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Euler Characteristic Transform and

Its Applications to Deep Learning

[ABSTRACT]: Topological Data Analysis (TDA) provides mathematical tools
for obtaining the geometric and topological features of data. Among these tools,
the Euler Characteristic Transform (ECT) is an efficient shape descriptor that
scans an embedded object from multiple directions and collects the Euler char-
acteristic of its sublevel sets. In this thesis, we study the Euler Characteristic
Transform and its applications to deep learning from both experimental and
theoretical perspectives.

In terms of theoretical framework, we first review relevant mathematical
foundations, and then give a brief introduction to the injectivity of the ECT and
a discussion on the stability of the ECT for a perturbed embedding.

Based on these, we focus on the work by Roell and Rieck, by introducing
Differentiable Euler Characteristic Transform (DECT) and reproducing their
experimental results. These experiments demonstrate the performance of DECT
applied to point cloud classification and graph classification. Here ECT-based
representations are implemented as differentiable feature layers whose output
are fed into neural network architectures for supervised learning tasks. In the re-
production, we also examine an implementation approach adopted in the Roell
and Rieck’s original code, where image intensity information is incorporated
into the DECT-based experiments.

Furthermore, we introduce the Weighted Euler Curve Transform (WECT)
of Jiang et al., which extends the ECT by using intensity information through
a weight function on the underlying complex embedded from the image. The

acronym WECT appears with slightly different expansions in the literature. Qi-



tong Jiang et al. introduced it as the Weighted Euler Curve Transform, while the
Roell and Rieck referred to it as the Weighted Euler Characteristic Transform.
In this thesis, these two terms are used interchangeably without ambiguity.
Building on the reproduced DECT experiments, we construct differen-
tiable WECT representations for image data and feed them into simple neural
network architectures. Moreover, we combine both WECT and the adopted ap-
proach in the Roell and Rieck’s original code that can preserve the intensity of
the image, and evaluate their effect on the model. Finally, based on the work

by George et al., we extend the stability discussion to the weighted setting.

[Keywords]: Topological Data Analysis; Euler Characteristic Transform;
Weighted Euler Curve Transform; Topological Deep Learning
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1. Introduction

Topological Data Analysis provides mathematical methods for extracting topological
and geometric structure from datasets. Persistent homology is one of the most widely used
tools in TDA, which studies how topological features appear and disappear along a filtration
and summarizes these informations by persistence diagrams. Persistence diagrams provide
rich multi-scale information, when they are used in standard machine learning or deep learn-
ing models, additional vectorization, kernel-based functions are usually required!. These
transformations, like PH itself, suffer from computational limitations that preclude its appli-
cation to large-scale data sets!?.

The Euler Characteristic Transform introduced by Turner et al. is another particularly
useful descriptor®). Given data embedded in Euclidean space, the ECT scans the shape from
multiple directions. For each fixed direction, the ECT records the Euler characteristics of
the sublevel sets of the corresponding height function as the threshold varies, thereby pro-
ducing an Euler characteristic curve (ECC). Thus the collection of such curves over different
directions forms the ECT. Moreover, Ghrist et al.[* and Curry et al.l! have proved some con-
clusions related to the injectivity of ECT. Furthermore, George et al. discussed the stability
of ECT for a perturbed embedding!®.

Based on these theoretical foundations, there are some studies combine the ECT and
machine learning by setting ECT ad its variants as static features that require specific hyper-
parameter choices!”). By contrast, Roell and Rieck made the ECT end-to-end trainable, by
introducing DECT, which provides an efficient and effective shape descriptor that can be in-
tegrated into deep learning models, such as multilayer perceptron (MLP) and convolutional
neural network (CNN)P2.

To make use of the intensity information in image data, the Weighted Euler Curve Trans-
form, a variant of ECT, was introduced and incorporated into a machine learning model,
namely a support vector machine (SVM)!7],

This paper reviews the DECT framework and reproduces representative experiments



that combine DECT layers with deep learning models for point cloud and graph classifica-
tion. Motivated by the role of intensity information in image-based data, we firstly adopt
an engineering approach that incorporates intensity as an additional geometric coordinatel?].
Secondly, we implement differentiable WECT representations that encodes intensity through
a weight function on the underlying complex. After evaluating these approaches on image
classification tasks, we preliminarily extend the stability perspective to WECT, motivated

by the work of George et al.[%.

2. Preliminaries
In this section, we will review some basic definitions
2.1 Euler Characteristic
Definition 2.1.1. Given m + 1 distinct points {z1, z9, ..., z,,} C R", the set {z;}", is

affinely independent if the set {z; — xo}", is linearly independent.

Definition 2.1.2. A simplex spanned by the affinely independent set {x;}!",, denoted by

[zo, . .., ], 1s the set

[l’o,...,ZL’m] = {itzxztz ZO,itlzl}

Definition 2.1.3. A finite simplicial complex K is a finite collection of simplices in some
Euclidean space such that:
(i) if s € K, then every face of s also belongs to K;

(ii) if s, ¢t € K, then s N ¢ is either empty or a common face of s and ¢.

Definition 2.1.4. Euler characteristic is defined as the alternating sum of the number of

simplices in each dimension. For a simplicial complex K, we define the Euler characteristic

X as
dim K

X(E) =Y (=1)"K", (D

n=0

where | K| denotes the amount of the n-dimensional simplices in K. The Euler characteristic

is a homotopy invariant. By the Euler—Poincar¢ formula, the Euler characteristic can also be



expressed as the alternating sum of the Betti numbers:

dim K

X(K) = Y (~1)*Ba(K), )

d=0

where 3,(K) denotes the d-th Betti number of K.

2.2 Persistence Diagrams

The presentation here mainly follows Georgel®.

