct neighborhood scale is often unclear.

Topology can also provide robustness against irregular sampling and small geometric
perturbations. Since persistent features are defined by their stability across scales, they are less
dependent on individual points or local sampling density. This makes topological descriptors
useful as complementary information when geometric features are unstable or incomplete!®.

Another advantage is that topology captures global shape properties that may be difficult
to express through local geometric descriptors alone. Features such as connected components
and H; loops describe the organization of the entire shape rather than only local surface
patches. In this sense, topology provides a compact structural summary of the point cloud!”].

Topological features usually discard detailed metric information such as exact coordi-
nates, curvature, and fine surface texture. Their value lies in complementing neural point cloud
models with structural information that is invariant, multi-scale, and globally informativel®.

Overall, point clouds are flexible but structurally incomplete representations. Their
unordered nature, lack of explicit connectivity, and irregular sampling make it difficult
to recover stable structural information. Topological methods help address this limitation
by extracting global structures from distance-based relations, providing information that

complements local geometric features.

3. Topological Foundations for Point Cloud Analysis
This section introduces the basic topological concepts used in this paper. The goal is to
define the main objects needed to extract topological features from point clouds and use them

in learning models. Standard concepts in topological data analysis are adopted following



classical references!?!.

3.1 Point Clouds and Simplicial Complexes

A point cloud is treated as a finite set of sampled points. To study its topology, topolog-
ical data analysis represents relations among these points through simplices and simplicial
complexes!”). In this setting, simplices serve as the basic building blocks, while simplicial
complexes provide the combinatorial structure on which topological features can be computed.
Definition 3.1 (Simplex) Given k+ 1 distinct points {vi}f.‘:() in R", the set {vi}f:() is called
affinely independent if the vectors

{Vi - VO};(:]

are linearly independent. The k-simplex spanned by the affinely independent points {v,-}fzo,

denoted by [vo, ...,vy], is defined as

k
t; >0, Zti:l}'
i=0

k
[V(),.. . ,vk] = {Ztivi
i=0

Definition 3.2 (Simplicial Complex) A simplicial complex K is a collection of simplices

satisfying the following two conditions:
1. every face of a simplex in K is also contained in K;
2. the intersection of any two simplices in K is either empty or a common face of both
simplices.

With these definitions, a point cloud can be converted into a simplicial complex and
analyzed through its topological features, such as connected components, loops, and higher-
dimensional voids. This conversion is the starting point for applying topological data analysis

to point cloud learning.

3.2 Vietoris—Rips Filtration
Definition 3.3 (Vietoris—Rips Complex) Let X be a point cloud and let € > 0 be a scale

parameter. The Vietoris—Rips complex VR¢(X) is the simplicial complex in which a simplex
[xio,xil goo ,xik]
is included if all pairwise distances between its vertices satisfy

|xi, —xi,|| <& forall0<p,q<k.

4



The Vietoris—Rips construction is widely used in topological data analysis due to its

reliance on pairwise distances!”!.

Definition 3.4 (Filtration) A filtration is a nested sequence of simplicial complexes

KS] QKSQ g gK[;‘ma

where

§ << < gy

In this paper, the filtration is generated by increasing the Vietoris—Rips scale parameter:

VRe (X) CVRg (X) C--- CVRg, (X).

As € increases, more edges and higher-dimensional simplices are added. This allows

connectivity and loop structures to be observed across multiple scales.

3.3 Persistent Homology
Persistent homology provides a multi-scale description of topological features and is a
central tool in topological data analysis!®7]. It extends ordinary homology by studying how

homological features appear, persist, and disappear along a filtration.

Definition 3.5 (Homology Group and Betti Number) Let Ci(K) be the group of k-chains of
a simplicial complex K, and let d) : Cx(K) — Ci_1(K) be the boundary operator. The k-th
homology group of K is defined as

Hk(K) = kerak/im8k+1.

The k-th Betti number is

i = rank(H;(K)),

which measures the number of independent k-dimensional topological features.

Definition 3.6 (Persistent Homology) Let

Ko C K1 € -+ C K

be a filtration of simplicial complexes. For each homological dimension k > 0 and indices



0 <i< j<m, the inclusion map

K,“—>KJ‘

induces a homomorphism

f]?j : Hk(K,') — Hk(KJ)

The k-th persistent homology group from K; to K is defined as
HY = im(f).

