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[ABSTRACT]: As an important branch of non-Euclidean geometry,
hyperbolic geometry is characterized by a constant negative curvature that
defies Euclidean intuition, posing significant challenges to the intuitive
comprehension of its abstract metric structure. This thesis systematically derives
the forward and inverse mapping formulas for stereographic projection and
rigorously proves its angle-preserving and circle-preserving properties.
Furthermore, it comprehensively reviews the classical model representations and
regular tessellation theory of hyperbolic geometry. By using stereographic
projection as a conformal mapping tool, this work establishes a visualization
framework for classical hyperbolic models and their applications in frontier

physics, also provides physical display models with 3D printing technology.

[Key words]: Hyperbolic Geometry; Stereographic Projection ; Visual Model
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ClearAll["Global *"]
(LB S50

p =7; q = 3; tilingDepth = 3;

(200 1) Ly Al )

h2eNorm[h_] := N[Tanh[h/2]];

halfEdgeLength = N[ArcCosh[Cos[Pi/p]/Sin[Pi/q]]];
circumRadius = N[ArcSinh[Sinh[halfEdgeLength]/Sin[Pi/p]]];

rVertex = h2eNorm[circumRadius];

HyperbolicTranslate[P_?NumericQ] :=
Function|[z, (z + P)/(Conjugate[P] z + 1)];

HyperbolicRotate[theta ?NumericQ] := Function[z, Exp[I theta] z];

ReflectAcrossGeodesic[z0 ?NumericQ, zI ?NumericQ] :=
Module[ {tToOrigin, z1 AtOrigin, angle, rotToX, rotFromX},

tToOrigin = HyperbolicTranslate[-z0];

z1 AtOrigin = tToOrigin[z1];

angle = Arg[z1 AtOrigin];

rotToX = HyperbolicRotate[-angle];

rotFromX = HyperbolicRotate[angle];

Function[z, Module[ {w}, w = tToOrigin[N[z]]; w = rotToX[w];
w = Conjugate[w]; w = rotFromX[w];
N[HyperbolicTranslate[z0][w]]]]];

HyperbolicLerp[p0 , pl ,t ]:=

13



Module[ {translateToOrigin, p1Prime, normSq, norm, atanNorm,
desiredNorm, direction},
translateToOrigin = HyperbolicTranslate[-N[pO0]];
plPrime = translateToOrigin[N[p1]]; normSq = Abs[p1Prime]"2;
[flnormSq < 10”12, Return[N[p0 + t (p1 - p0)]]];
If[normSq > 1.001, Return[Undefined]];
[f[normSq > 1, normSq = 1.0];
norm = Sqrt[normSq]; atanNorm = ArcTanh[norm];
desiredNorm = Tanh[t*atanNorm];
direction = If[norm > 10"-12, p1Prime/norm, 0];

N[HyperbolicTranslate[N[p0]][direction*desiredNorm]]];

SubdivideHyperbolicEdge[p0 , pl , nSeg :30]:=
Table[HyperbolicLerp[pO0, pl, t], {t, 0., 1., 1./nSeg}|;

(*3.BFS A Hi*)
center Verts = Table[N[rVertex Exp[l 2 Pi k/p]], {k, 0,p-1}];

GenerateTiling[maxDepth , maxPolys :400] :=
Module[ {polys = {}, seen = <||>, queue = {}, tol = 10"-4, count = 0,
key}, AppendTo[polys, centerVerts];
AssociateTo[seen, Round[N[Mean[centerVerts]], tol] -> True];
queue = {{centerVerts, 0} }; count = 1;
While[Length[queue] > 0 && count < maxPolys,
Module[ {verts, depth, z0, z1, reflect, newVerts, newCenter,
k}, {verts, depth} = First[queue]; queue = Rest[queue];
If[depth >= maxDepth, Continue[]];
Do[z0 = verts[[k]]; z1 = verts[[Mod[k, p] + 1]];
reflect = ReflectAcrossGeodesic[z0, z1];
new Verts = reflect /@ verts; newCenter = Mean[new Verts];

If Abs[newCenter] > 0.998, Continue[]];
14



key = Round[newCenter, tol];
If]! KeyExistsQ[seen, key], AppendTo[polys, newVerts];
AssociateTo[seen, key -> True];

AppendTo[queue, {newVerts, depth + 1}]; count++], {k, 1, p}1]];

polys];

tilingPolys = GenerateTiling[tilingDepth];

(¥4 FEHUE—12*)
ExtractUniqueEdges[polys | :=
Module[ {edgeMap = <||>, tol = 10"-4, edges = {}, v1, v2, key},
Do[Do[v1 = Round[N][poly[[k]]], tol];
v2 = Round[N[poly[[Mod[k, Length[poly]] + 1]]], tol];
key = [f[Abs[v1] <= Abs[v2], {v1, v2}, {v2, v1}];
If]! KeyExistsQ[edgeMap, key], AssociateTo[edgeMap, key -> True];
AppendTo[
edges, {poly[[k]], poly[[Mod[k, Length[poly]] + 1]]}]], {k,

Length[poly]}], {poly, polys}];
edges];

allEdges = ExtractUniqueEdges|[tilingPolys];

(5. TG S - BRk*)
InvStereoSouth[ {x_?NumericQ, y_?NumericQ}] :=

Module[{r2 =x"2 +y*2,d},d=1+12; {2 x/d, 2 y/d, (r2 - 1)/d}];

SafeStereoSouth[z_?NumericQ, R_?NumericQ] :=
Module[ {x, y, 1, scale}, x = Re[N[z]]; y = Im[N][z]];
r = Sqrt[x"2 + y*2];
If[r > 0.999, scale = 0.999/r; x *=scale; y *= scale];