Definition 2.2.1. Fix a given simplicial complex K, a real-valued function f : K — R, and

a sequence of values a; < as < --- < a,. A filtration is the collection of sublevel sets
Ko, = [H((—00,a4)).
Note that for all @ < b, there are inclusions
K, C K,.
Additionally, we take ag = —oo in order to set
Ko = 0.

The filtration induced by f is written as F.

Definition 2.2.2. A function f on a simplicial complex K is simplex-wise monotone if for

all subcomplexes 7 C o, the function satisfies

f() < f(o).

It is straightforward to prove that if f is simplex-wise monotone, then for any ¢ € R,
the sublevel set

Ky = fﬁl((_ooa t])

is a subcomplex of K. For the purposes of describing the filtration as a nested sequence of



subcomplexes, the actual values of a; are immaterial. Only the induced ordering
KeCK,C---CK,=K

is relevant.
Definition 2.2.3. Let
Fr={K;}ien

be a filtration of a simplicial complex K. For a fixed dimension k, the k-dimensional per-

sistence diagram, denoted by Dgm, (F), is a multiset of points (b, d) in the extended plane
¥ = (RU {oo})2

where b is the filtration value at which a k-dimensional homology class appears and d is the
filtration value at which it disappears. The value b is called the birth time, and d is called the
death time. If a homology class never disappears during the filtration, then its death time is
taken to be co. Thus, each point in Dgm, (F) records the lifetime of one topological feature

in dimension k.

Definition 2.2.4. Let A* denote countably many copies of the diagonal

A ={(x,x) | zr € R}.

A matching between two persistence diagrams D, and D, is a bijection

¢D1UAOO—)D2UAOO

The copies of A allow off-diagonal points in one diagram to be matched to the diagonal when

they have no corresponding oftf-diagonal point in the other diagram.

Definition 2.2.5. Let D, and D, be two persistence diagrams, and let matching between D,
and D, is regarded as

¢D1UAOO—>D2UAOO



For1 < p < ooand 1 < ¢q < oo, the (p, q)-Wasserstein distance between D; and D, is

defined by
1/p
Wy.q(D1, Do) = igf( Z [ ¢($)H§> )

x€D]UA>®

where the infimum is taken over all matchings ¢.

3. Methods

The Euler characteristic provides a compact topological summary of a finite simplicial
complex. However, as a single integer, it describes the object only at one scale and therefore
loses many geometric informations of an embedding of a data, while persistent homology is
infeasible to calculate for large data sets. To obtain a more informative descriptor at multi

scale, Turner et al. proposed the Euler Characteristic Transform!!.
3.1 Euler Characteristic Curves

Let K be a finite simplicial complex and let f : /' — R be a simplex-wise monotone

filtration function. The Euler Characteristic Curve induced by f is defined by
ECCKj(t) = X(Kt)

Thus, instead of assigning one Euler characteristic to the whole complex, the ECC
records how the Euler characteristic changes as simplices enter the filtration.

This construction can be understood as a multi-scale version of the Euler characteris-
tic. At small filtration values, only a small part of the complex is included. As the thresh-
old increases, vertices, edges, and higher-dimensional simplices are gradually added. Each
newly added simplex changes the Euler characteristic according to its dimension: vertices
contribute positively, edges negatively, triangles positively, and so on. Therefore, the ECC
encodes the evolution of topological structure along the chosen filtration. Compared with
persistent homology, the ECC is less expressive, because it keeps only the alternating sum
of Betti numbers rather than the full birth-death information. Nevertheless, it is much cheaper

to compute and easier to vectorize, which makes it attractive in machine learning settings.



3.2 Euler Characteristic Transform

The Euler Characteristic Curve depends on the choice of the filtration function. For an
embedded simplicial complex, a family of filtrations can be obtained naturally from height
functions. Let K C R? be a finite geometric simplicial complex and let v € S9! be a unit
direction. For a vertex, the 0-dimensional simplex = € K, define the height function with

the direction v by

ho(z) = (x,v).

For a general simplex o, this function is extended to be simplex-wise monotone by the max-
imum rule

Dy = Dy )
(0) = max h(z)

where V(o) denotes the set of vertices of 0. This convention ensures that a subcomplex enters

the filtration only after all of its faces have entered. Thus
K, ={oc€ K :h,(0) <t}

is a subcomplex for every ¢ € R.
For a fixed direction v, the Euler Characteristic Transform is obtained by collecting

these curves over all directions:
ECTg : S™!' xR = Z, (v,t) = X (Kyy).

ECTK(U7 t) = ECCK,hu (t) - X(Kv,t)‘

Intuitively, the ECT scans the embedded complex from many directions. Each direction gives
one Euler characteristic curve, and the full transform is the collection of all such directional
summaries.

This directional viewpoint is important because a single ECC may miss geometric in-
formation that is invisible from one direction. By contrast, the ECT combines multiple scans

and therefore captures both topological and geometric features of the embedded complex.



The ECT provides a mathematically meaningful way to describe the shape of an em-
bedded object. It combines geometric and topological information, coming from the embed-
ding, the choice of scanning directions and the Euler characteristic of the induced sublevel
complexes. However, in practice, one cannot evaluate the transform over all directions in
S9=1 or over all thresholds in R. Therefore, a computational implementation must replace
the continuous transform by a finite approximation. This requires choosing a finite set of
directions

V={v,...,0} C ST

and a finite set of threshold values
T = {tly"‘atl} C R.

This finite approximation is natural from a computational point of view, but it introduces
several design choices. The number of directions, the way these directions are sampled, and
the number of filtration thresholds all become hyperparameters.