Its rank,

B,i] = rank(H,?j),

is called the k-th persistent Betti number.

Intuitively, persistent homology records which homological features survive from one
scale to another. In a Vietoris—Rips filtration, as the scale parameter € increases, connected
components may merge, loops may appear and disappear, and higher-dimensional voids may
form and later be filled. Therefore, persistent homology captures not only the existence of

topological features, but also their stability across scales.

Definition 3.7 (Birth, Death, and Persistence) For a topological feature in a filtration, its
birth value b is the scale at which it first appears, and its death value d is the scale at which it

disappears. The persistence of the feature is defined as
p=d—b.

A feature with longer persistence is usually interpreted as a more stable structural pattern,
while a feature with very short persistence is often regarded as noise or local sampling

variation.

Definition 3.8 (Persistence Diagram) The k-dimensional persistence diagram is a multiset of
birth—death pairs:
M,
Dy = {(biadl’)}i:kl-

Each point (b;,d;) represents one k-dimensional topological feature, where b; and d; denote

its birth and death values, respectively.

In this work, Dy and D; are mainly used, corresponding to connected components and



one-dimensional loops. These diagrams provide compact multi-scale summaries of the global

structure of a point cloud.

3.4 Vectorization of Topological Descriptors
Persistence diagrams are unordered multisets of points in the birth—death plane and
cannot be directly used as inputs to standard neural networks. Therefore, they must be

mapped to fixed-length vector representations.

Definition 3.9 (Persistence Image) Let
D = {(bi,di) 1L,

be a persistence diagram. Each point (b;,d;) is first transformed into the birth—persistence
coordinate

u; = (bi, pi) = (bi,d; — b;).

Given a nonnegative weight function w : R*> — R and a smoothing kernel @y, centered at u;,

the persistence surface associated with D is defined as
M
pp(x,y) = Zw(ui>¢ui(x7y)‘

i=1

A persistence image is obtained by discretizing this surface over a fixed grid. For each grid

cell P, the corresponding pixel value is

aa/mmww@

Pj

Thus, the persistence image is the finite-dimensional vector
PI(D) = (I},b,...,Iy) € RV,

This construction converts an unordered persistence diagram into a fixed-length vector
representation that can be used by standard machine learning models. More generally, for a
selected set of homology dimensions S C {0, 1,2}, the vectorized topological descriptor can

be written as

Ztopo = an (‘{Dk}keS) )

where Dy denotes the persistence diagram in homology dimension k, and V;,, denotes a general



vectorization operator. Different choices of Vj, lead to different topological representations,
such as persistence images, persistence landscapes, Betti curves, or learnable persistence
embeddings.

In the experimental part of this work, persistence images are used as the concrete

vectorization method. When S = {0, 1}, this gives

Zopo = [Wp1(Do), We1(D1)],

where Dy and D are the persistence diagrams for connected components and one-dimensional
loops, respectively, and ypy denotes the persistence image mapping. This mapping transforms
birth—death pairs into birth—persistence coordinates, smooths them into a persistence surface,
and discretizes the surface over a fixed grid.

Other vectorization methods can also be used. For example, persistence landscapes
map persistence diagrams into functional summaries in a vector space, while Betti curves
summarize the number of active topological features across filtration scales. These methods

differ in how persistence information is transformed, weighted, and aggregated.

3.5 Computational Pipeline

The topological feature extraction pipeline can be written in a general form as
X — Cnc(X) — an (Cnc(X)) — {Dk(X)}kGS — Ztopo-

Here, X denotes the input point cloud, and Cy,. is the complex construction operator. The term
Fy,(Cr, (X)) denotes the filtration induced by the chosen complex construction and filtration

rule. Persistent homology is then computed on this filtration to obtain persistence diagrams

{Di(X) bres,

where S C {0, 1,2} is the selected set of homology dimensions. Finally, these diagrams are

mapped into a machine-learning-compatible representation by a vectorization operator:

Ztopo — an ({Dk(X)}kES) .