R*InvStereoSouth[ {x, y}]];
15



(*6. ST A i)
GenerateSolidPrismsSouth[edges , width ,nSeg ,R ,h ]:=
Module[ {allVerts = {}, allTris = {}, vCount = 0, upper2D, lower2D,
m, uo, ui, lo, li, base, 1, edge, p0, pl, pts, dirs, perps},
Do[p0 = edge[[1]]; p1 = edge[[2]];
pts = SubdivideHyperbolicEdge[p0, p1, nSeg]; m = Length[pts];
dirs =
Table[With[ {diff = pts[[Min[i + 1, m]]] - pts[[Max[i - 1, 1]]]},
T Abs[diff] > 107-12, dift/Abs[diff], I]], {i, m}];
perps = Table[ {-Im[dirs[[1]]], Re[dirs[[i]]]}, {1, m}];
perps =
Table[If[Norm[perps|[[i]]] > 107-12,
perps[[i]l/Norm[perps[[i]]], {0, 1}], {i, m}];
upper2D = Table[pts[[i]] + (width/2)*Complex @@ perps[[i]], {i, m}];
lower2D = Table[pts[[i]] - (width/2)*Complex @@ perps[[i]], {i, m}];
uo = SafeStereoSouth[#, R] & /@ upper2D;
ui = SafeStereoSouth[#, R - h] & /@ upper2D;
lo = SafeStereoSouth[#, R] & /@ lower2D;
li = SafeStereoSouth[#, R - h] & /@ lower2D;
For[i=1, i <m, i++, base = vCount;
allVerts =
Join[allVerts, {uo[[i]], uo[[1 + 1]], lo[[i + 1]], lo[[1]],
wif[i]], wi[[i+ 171, Taf[i + 1]], Lf[i]]}1;
allTris =
Join[allTris, {{base + 1, base + 2, base + 3}, {base + 1,
base + 3, base + 4}, {base + 5, base + 8§,
base + 7}, {base + 5, base + 7, base + 6}, {base + 1,
base + 5, base + 6}, {base + 1, base + 6,
base + 2}, {base + 4, base + 3, base + 7}, {base + 4,

base + 7, base + 8} }];
16



vCount += &;], {edge, edges}];
{allVerts, allTris}|;

(*7. B & RLA T RR 55 *)
GenerateBowlRim[zBottom , zTop ,R ,h ,nSeg :100]:=
Module[ {rimVerts = {}, rimTris = {}, theta, rOutB, rInB, rOutT,

rInT, base, 1}, rOutB = Sqrt[Max[0, R"2 - zBottom”2]];

rInB = Sqrt[Max][0, (R - h)"2 - zBottom”"2]];

rOutT = Sqrt[Max[0, R*2 - zTop”2]];

rInT = Sqrt[Max[0, (R - h)*2 - zTop"2]];

For[i =0, i <= nSeg, i++, theta = 2 Pi*i/nSeg;
AppendTo[rimVerts, {rOutB Cos[theta], rOutB Sin[theta], zBottom}];
AppendTo[rimVerts, {rInB Cos[theta], rInB Sin[theta], zBottom}];
AppendTo[rimVerts, {rOutT Cos[theta], rOutT Sin[theta], zTop}];
AppendTo[rimVerts, {rInT Cos[theta], rInT Sin[theta], zTop}]];

For[i =0, i <nSeg, i++, base = 4*i;
AppendTo[rimTris, {base + 1, base + 5, base + 3}];
AppendTo[rimTris, {base + 5, base + 7, base + 3}];
AppendTo[rimTris, {base + 2, base + 4, base + 6}];
AppendTo[rimTris, {base + 4, base + 8, base + 6}];
AppendTo[rimTris, {base + 3, base + 7, base + 4}];
AppendTo[rimTris, {base + 7, base + 8, base + 4}];
AppendTo[rimTris, {base + 1, base + 2, base + 5}];
AppendTo[rimTris, {base + 2, base + 6, base + 5}];];

{rimVerts, rimTris}|;

(*8.LE BT & )
edgeWidth = 0.030; edgeSegs = 25;
sphereR = 1.0; shellThick = 0.06;

{pVerts, pTris} =
17



GenerateSolidPrismsSouth[allEdges, edgeWidth, edgeSegs, sphereR,
shellThick];

allZ = pVerts[[All, 3]];
zMax = Max[allZ];
zRimBottom = zMax - 0.015;

{rVerts, rTris} =

GenerateBowlRim[zRimBottom, 0.0, sphereR, shellThick, 100];

rimOffset = Length[p Verts];
rTrisOffset = Map[# + rimOffset &, rTris, {2}];
combinedVerts = Join[pVerts, rVerts];

combinedTris = Join[pTris, rTrisOffset];

combinedMesh =
Graphics3D[
GraphicsComplex|
combinedVerts, {EdgeForm[], GrayLevel[0.15], Polygon[pTris],
EdgeForm[], GrayLevel[0.65], Polygon[rTrisOffset]} ],
Lighting -> {{"Ambient", GrayLevel[0.4]}, {"Directional",

White, {0, 0, 3}}, {"Directional", GrayLevel[0.25], {2, 1, -1}}},
Boxed -> False, SphericalRegion -> True, ViewPoint -> {2, 1, 1.8},
View Vertical -> {0, 0, 1}, ImageSize -> 800,

PlotLabel -> Style["Hyperbolic Bowl Model", 16, Bold]];

combinedMesh
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