In classical applications of the ECT, these choices are typically fixed before training.
For instance, one may use uniformly sampled directions or directions chosen from a prede-
fined grid. Such choices are reasonable as general-purpose approximations, but they are not
necessarily optimal for a given data set or a given classification task, since the underlying
structure of most data cannot be specified a priori or directly visualized. For example, sym-
metries of the underlying shape may reduce the number of independent directions needed
to represent the ECT. For instance, if an embedded complex K is invariant under reflection
across the equatorial plane, then each direction in the lower hemisphere has a reflected coun-
terpart in the upper hemisphere that yields the same Euler characteristic curve. Hence, when
this symmetry is known a priori, the ECT can be represented without loss of information by
restricting the set of directions to a fundamental domain, such as the upper hemisphere. In
particular, if the relevant geometric or topological differences between two classes are most

visible from certain directions, a fixed uniform sampling may include many uninformative



directions while missing or under-emphasizing more discriminative ones.

In addition to the choice of directions, the filtration parameter also has to be discretized
in practical computations. For a fixed direction v, the ECC is a function of a continuous
threshold ¢ € R. For each input complex K, the discretized ECT can then be represented as

an [ X k matrix, whose entry at (¢, j) is given by

X(Kl}j) = X(Ktiﬂ)j)‘

In this representation, the columns correspond to different directions, while the rows corre-
spond to filtration thresholds. Since the same threshold set 7" is used for all directions, the
ECCs are aligned across columns: the same row index always refers to the same filtration
value.This matrix can be used as a numerical feature representation for a classifier.

An alternative strategy is to choose a separate threshold set 7}, for each direction v.
This can be useful when the effective range of filtration values varies significantly from
one direction to another. Under this strategy, each column of the matrix still represents one
ECC, but the same row index in different columns no longer necessarily corresponds to the
same filtration value. Thus, the first strategy preserves a common filtration scale across all
directions, whereas the second strategy normalizes or adapts the sampling range direction by
direction. Following the discussion in R&ell and Rieck!®, the common-threshold strategy is
natural when the data are contained in, or normalized to, a common bounded region, while the
direction-dependent strategy may be appropriate when relative shape variation within each
ECC is more important than comparing absolute filtration values across different directions.

However, in this paper we focus on the strategy that aligne different directions with the
same ordered set of thresholds.

This point is especially important in machine learning. A learning model is expected to
adapt its representation to the data. However, if the ECT is computed only from a manually
chosen set of directions, then the topological feature extraction step itself remains fixed.

The classifier can learn how to use the resulting ECT features, but it cannot learn how the



ECT features should be produced. In other words, the directions are treated as external
hyperparameters rather than trainable parameters. The resulting pipeline is therefore only
partially learnable: the downstream classifier is trained from data, whereas the directions
used to construct the ECT are selected manually.

The difficulty is not merely practical, but also analytic. The classical ECT can be ex-
pressed as an alternating sum of indicator functions. For a simplex o € K, let h,(0) denote
its filtration value in direction v. Then given a drection v and a threshold ¢, the ECT can be

written in the form

dim K
ECTi(v,t) = > (=1)* > Tjpy(o)00)(D)-
q=0 ceK4

This expression is exact and makes the contribution of each simplex explicit. A simplex
contributes to the Euler characteristic once the threshold ¢ reaches its filtration value. Nev-
ertheless, the indicator function is discontinuous. As a result, the ECT is not differentiable
with respect to the direction v, the threshold ¢, or the vertex coordinates that determine h,, (o).
Consequently, gradient-based optimization cannot directly adjust the scanning directions or

the input coordinates through the ECT computation.
3.3 Differentiable Euler Characteristic Transform

The Differentiable Euler Characteristic Transform addresses this issue by replacing the

indicator function with a smooth approximation. Let

1

She) = 1+ exp(—Az)

be the sigmoid function, and let A > 0 be a scale parameter. The differentiable approximation

is defined by
dim K
DECTx(v,t) = Y (1) Y S(A(t — ho(0))).
q=0 ceKa

The parameter A controls the sharpness of the approximation. For large A, the sigmoid
becomes close to a step function, and the DECT approximates the ordinary ECT more tightly.

For smaller )\, the approximation is smoother, which may improve gradient behavior during



optimization.

1.0

0.8 1

0.6 1

S(Ax)

0.4

0.2 1

Figure 1. Sigmoid curves for different scale parameters A. Larger values of \ yield a sharper approxima-
tion to the step function near the origin.

This modification changes the role of the ECT in a machine-learning pipeline. Instead
of being only a static descriptor computed before training, the transform can be implemented
as a differentiable layer. The directions vy, ..., v, may be initialized, for example, by uni-
form sampling on the sphere, but they can subsequently be optimized together with the other
parameters of the neural network. Thus, the model can learn which directions are useful for
the supervised task.

It is important to emphasize that DECT does not remove all hyperparameters. One
still has to choose the number of directions k, the number of thresholds [, and the scale
parameter \. However, the crucial difference is that the directions themselves can be treated
as learnable quantities. This reduces the dependence on purely hand-designed ECT features
and turns the transform into a trainable topological representation. In this sense, DECT can
be viewed as a bridge between a theoretically motivated topological invariant and the end-
to-end optimization framework of deep learning.

As discussed above, the ECT must be evaluated on a finite set of directions and thresh-
olds in practical computations. The same discretized structure is retained in DECT. Conse-

quently, the resulting matrix has the same image-like organization as the discretized ECT,

10



with directions indexed along one axis and filtration thresholds along the other, but its entries
are real-valued differentiable approximations rather than exact integer-valued Euler charac-
teristics.

The Figure2 to Figure4 below illustrate a finite sampled visualization of the DECT rep-
resentation,! They should be interpreted as visual explanations of how the transform varies
over sampled directions and filtration thresholds, rather than as the exact input tensors (matri-
ces) used in the neural-network models. The vertical axis represents the sampled uniformly
filtration thresholds ¢t € [—1, 1], the horizontal axis represents sampled uniformly directions

from S' and the color intensity indicates the corresponding DECT g 5 (v, t).