In the experimental setting of this paper, the complex construction is chosen as the

Vietoris—Rips complex, and the filtration is generated by increasing the scale parameter. Thus,



the concrete pipeline becomes

X — VRS(X) — {VR8j(X) T:l - {Dk(X)}kES — Ztopo-

The sequence

{VRe;(X) Y21

denotes the Vietoris—Rips filtration obtained by increasing the scale parameter from &; to
&n. In the main experiments, S = {0, 1}, so the diagrams Dy(X) and D;(X) are used. Here,
Dy (X) records persistent connected-component information, while D (X) records persistent
one-dimensional loop structures. These diagrams are then vectorized as persistence images

and concatenated to form the fixed-length topological descriptor

Ztopo = [Wp1(Do(X)), We1(D1(X))],

where ypr denotes the persistence image transform applied to a single persistence diagram.
Persistence images are finite-dimensional vector representations of persistence diagrams and

are designed to be compatible with standard vector-based machine learning models!!%.

Computational cost and subsampling. A practical limitation of the Vietoris—Rips filtration
is its high computational cost. For a point cloud with n points, the full Vietoris—Rips complex
may contain exponentially many simplices in the number of vertices; therefore, practical
implementations often restrict the maximum dimension or the filtration range!!!. Computing
persistent homology on full point clouds is therefore expensive, especially for datasets such
as ModelNet40, where each shape may contain 1024 sampled points!'?.

To make the computation feasible, persistent homology is computed on a smaller subset
X' cXx, X'l < |X|.

In this work, 96 sampled points are used as a reduced representation of each point cloud. This
improves efficiency, but it may remove small-scale topological features. Thus, the resulting
descriptors should be viewed as approximate structural summaries rather than complete

topological descriptions.



4. Topological Feature Representation Mechanisms
This section studies the representation form of topological information. Given a point

cloud

X = {Xi ?:1 C Rd,

topological information can be extracted through a general persistent-homology pipeline. For

a single homology dimension k, the topological representation can be written as
k
Ty (X) =V, (Dk(X)), Di(X) = PH (Fy, (Cy (X))

Equivalently,
%(k) (X) = an (PHk (an (Cnc (X))) ) ’

Here, Cy,, denotes a complex construction operator, such as a Vietoris—Rips, alpha, witness, or
cubical complex. The operator Fy, y denotes the filtration rule, such as distance-based, function-
based, or learned filtration. The term PH computes persistent homology in dimension &k
and outputs the persistence diagram Dy (X ). The operator V;,, maps the resulting persistence
information into a machine-learning-compatible representation, such as a persistence image,
persistence landscape, Betti curve, or learnable persistence embedding.

The parameter collection

n=Me,Nr M)

summarizes the design choices in the topological representation pipeline. In this work,
topological representations are discussed along two dimensions. The first dimension is the
spatial scope of the representation, namely whether topology is computed from the whole
point cloud or from local neighborhoods. This distinction gives rise to global and local
topological representations. The second dimension is the adaptivity of the representation,
namely whether the topological operator is predefined before training or includes learnable
components.

For a set of selected homology dimensions S C {0, 1,2}, we write
s
T () = Va, (DX Yees)

where Dy(X) denotes the persistence diagram in homology dimension k. When the vec-

torization is applied separately to each homology dimension, this notation represents the

10



concatenation of the resulting vectors:

T (X) = Vi, (De(X))] s

4.1 Spatial Scope: Global and Local Topological Representations

The spatial scope of a topological representation specifies the domain on which the
topological operator %(k) or %(S) is applied. At the global level, topology is computed from
the entire point cloud. At the local level, topology is computed from neighborhoods or patches
around individual points.
4.1.1 Global Topological Representations

A global topological representation computes persistent homology from the whole point

cloud. For a point cloud X, one constructs a filtration and obtains persistence diagrams

P(X) = {D(X) }es;

where S C {0, 1,2} denotes the selected homology dimensions. A fixed-length global descrip-

tor is then obtained by
Zopo = Vi, (2(X)) = Vi, ({Di(X) Jies)
Equivalently, using the general topological operator, this can be written as
oo = T (X).

In the specific setting of this paper, the selected homology dimensions are S = {0, 1},
and persistence images are used for vectorization. Let yp; denote the persistence image
transform applied to a single persistence diagram. This transform maps a persistence diagram
into a fixed-dimensional vector by smoothing persistence points into a persistence surface and

discretizing the surface over a grid. Thus,

zooe = [wpr(Do(X)), wpr(D1 (X))].

Here, Do(X) and D;(X) encode the persistent connected-component and loop structures of X,

respectively, and the brackets denote concatenation of the two resulting persistence-image

11



vectors.

The descriptor ztg;;gal € R™ summarizes the object-level topology of the whole point
cloud. It captures multi-scale structural information such as connected components and
loops. However, because it is a global summary, it does not preserve the spatial location of
topological features. For example, it may indicate the existence of a loop, but it does not
directly identify where the loop occurs in the point cloud.

Global topological descriptors are therefore suitable for object-level tasks such as shape

classification and retrieval. Representative examples include methods that use persistence

images as global descriptors for shape classification, such as TopoRec!!3!.

4.1.2 Local and Point-wise Topological Representations
Global descriptors lose spatial localization. To obtain spatially resolved topological
information, persistent homology can be computed on local neighborhoods or patches.
For each point x; € X, let
N (xi) CX

denote a local neighborhood. This neighborhood can be constructed by g-nearest neighbors,
Aq(xi) = kNN (x;; X)),

or by radius search,

i) = {xj € X2 [lxj—xil| <}

A local topological descriptor is then defined as

WP = 7 (A (1)) = Vigy ({D(A (x0)) Jres) -

1

The collection

topo __ f1,10pO\n
HP ={h, "},

forms a point-wise or patch-wise topological representation of the input point cloud. This

representation can be combined with local geometric features

B = 1 i (1)

12



through a fusion operator
o= (15 17)
i :

i
Thus, local topological representations may be used in two forms. For point-wise
prediction tasks, the model can directly use

oo _ { htOPO n

i i=1
For object-level prediction tasks, the point-wise descriptors can be aggregated as
local
Zigpo = Agg (H'P)

where Agg is a permutation-invariant aggregation operator.

This formulation makes local topology analogous to other point-wise geometric features,
such as normals, curvature, or local density. The main difference is that h?)po describes the
persistent structure of a neighborhood rather than only its metric geometry.

There is an inherent trade-off in this representation. A larger neighborhood .4 (x;)
provides broader structural context but increases computational cost. A smaller neighborhood
is more efficient but may fail to capture larger-scale loops or connectivity patterns. Thus,
local topological representations are especially relevant to segmentation and part-level tasks,
where spatially localized structure matters. Topology-aware segmentation methods such as

TopoSeg! !4l are representative examples of this direction.
4.2 Representation Adaptivity: Fixed and Learnable Topological Representa-

tions
The second dimension concerns the adaptivity of the topological representation. Both
global and local representations can be either fixed or learnable. A fixed representation uses a
predefined topological pipeline, while a learnable representation allows some components of
the pipeline to adapt to the downstream learning task.

For a fixed topological representation, the design parameters

n = Ne,Ny M)

are manually chosen and remain unchanged during model training. For example, a typical

fixed global representation may use a Vietoris—Rips complex, a distance-based filtration, and

13



a persistence image:

ded — 79(x), 1 fixed.

Similarly, a fixed local representation is given by

ht.opo,ﬁxed _ %(S)(L/V(xi», n fixed.

1

In contrast, a learnable topological representation introduces trainable components into

the topological pipeline. This can be written as

Tnd (X) =V, 0, (PHe (Fa0; (Creo. (X))

where some components of the complex construction, filtration, vectorization, or embedding

are parameterized by learnable parameters 6. A common case is a learnable filtration:

which gives
zdea =V, (PHi (Foy (Cr.(X))).

This formulation can be applied globally or locally. A learnable global topological

representation has the form

globallearn __ >(S)
Ztopo - ’%19 (X )7

whereas a learnable local representation has the form

ht.opo,learn _ %(5') (,/V(x,))

1

The learnable topological representation can then be integrated with geometric features

through a neural mapping:

1
Ziatent = Po (feg (X)7Ztg?)r(§l> )

where fj, is the geometric feature extractor and ®g models the interaction between geometric
and topological information.

Compared with fixed representations, learnable topological representations have two
main advantages. First, the topological signal can become task-adaptive. Second, topology

and geometry can interact during feature learning rather than only after feature extraction.