Viiualization_of_the sampled DECT

Point cloud
-~
0.50 ° 5
o
> 0.25 1 G
v
0001 @ ° =
-0.5 0.0 0.5
X
0 n 2n
Direction 6
Figure 2. Point cloud and its ECT.
Viiualization_of_the sampled DECT
Graph
B -~
0.50 5
o
> 0.25 1 S
g
0.00 - =
-0.5 0.0 0.5
X
0 m 2n
Direction 6

Figure 3. Graph and its ECT.

!'The code used to generate this visualization is provided in the appendix.
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Viiualization_of_the sampled DECT

2-Simplex
- -~
0.50 5
o
> 0.25 1 S
g
0.00 - =
-0.5 0.0 0.5
X
0 m 2n
Direction 6

Figure 4. Simplicial complex and its ECT.

3.4 Weighted Euler Curve Transform
However, in many data sets, each vertex or even simplex may carry additional informa-

tion. For instance, in image data, pixel intensity contains information that is not captured by

the binary shape alone. To incorporate such scalar information, Jiang et al. introduced the

Weighted Euler Curve Transform!”].

Let K C R be a finite embedded simplicial complex and let
g: K —-N

be a weight function. The pair (K, g) is called a weighted simplicial complex. The Weighted

Euler characteristic is defined by

dim K
XK. g)=> (-1)" > g(o).

If g(0) = 1 for every simplex o, then this definition reduces to the ordinary Euler
characteristic. Thus, the weighted Euler characteristic is a direct extension of the classical

one.

A weight function function g: K — N which satisfy the consistency condition

g(r) = max{g(o) | T < o}

1s admissible.

12



In this paper, we focus on admissible weight functions.

In the image setting, the weight function can be used to encode pixel intensities. The
binary support of the image determines the shape, while the grayscale values provide addi-
tional scalar information on the simplices. In this sense, the WECT is designed to represent
both geometry and intensity.

Given a simplex-wise monotone filtration function f : K — R, the Weighted Euler

curve is defined by

WECCH(t) = x(f (00, 1]), 9),

where g is restricted to the subcomplex f~!((—oo0, t]).
For a height function h, : K — R with the direction v € S%~!, and a threshold ¢ € R,

the Weighted Euler Transform is defined by

WECT 4(v,t) = WECCy, 4(t) = x(h, ' ((—o0,t]), g).

Equivalently, we can write it as

dim K
WECT,(v,1) = 3 (—1)1 D g(0) 1, (0).00) (£)-
q:o O'GKq

This formula makes clear that the WECT differs from the ordinary ECT by weighting each
simplex contribution. Instead of merely counting simplices with signs, the transform sums
their weights with signs. Therefore, the WECT can distinguish cases where the underlying
support is similar but the scalar field on the support is different.

Analogously, we define a differentiable approximation of the WECT by replacing the

indicator functions with sigmoid functions:

dim K
DWECTy ,(v,t) = Y (=1)" Y g(0)S(A(t — ho(0))),

where S denotes the sigmoid function and A > 0 controls the sharpness of the approximation.

We refer to this approximation as the Differentiable Weighted Euler Characteristic Transform

13



(DWECT).
Moreover, sampling finite many directions and filtration thresholds gives a practical

discretization of DWECT.

4. Experiments

In the previous sections, we introduced the mathematical background of the ECT, its
weighted variant, and the differentiable formulation used in neural network models. The goal
of this section is to examine whether these topological descriptors can be used effectively in
supervised learning tasks®. In particular, we first reproduce the point-cloud classification
experiment from the paper?!, which we refer to it as Reproduction 5.1 and then modify the
setting by incorporating intensity information of the original images, where we encode the
differentiable WECT as a layer. We further study the graph classification experiment from
the same paper by replacing the original graph dataset with MNISTSuperpixels and replacing
the DECT layer with our differentiable WECT layer.To preserve the intensity information,
we also adopt an implementation choice from the authors’ public evaluation code,® where
pixel intensity is treated as an additional geometric coordinate.

4.1 Reproducing experiment on MNIST

4.1.1 Preprocessing

At first we reproduces the experiment 5.1 in the paper by Roell and Rieck!?). This
experiment is designed as a simple test of whether the directions used in the DECT can be
treated as trainable parameters in an end-to-end classification model.

We use the MNIST handwritten digit dataset We split data sets following an80% /20%
split. Each image is a grayscale image of size 28 x 28, together with a label in {0, ...,9}. In
this experiment, the image is not treated as a usual pixel grid. Instead, each non-zero pixel is

regarded as a point in a two-dimensional point cloud. Thus, every digit image is converted

>The codes of all experimentsin this section are released on the repository:https://github.com/DengG-T/
ect-applications-deep-learning
3The implementation refers to the official DECT evaluation repository released by Réell and Rieck: https://github.

com/aidos-lab/dect-evaluation.
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into a finite subset of R2. More specifically, all positive-intensity pixels are mapped from
image coordinates into the unit disc D?, and the DECT layer is applied to this point cloud
representation.

It should be emphasized that, in this first reproduction experiment, the grayscale in-
tensity is only used to decide whether a pixel is included in the point cloud. The intensity
value is not used as an additional coordinate and is not used as a weight. This is different
from the later WECT-based experiment, where pixel intensity will be incorporated into the

topological representation.

4.1.2 Model architecture

The model consists of a DECT layer followed by a multilayer perceptron (MLP). In-
stead of using a large number of directions to approximate the full ECT, the experiment
deliberately restricts the model to only two directions sampled uniformly from S! and 16
thresholds sampled uniformly from [—1, 1]. This sparse setting makes the comparison be-
tween fixed and learnable directions more explicit. This output is a matrix of the size 2 x 16
then flattened into a vector of dimension 32.

The classifier is an MLP with 3 hidden layers. Each hidden layer has 25 hidden units
and uses the ReLU activation function. The final linear layer maps the hidden representation
to 10 output logits, corresponding to the ten MNIST classes. The model is trained with the
categorical cross-entropy loss and we use the ADAM optimiser with a starting learning rate

0f 0.001.

4.1.3 Procedure and Results

Following the experimental setting in the paper!?!, we trained each model for 10 epochs
and repeat the experiment 10 times, and compared two variants: one with fixed directions
and one with learnable directions, as the paper!?! says. This distinction does not change the
definition of the ECT or the DECT computation itself; it only controls whether the sampled

directions are treated as trainable parameters and updated by backpropagation. The results
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suggest that the directions used in DECT can be learned as model parameters through end-
to-end training.

To further investigate the effect of the number of directions on classification perfor-
mance, we increased the number of directions from 2 to 8. This gives a denser sampling of
the unit circle and provides a more complete finite scan of each point cloud. However, in
the experiment(Experiment 4.1.1) with 8 directions and 25 hidden units in each hidden layer,
the fixed-direction model achieved higher accuracy than the learnable-direction model. To
examine whether this phenomenon was caused by overfitting, we checked the validation ac-
curacy during training. Since the validation accuracy did not show a clear deterioration, we
did not observe strong evidence of overfitting. Then we changed the units in every hidden
from 25 units to 128 units for a lager neural network, while keeping the other experimental
settings unchanged(Experiment 4.1.2). Then the results suggested that increasing the number

of directions can improve the classification performance. The full results are summarized in

Table 1.

Table 1. Classification results of DECT-based models on MNIST under different direction settings.

Experiment D R Units/layer Directions Accuracy(%)
Revroduction 5.1 2 16 25 Fixed  74.94 + 0.53
eproduction >-L- 5 ¢ 25 Learnable  82.05 4 2.54
Exverimenta 1l 8 16 25 Fixed  87.82+1.39
xperiment L4 ¢ 16 25 Learnable 85.11 + 7.14
Exverimenta 1 8 16 128 Fixed  92.67 + 0.36
xperiment =412 ¢ 16 128 Learnable  92.94 -+ 0.34

D denotes the number of directions and R denotes the number of filtration thresholds.

4.2 WECT-based Experiment on MNIST

Based on the paper by Jiang et al.l”), the authors have already conducted experiments
that combine ECT and WECT representations with SVM. Their WECT representations are
computed using the same strategy of discretization method discussed above, but they are
used as fixed, non-differentiable features in a classical machine-learning pipeline.

In this experiment, we do not aim to reproduce the WECT-based machine-learning ex-
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periment in!”). Instead, inspired by the Algorithm1 in!”), which converts a grayscale im-
age into a weighted complex, we use this construction to transform the MNIST dataset into
weighted simplicial complexes, which are the input of a differentiable WECT layer. After

that, we feed its output into a neural network for the classification task.

4.2.1 Preprocessing

When all non-zero pixels are treated as points in R?, each pixel is represented by its
center point on a regular square grid. Horizontally or vertically adjacent pixel centers are
separated by unit distance. We refer to these points as center points, in order to distinguish
them from the corner points introduced later.

Next, for each center point ¢ = (i, j), we add four corner points

Y.
¢ 29 )"

which correspond to the four corners of the unit square pixel centered at c. Since adjacent
pixels may share the same corner points, duplicate corner points are removed. The vertex
set is then given by the union of the center points and the corner points.

We then construct faces by dividing each unit square pixel into four triangles, each of
which contains the center point ¢ and two adjacent corner points. The edge set is obtained as
the collection of all one-dimensional faces of these triangles, with duplicate edges removed.
Therefore, each non-zero pixel contributes four triangular faces, and the union of these faces
over all non-zero pixels forms a two-dimensional simplicial complex, as shown in Figure 5.

Recall that the weight function is required to be admissible. We define the weight func-
tion g on the constructed simplicial complex as follows. For each center point, its weight
is given by the intensity of the corresponding original pixel. Each triangular face contains
exactly one center point, so the weight of a face is defined as the weight of its corresponding
center point. For an edge, its weight is defined as the maximum weight among all incident

faces. Similarly, the weight of a corner point is defined as the maximum weight among all
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Center points Built complex

Figure 5. Construction of a weighted simplicial complex from three pixel centers. Each pixel center is
augmented with its four corner points, and each pixel square is subdivided into four triangles.

incident faces containing it.

4.2.2 Model architecture

The model architecture follows the same general structure as that in Section 4.1.2. The
main difference is that the DECT layer is replaced by the proposed DWECT layer. In addi-
tion, the number of hidden units in the neural network is set to 128, instead of 25 used in the

previous experiment.

4.2.3 Procedure and Results

The experimental procedure is similar to that in Section 4.1.3. Since the fixed-direction
setting has already been discussed in the previous experiment, we only consider learnable
directions in this part and the left sections. Specifically, we conduct two groups of exper-
iments, using 4 and 8 learnable directions, respectively. The results are shown in Table 2.
The results are summarized in Table 2.

From Table 2, we observe that the DWECT-based neural-network models achieve higher
classification accuracy than the WECT-SVM model reported inl”), while using a much smaller
topological sampling size. In particular, the WECT-SVM model uses 25 directions and 50
filtration thresholds, corresponding to 25 x 50 = 1250 sampled values. By contrast, our
DWECT-based models use only 4 x 16 = 64 and 8 x 16 = 128 sampled values, respectively,

but still achieve higher accuracies of 95.20% and 96.91%. This suggests that combining a
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Table 2. Comparison of ECT-, WECT-, DECT-, and DWECT-based models on MNIST.