14



However, this also introduces additional difficulty, because persistent homology involves
discrete changes in filtrations and is not naturally compatible with gradient-based optimization.
Representative examples include methods that embed topology into latent representations

or network architectures, such as TopologyNet!!>], RipsNet!'®!, and TopoDiT-3DI!"].

5. Integration with Point Cloud Learning

Section 4 describes how topological information is represented. This section studies how
such information is integrated into point cloud learning models. The distinction is important:
representation concerns the form of topological information, while integration concerns the
position and mechanism by which topology affects the learning pipeline.

Let

Zgeo :f9<X>

denote the geometric feature extracted from the point cloud by a neural backbone, and let
N
Ztopo = <7n( )(X )

denote a topological representation. Different integration strategies can be understood by

where ziopo, Or the corresponding topological signal, is introduced into the model.

5.1 Feature-level Augmentation
Feature-level augmentation is the most direct integration strategy. The geometric and

topological branches are computed separately:

Zgeo :f9<X)7

Ztopo = %(S) (X )

They are then combined by a feature fusion operator

= F¢ (demztopo) )

and the final prediction is obtained by

15



The simplest instance of I'y is concatenation:

F(]) (deO:Ztopo) = [ZgGOthOpo]v

which gives

V=he ([demztopo]) .

More generally, the fusion operator may include learnable projections:
= [WngeOa VVthOPO]v

or a gated fusion mechanism:

Z=2Zgeo + 8¢ (dem Ztopo) © Wi Ztopo s

where g4 (-) € [0,1]™ controls the contribution of topological features and ® denotes element-
wise multiplication.

Feature-level augmentation treats topology as an external descriptor. It is simple, stable,
and easy to apply to existing architectures. However, its coupling with the geometric backbone
is weak, because the topological descriptor is usually computed before training and remains
fixed. Moreover, persistent homology is a many-to-one representation: geometrically different
shapes may share similar or identical topological descriptors. Therefore, topology alone
is usually insufficient for fine-grained classification and is more appropriate as auxiliary
structural information.

A representative example is TopoRec!!3l. The experiments in this paper also follow this

strategy by concatenating persistence-image features with PointNet global features.

5.2 Representation-level Integration
Representation-level integration introduces topology into intermediate feature learning
rather than only at the final feature vector. Let H () denote the feature representation at layer

¢. A general topology-aware representation update can be written as
L l
HED = o) (H(@, 7 )(H“))) . 0=0,...

The final prediction is then



Here, 9,7(@ (H (g)) denotes a topological signal computed from the input, an intermediate
feature graph, a latent representation, or a learned filtration at layer ¢. This strategy allows
topology to affect how representations are formed inside the network.

A simpler formulation is

taent = o (15,(X), 77 (X))

where topology and geometry interact before the final prediction head:

)7 = ha)<zlatent)-

Compared with feature-level augmentation, representation-level integration provides
stronger coupling between topology and geometry. The model can learn not only whether to
use topological information, but also how topology should influence intermediate features.
This is especially relevant when topology is used to guide attention, neighborhood aggregation,
latent embeddings, or learned filtrations.

However, this strategy is technically more difficult. Persistent homology depends on
discrete changes in topological features along a filtration, while neural networks are usu-
ally trained by gradient-based optimization. Differentiable or surrogate formulations are
therefore needed. These approximations can increase computational cost and may introduce
optimization instability.

Representative examples include RipsNet!!%! and related differentiable persistent homol-

ogy methods.

5.3 Loss-level Structural Constraints
Loss-level integration uses topology as a supervisory or regularizing signal rather than as
an input feature. Let ¥ denote the model output and ¥ denote the target structure. A general

topology-aware objective is
Z ZQ%ask(??Y)‘f‘lv%opo(?»Y)a

where A > 0 controls the strength of the topological constraint. Here, -Zj,5x denotes the
standard task-specific loss used without topological constraints. For example, it can be
cross-entropy loss for classification or segmentation, and Chamfer distance for point cloud

reconstruction or completion.
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A persistence-diagram-based topological loss can be written as
Zropo(Y,Y) =dg (Di(Y),Dr(Y))

where d is a distance between persistence diagrams, such as a bottleneck or Wasserstein-type
distance. Thus,

Z = v%ask(yvy) +)Ld@ (Dk(Y)aDk(Y)) .