Experiment Representation Model D R  Units/layer Directions Accuracy(%)
Jiang et al.l’] ECT SVM 25 50 - Fixed 89.88 + 1.66
Jiang et al.l’] WECT SVM 25 50 - Fixed 94.68 + 1.57
Experiment 4.1.2 DECT MLP 8 16 128 Learnable 92.94 + 0.34
Thi riment DWECT MLP 4 16 128 Learnable 95.20 &+ 0.16
S experime DWECT  MLP 8 16 128  Learnable 96.91+0.17

D denotes the number of directions and R denotes the number of filtration thresholds. The symbol “~” means that the

corresponding setting is not applicable to the SVM-based model.

differentiable WECT representation with a neural network can make more effective use of
the sampled topological features than the classical SVM-based pipeline.

The comparison with the DECT-based model further shows the advantage of incorporat-
ing weights. Even with 4 directions and 16 thresholds, the DWECT-based model outperforms
the DECT-based model with 8 directions and the same number of thresholds. However, this
improvement should not be attributed only to the DWECT itself, since the model benefits
from both the additional intensity information and the extra geometric structure introduced

by the weighted complex construction in the DWECT preprocessing.
4.3 Experiment on GNNBenchmark MNIST

In this section, we reproduce the graph-classification part of Experiment 5.3 in the pa-
per!?l, and we refer to it as Reproduction 5.3. The experiment is conducted on the MNIST
subset of the GNNBenchmark datasets, which represents handwritten digit images as super-
pixel graphs. Since our purpose is to reproduce and analyze the DECT-based graph model,
we do not reimplement the GNN baselines. The baseline results are taken from the original

benchmark and the DECT paper.

4.3.1 Preprocessing

The GNNBenchmark MNIST dataset converts each MNIST image into a graph whose
nodes correspond to superpixels and whose edges encode adjacency relations between su-
perpixels. Each graph is labeled by one of the ten digit classes. In particular, each node

is associated with a two-dimensional position describing the location of the corresponding
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superpixel and a scalar intensity value inherited from the original grayscale image."’

Following the implementation of experiment 5.3 in the paper!?!, we examine an engi-
neering choice in which intensity information of a image can be preserved. For each node, its
two-dimensional position and its intensity value are concatenated into a three-dimensional
coordinate vector. Therefore, for a node in that graph, the node-coordinate can be embedded
into can be written as

X e R3,

More precisely, in DECT or DWECT layer, we can sample a direction v € S? and the

intensity thus can participate in height function.

4.3.2 Model Architecture

The overall architecture is The three-dimensional embedded graph, is first as the input
to the DECT layer. The resulting finite representation is subsequently processed by a con-
volutional neural network, and the extracted features are flattened and passed to an MLP
classifier to produce the final class logits.

The CNN module contains two convolutional blocks. The first block applies a two-
dimensional convolution with one input channel, eight output channels, and kernel size 3,
followed by a 2 x 2 max-pooling operation. The second block applies the same as the first
block.

The MLP classifier consists of two hidden fully connected layers and one output layer.
Both hidden layers have 100 units and are followed by ReLLU activations. The output layer

has 10 units, corresponding to the ten classes.

4.3.3 Procedure and Results

Reproduction 5.3 consists of five independent runs, with each run trained for 100 epochs.
The comparison between Reproduction 5.3 and the result reported in the paper!?! is shown in

Table 3.
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Table 3. Comparison between Reproduction 5.3 and the result reported in paper?!.

Experiment Accuracy (%) Average epoch time (s)
Original result in paper?  93.00 4 0.80 4.50
Reproduction 5.3 93.10 £0.35 4.86

4.4 Experiment on MNISTSuperpixels

The MNISTSuperpixels dataset has the same graph-based data format as the GNNBench-
mark MNIST dataset. Each sample is represented as a superpixel graph with node positions,
node intensity values, graph connectivity, and a digit label. Compared with GNNBench-
mark MNIST, MNISTSuperpixels contains a larger number of nodes per graph, giving a
finer graph representation of each image.

From the previous section, we have two ways to preserve the intensity information. The
first method is DWECT, where intensity values are incorporated as weights in the weighted
Euler characteristic. The second method is to treat intensity as an additional coordinate, so
that each node is embedded into R?® and the intensity participates in the height function.

However, it is not clear in advance how these two methods interact. They may pro-
vide complementary information and improve the classification performance when used to-
gether. They may also be redundant, or one method may weaken the contribution of the
other. Therefore, this section investigates the effects of these two methods, both separately

and in combination.

4.4.1 Preprocessing

The preprocessing is similar to that in Section 4.3.1, but two additional points should
be emphasized.

First, since MNISTSuperpixels already provides graph-structured data, no additional
geometric graph structure is constructed. We only define weights on the existing graph. For
each node, the weight is given by its intensity value. For each edge, the weight is defined
as the minimum of the weights of its two incident nodes. This choice ensures that the edge

weight is no larger than the weights of its endpoints, and is therefore compatible with the
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superlevel-set construction used in the weighted Euler characteristic.
Second, the intensity value is not directly appended as the third coordinate. Instead,
we introduce a hyperparameter, called the geometric intensity scale c. For a node with two-

dimensional position p; € R? and intensity value I;, its geometric coordinate is defined as

z; = (pi, cl;) € R3.

Thus, the actual third coordinate used in the height function is c¢/;. When ¢ = 0, the
third coordinate vanishes, and the embedding is equivalent to the original two-dimensional

geometric embedding.

4.4.2 Model Architecture

The model architecture is similar to that in Section 4.3.3. The main difference is that
the DECT layer is replaced by a differentiable WECT layer, so that the intensity information
can be used as simplex weights in the Euler characteristic computation. The following CNN
and MLP classifier remain the same as in the previous experiment.

In addition, we introduce the geometric intensity scale ¢, which controls how the inten-
sity value is used in the geometric embedding.