In tasks where only coarse topological properties are required, the topological loss may

instead be defined through Betti numbers:

Kmax

ﬁopo = Z 73 ‘Bk(?) _ﬁk(Y)’ )
k=0

where B denotes the k-th Betti number, Kj,,x is the maximum homology dimension consid-
ered, and og controls the importance of each homology dimension.
For example, if a predicted segmentation mask is expected to be connected, one may

penalize deviations from one connected component:
%onn = }ﬁO(?) - 1| .

If the task requires preserving loop structures, one may impose

Zoop: |ﬁ1(?)—ﬁ1(Y)}

Loss-level integration does not require topology to be used as an explicit input feature.
Instead, topology constrains the structure of the output. This makes it particularly suitable
for segmentation, reconstruction, completion, and generation tasks, where the structural
correctness of the output is important. Its main limitation is optimization sensitivity: the
effect of topology depends on the form of .Zopo, the value of 4, and the stability of gradients
or surrogate gradients.

Topology-aware losses can therefore be understood as enforcing structural consistency

at the output level, rather than enriching the input representation directly.
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6. Comparative Insights

6.1 Representative Methods under the Proposed Classification

The proposed taxonomy can be used to organize existing topology-aware point cloud
learning methods. Table 1 summarizes representative methods according to their spatial scope,
representation adaptivity, integration level, and main role of topology. Some methods may
span multiple categories; therefore, the table assigns each method according to its dominant
use of topological information.

For loss-level methods such as TopoSeg, spatial scope and adaptivity are marked as “-”
because topology is not used as an explicit input representation. Instead, it is imposed as a
structural constraint on the model output.

Methods such as PHGCN are marked with multiple integration levels when topology

affects both feature learning and the training objective.
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Table 1 Classification of Representative Topology-aware Point Cloud Learning Methods

Method Task Spatial Adaptivity Integration Main Topology Role
Scope Level
TopoRec!!3! Recognition / Global Fixed Feature-level Uses vectorized
retrieval topological descriptors

for point cloud

recognition
TOPF!8! Point-level Local Fixed Feature-level Extracts node-level
learning topological features

from point clouds

TopologyNet!!3] Classification / Global Learnable Representation- Learns topological
generation level representations from
point clouds and
reduces PH

computation cost

RipsNet!!0] PH estimation / Global Learnable Representation-  Learns fast and robust
classification level approximations of
support vectorized persistence
diagrams
TopoDiT-3D!!7! Point cloud Global Learnable Representation- Integrates
generation level persistent-homology

information into a
diffusion transformer
for topology-aware

generation

TopoSeg!!4 Segmentation - - Loss-level Applies persistent-

homology-based
constraints to improve
topological correctness

of segmentation

PHGCN!!! Segmentation Local Fixed Representation- Uses
level / Loss-level persistence-diagram
loss with graph

convolution for
fine-grained 3D

segmentation
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6.2 Comparison of Topological Representations

The comparison of topological representations should be made along two separate

dimensions. The first dimension is spatial scope, which distinguishes global representations

from local representations. The second dimension is adaptivity, which distinguishes fixed

representations from learnable representations. Tables 2 and 3 summarize the advantages and

limitations of these two dimensions.

Table 2 Comparison of Global and Local Topological Representations

Type Main Form Advantage Limitation

Global Ztopo = ﬁn(s) X) Provides a compact Loses spatial localization and
object-level structural cannot indicate where
summary. topological features occur.

Local hoP° = ?,,(S) (A (x;)) Preserves local or point-wise ~ Requires repeated local PH

structural information.

computation and is usually

more expensive.

Table 3 Comparison of Fixed and Learnable Topological Representations

Type Main Form

Advantage

Limitation

Fixed F)(), 1 fixed

Learnable

Simple, stable, and easy to

precompute.

Produces task-adaptive

topological representations.

Cannot adapt the topological
representation to the

downstream task.

Requires differentiable or
surrogate design and may
introduce optimization

instability.