To compare the effect of ECT representations, we consider two modes. In the WECT
mode, the intensity-based weights defined in the preprocessing step are used in the weighted
Euler characteristic computation. In the ECT mode, all simplex weights are set to 1, so the
layer reduces to the ordinary ECT computation on the same embedded graph. This allows
us to separate the effect of using intensity as a weight from the effect of using intensity as an

additional geometric coordinate.

4.4.3 Procedure and Results

We compare three experimental settings: ECT mode with geometric intensity scale ¢ =
0, ECT mode with ¢ = 1, and WECT mode with ¢ = 1. For each setting, we conduct five

independent runs, with each run trained for 50 epochs.
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The classification results are reported in Table 4.

Table 4. Classification results on MNISTSuperpixels under different settings.

Experiment Accuracy (%)

ECT mode, c =0 62.64 £ 13.03
ECT mode, c =1 85.50 £1.25
WECT mode,c =1 94.71 £0.22

The large standard deviation in the ¢ = 0 setting indicates that the model performance
is highly sensitive to different runs. This suggests that using only the two-dimensional node
positions and graph connectivity may not provide a sufficiently stable representation for
MNISTSuperpixels classification. In contrast, incorporating intensity information signifi-
cantly improves both accuracy and stability.

After setting ¢ = 1, the intensity value is used as the third coordinate in the geometric
embedding. The accuracy increases substantially to 85.50% =+ 1.25%, which suggests that
incorporating intensity into the height function provides useful information for classifica-
tion. Furthermore, when WECT mode is used with ¢ = 1, the accuracy further improves to
94.71% =+ 0.22%.

The result suggests that the two uses of intensity are complementary rather than con-
flicting. Using intensity as an additional geometric coordinate affects the height function and
therefore affects the order in which vertices and edges enter the filtration. Using intensity as
a weight affects the weighted Euler characteristic computation by changing the contribution
of each simplex after it enters the filtration. These two mechanisms act at different stages of
the transform, which may explain why their combination gives the best performance in this
experiment.

Overall, the results suggest that the hybrid use of intensity, both as an additional geo-
metric coordinate and as a weight, gives the best performance on MNISTSuperpixels classi-

fication tasks.
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5. Injectivity and Stability

In this section, we briefly review the injectivity of the Euler Characteristic Transform.
We then derive a natural stability extension for the Euler Characteristic Transform under
perturbed embeddings.

5.1 Injectivity

The experiments above show that ECT-based representations and their variants are ef-
fective in classification tasks. A natural theoretical question is whether the ECT can, in
principle, distinguish different shapes.

The injectivity of the ECT provides a theoretical explanation for why the transform is
meaningful as a shape descriptor.

We briefly recall the main idea behind the injectivity result of Ghrist et al.[*! Their proof
is based on Euler calculus and works in the setting of tame, or definable, sets. This restriction
excludes pathological spaces and ensures that Euler characteristic behaves well under the
operations used in the proof.

In this framework, a shape is represented by a constructible function. The ECT can
then be interpreted as a topological Radon transform: for each direction and threshold, it
records the Euler integral of the shape over a corresponding half-space. Since topological
Radon transforms admit inversion results under suitable conditions, the ECT is injective on
the class of tame compact sets. Equivalently, two such shapes with the same ECT must be
identical.

Curry et al.) further studied the question of how many directions are needed to deter-
mine a shape. Their work shows that, under suitable geometric assumptions on a class of PL
embedded shapes, finitely many directions are sufficient to determine the shape.

This result is important for applications, because practical implementations can only
sample finitely many directions. However, it should not be interpreted as saying that an ar-
bitrary small number of sampled directions is always sufficient. Rather, the required number

of directions depends on the geometric complexity and regularity assumptions of the under-
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lying shape.
5.2 Stability

Motivated by the stability result for the Euler Characteristic Transform under perturbed
embeddings studied by George et al.l®, we use the admissibility of the weight function to
obtain a natural extension to the weighted setting. Since the complex K is finite, the weight
functions considered below take only finitely many values. Without loss of generality, we
assume that these values are contained in {1, ..., m}.

Recall that an admissible function g : K — R satisfies the condition that, for every

simplex 0 € K and every face 7 < o,

g(t) > g(0).

Therefore, for each z € R, the superlevel set

K, := gil<[27 OO))

is a subcomplex of K. This is analogous to the fact that the sublevel sets of a simplex-wise
monotone filtration function form subcomplexes.

Then, we have

dim(K)
X(K,9)= Y (=" ) g(0) (3a)
d=0 ceKd
dim(K)
=D 3p FE @
=0 ceKd zeN
dim(K)
- Z Z#{aeKdm( = (3¢)
d=0 zeN
= x(g7([z,00))). (3d)
zeN

25



Given a weighted simplicial complex (K, g), let
fi0: K —R?

be two different geometric embeddings of the same abstract complex K. They induce two

embedded weighted complexes, denoted by (K,, g) and (K}, g), where
Ka:f<K)7 Kb:¢<K)

The weight function ¢ is assumed to be the same in both cases, so the difference between
(Ka, g) and (K3, g) only comes from the embedding.

Then we consider the

WECCE9(t) = x (v, (=00, ]),9) = > _ x(97"([2,00)) Nvg ' ((—00, 1)),

forany ¢t € R.