6.3 Comparison of Integration Strategies

The three integration strategies exhibit distinct advantages and limitations, which can be

summarized in Table 4.
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Table 4 Comparison of Topology Integration Strategies

Criterion Feature-level Representation-level Loss-level
Topology role External descriptor Intermediate feature Structural constraint
signal
Coupling strength Weak Moderate Strong
Topology gradient Not propagated Partial / approximated Via topology loss
Computational cost Low High Medium-High
Training stability High Medium Low-Medium
Main advantage Simple and stable Expressive and flexible Structure-aware
Main limitation Representation High complexity Optimization
isolation sensitivity
Typical use case Classification / retrieval Feature learning Segmentation /
reconstruction

Feature-level integration is limited by the fact that topological descriptors are computed
independently of the learning process. As a result, the interaction between topology and
geometry is fixed and cannot adapt to task-specific representations. This restriction reduces
the ability of the model to fully exploit topological information during feature learning!!3.

In representation-level integration, topology is incorporated into intermediate features,
allowing it to influence the evolution of learned representations. This enables a more flexible
interaction between geometric and topological information. However, since persistent ho-
mology is based on discrete operations, incorporating it into differentiable pipelines requires
approximations, which can introduce instability during training!20-2!1,

Loss-level integration affects the model indirectly by constraining the output structure
rather than modifying the feature space itself. The impact of topology therefore depends on
how effectively the optimization process propagates these constraints back to the learned

representations. This indirect influence can be sensitive to the choice of loss formulation and

optimization dynamics!!'4],

6.4 Why Topology Alone is Insufficient
A central observation across existing work and empirical studies is that topology alone
is insufficient for many point cloud learning tasks, particularly fine-grained classification!>-13].

This limitation can be understood from three complementary perspectives.
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First, topological representations are inherently many-to-one. Persistent homology
captures global structural properties while discarding detailed metric information. There-
fore, multiple geometrically distinct shapes may share similar or even identical topological
descriptors, leading to an information bottleneck>-6].

Second, standard topological descriptors often lack spatial localization. Vectorized
summaries such as persistence images describe the existence and persistence of topological
features, but they do not directly encode where these features occur in the point cloud!'?!. As
a result, topology alone may fail to distinguish objects whose semantic differences depend on
localized geometry.

Third, there is a trade-off between invariance and discriminability. The robustness of
topological features comes from their relative insensitivity to small geometric perturbations(®],
but this same invariance also removes information that may be necessary for distinguishing

similar shapes.

6.5 Practical Implications

Based on the above analysis, several practical guidelines can be drawn.

Feature-level integration provides a simple and efficient baseline for incorporating
topology. Representation-level integration enables stronger interaction between topology and
geometry, but requires careful design for stability and efficiency. Loss-level integration is
particularly suitable for tasks that require structural correctness!!3-14.201,

In practice, the choice of integration strategy is task-dependent and should balance

computational cost, stability, and representational power. Hybrid approaches that combine

multiple integration levels may further improve robustness.

7. Experiments

To further examine the practical role of topological information in point cloud classifica-
tion, this section presents a PointNet-based ablation study on ModelNet40!!?!, The purpose of
this experiment is to evaluate whether precomputed persistent-homology features can provide

complementary information when combined with standard geometric features.

7.1 Experimental Setup

Dataset. Experiments are conducted on the ModelNet40 dataset!!?l, which contains
12,311 CAD models from 40 object categories. Following the standard split, 9,843 samples
are used for training and 2,468 samples are used for testing. Each object is represented as a

point cloud sampled to 1024 points.
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Backbone. PointNet is used as the baseline modell?!. This choice provides a simple and
interpretable setting for evaluating whether topological descriptors can improve a standard
point cloud classification pipeline.

Data Augmentation. During training, standard point cloud augmentations are applied,
including random point dropout, random scaling, and random translation, following the
common PointNet training setting!?). The same augmentation setting is used for all comparable
experiments.

Evaluation Metrics. Two metrics are reported: Overall Accuracy (OA) and Mean Class
Accuracy (mAcc). To reduce the influence of random initialization, the main results are

averaged over three random seeds.

7.2 Implementation Details

Training Configuration. All models are implemented in PyTorch!??! and trained with
the Adam optimizer'?3. The initial learning rate is set to 0.001, the batch size is set to 24,
and all models are trained for 100 epochs. The same training configuration is used for all
compared settings unless otherwise specified.

Topology Representation. Persistent homology is used to extract topological descriptors
from point clouds!®. To control computational cost, persistent homology is computed on
a reduced point set, with 96 sampled points used in the main experiments. The resulting
persistence diagrams are vectorized as persistence images!'?!. Separate topological features
are considered for different homology dimensions, including Hy and Hj.

Topology Integration. This experiment focuses on feature-level integration. Specifically,
the precomputed topological descriptor is concatenated with the global feature learned by

PointNet before the final classification layers. The following variants are compared:

Baseline: the original PointNet model using only geometric point cloud features;

Topo-Only: a classifier using only vectorized topological descriptors;

Topo-Concat (All): PointNet features concatenated with both Hy and H topological

descriptors;

Topo-Concat (Hp): PointNet features concatenated only with Hy-based descriptors;

Topo-Concat (H;): PointNet features concatenated only with H;-based descriptors.
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7.3 Main Results and Quantitative Analysis

Table 5 Classification Performance on ModelNet40

Method OA mAcc

Baseline (PointNet) 0.8954 0.8569
Topo-Only (PI) 0.2241 0.1833
Topo-Concat (All)  0.8926 0.8533
Topo-Concat (Hp) 0.8970 0.8581
Topo-Concat (Hy) 0.8992 0.8597

The results show three main observations. First, the topology-only model performs
much worse than the geometry-based baseline, indicating that topological descriptors alone
are not sufficiently discriminative for fine-grained point cloud classification. Second, Topo-
Concat (All) slightly underperforms the baseline, suggesting that simply adding all topological
features may introduce redundant or weakly aligned information. Third, the H;-based variant
achieves the best performance, improving both OA and mAcc over the baseline. This
suggests that loop-level structures provide more useful complementary information than

coarse connectivity features in this setting.

7.4 Ablation Study

The ablation results provide a more detailed interpretation of the role of different topo-
logical signals. The gap between Baseline and Topo-Only reflects the many-to-one nature of
persistent homology: while topology captures global structure, it discards metric and spatial
details that are important for object recognition.

The comparison between Hy, H, and All further shows that topology should not be
treated as a single uniform feature. Hy mainly reflects connected components and provides
only marginal additional information for complete object-level point clouds. In contrast,
H; captures loop-like structures, such as handles or holes, which may better correspond
to semantic differences among object categories. The weaker result of Topo-Concat (All)
suggests that irrelevant or redundant topological components can dilute useful structural

signals when fused naively.
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7.5 Qualitative Analysis
The quantitative results can be illustrated by objects such as mugs and cylinders. These
categories may share similar local surface geometry, but a mug handle introduces a non-trivial
H, loop structure that is absent in a simple cylinder. This example explains why H;-based
descriptors can provide useful complementary information to PointNet’s geometric features.
Overall, the experiment supports the view that topology is most effective as a selected
auxiliary structural signal, rather than as a standalone representation or an unfiltered collection

of features.
8. Conclusion

8.1 Main Findings and Contributions

This paper investigates topological feature embedding and representation for machine
learning on 3D point clouds. Starting from the structural limitations of point clouds, this
work explains why topology can provide complementary information for point cloud learning,
especially in terms of connectivity, global structure, and multi-scale shape patterns.

The main contribution of this work is threefold. First, it provides a structured taxonomy of
topological representations for point cloud learning, organized along two dimensions: spatial
scope, which distinguishes global and local representations, and representation adaptivity,
which distinguishes fixed and learnable representations. Second, it analyzes how topological
information can be integrated into learning pipelines through feature-level augmentation,
representation-level integration, and loss-level structural constraints. Third, it presents a
PointNet-based ablation study on ModelNet40 to examine the practical role of persistent-
homology descriptors.

The experimental results show that topology-only features are insufficient for competitive
classification, while selected topological signals, especially H;-based descriptors, can provide
useful complementary information. This result supports the view that topology should not

replace geometric learning, but should be used as a structural prior or auxiliary signal.

8.2 Limitations and Future Work

There are still several issues that require further study. Topological descriptors may
lose metric and spatial information, and their computation can be expensive for large point
clouds. Future research may focus on adaptive filtrations, more efficient persistent homology
computation, and hybrid models that combine geometric and topological representations more

tightly.
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Overall, topology-aware learning provides a meaningful direction for improving struc-
tural understanding in point cloud models. Its effectiveness, however, depends on careful

feature selection, task relevance, and appropriate integration with geometric learning.
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