By the paper!®, we have
[ECC, (F(K)) — ECC,(6(K))|l, < 2V (Dgm(hf(K)), Dgm(hf(K)))
From the decomposition above, we have
WECCHE=9(t) = zm: ECC/52) (1),
z=1
and similarly,

WECC/*9(t) = Y ECCJ" (1),

z=1
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Therefore,

m

> (ECC)) — ECCpt)

z=1

|[WECC[*9 — WECC[»||, =

1

< |[ECC/) — ECCgt)

z=1

1
<2) Wi (Dgm(hf(K.)), Dgm(h(K.))) .
z=1
The first inequality follows from the triangle inequality, and the second inequality fol-
lows by applying the ECC stability bound to each superlevel subcomplex K.
Thus, the stability bound for ECC under perturbed embeddings naturally extends to the

weighted case:

[WECC[9 — WECCL*9||| <2 " W) o (Dgm(h)(K.)), Dgm(h(K.))) .

z=1
Since the WECT is obtained by collecting the WECCs over all directions, the above
pointwise bound for each fixed direction v can be integrated over the sphere of directions.
Therefore, the stability extension for WECC naturally induces the corresponding stability

statement for WECT, and the argument follows directly from the treatment in the paper®l.

6. Summary
6.1 Conclusion

This thesis studied the Euler Characteristic Transform and its applications to deep learn-
ing. After reviewing the basic definitions of ECC, ECT, DECT, and WECT, we reproduced
several DECT-based classification experiments on MNIST and graph-based MNIST data.
The reproduced results show that ECT-based representations can be effectively used as dif-
ferentiable feature layers in neural-network models.

The main experimental contribution of this thesis is the construction of differentiable
WECT-style representations for image data. By incorporating pixel intensity as simplex

weights, the WECT representation is made compatible with neural-network training.
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The results show that the DWECT-based models outperform the corresponding DECT-
based model in our experiments, suggesting that intensity information can improve the ex-
pressive power of ECT-based representations.

We also investigated two different ways of preserving intensity information: using in-
tensity as an additional geometric coordinate and using intensity as a weight in the weighted
Euler characteristic computation. The MNISTSuperpixels experiment suggests that these
two mechanisms are complementary. Using intensity in the geometric embedding affects
the height filtration, while using intensity as a weight changes the contribution of simplices
to the Euler characteristic.

Finally, motivated by the stability result for ECT under perturbed embeddings, we gave
a simple extension to the weighted invariant. Using the admissibility of the weight function,
the weighted Euler characteristic can be decomposed into a sum of ordinary Euler character-
istics over the subcomplexes induced by superlevel sets. This allows the stability argument
for ECC to be naturally extended to WECC, and hence to WECT by integrating over direc-
tions.

Overall, this thesis shows that WECT can be combined with differentiable neural-network
pipelines, and that intensity information is important for improving ECT-based representa-

tions in image classification tasks.
6.2 Future Work

The differentiable WECT construction in this thesis is still preliminary. A more sys-
tematic study of weight construction, weight normalization, and the geometric intensity scale
would help clarify how intensity information should be used in ECT-based neural networks.

More generally, future work may consider combining ECT-based features with other
topological descriptors, or selecting task-specific features that carry both geometric structure
and topological meaning.

However, the experiments are mainly based on MNIST-type datasets. Future work

could test DECT and DWECT on more complex datasets such as medical imaging datasets,
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where topological and geometric information are important.
Finally, practical implementations only use finitely many directions and thresholds. It
would be useful to further study how these sampling choices affect classification perfor-

mance, computational cost, and stability.
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Appendix

Reference Code for Figures 2—4

visualization-code

1 import math

3 import torch

4+ import matplotlib

s matplotlib.use(”Agg”)

¢ import matplotlib.pyplot as plt

7 from matplotlib.patches import Polygon

o from dect.directions import generate 2d directions

o from dect.ect import compute ect

i from dect.ect fn import scaled sigmoid

4 plt.rcParams.update ({

15 ”font.size”: 11,

16 ”axes.labelsize”: 11,
17 ”xtick .labelsize”: 10,
18 “ytick.labelsize”: 10,
19 ”axes.linewidth”: 0.8,
0 )

21

22

3 num_directions = 64

% num_resolutions = 64

»» RADIUS = 1.0

26 SCALE = 500

27

s POINTS = torch.tensor ([[0.5, 0.0], [-0.5, 0.0], [O.5,
0.5]], dtype=torch. float32)

» EDGE INDEX = torch.tensor ([[0, 1, 2], [1, 2, 0]], dtype
=torch.long)

0 FACE INDEX = torch.tensor ([[0], [1l], [2]], dtype=torch.
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32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

long)
DIRECTIONS = generate 2d directions (num_thetas=

num_directions)

def compute dataset ect(points coordinates , edge index=
None, face index=None):
args = [points coordinates |
if edge index is not None:
args .append(edge index)
if face index is not None:

args .append(face index)

return compute ect(
kargs ,
v=DIRECTIONS,
radius=RADIUS,
resolution=num_resolutions ,
scale=SCALE,

ect fn=scaled sigmoid,

def draw_data(ax, points _coordinates , edge index=None,
face index=None):

points = points coordinates.detach () .cpu() .numpy()

if face index is not None:

for face in face index.detach().cpu().numpy().T

ax .add patch(
Polygon (
points [ face ],
closed=True,
facecolor="0.85",

edgecolor="none”,
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62 zorder=1,

63 )

64 )

65

66 if edge index is not None:

67 for start idx , end idx imn edge index.detach().
cpu() .numpy() .T:

68 edge points = points[[start _idx , end idx]]

69 ax.plot(

7 edge points[:, 0],

71 edge points[:, 1],

72 color="black”,

73 linewidth=1.2,

74 zorder=2,

7s )

76

77 ax.scatter(points[:, 0], points[:, 1], color="black

”, s=36, zorder=3)

78

79 X _min, y min = points.min(axis=0)

80 X _max, y max = points.max(axis=0)

81 x_margin = max(0.2, 0.15 % max(x max — x min, 1.0))

82 y margin = max(0.2, 0.15 % max(y max — y min, 1.0))

83

84 ax.set _xlim(x _min — x margin, X max + X_margin)

85 ax.set_ylim(y min — y margin, y max + y margin)

86 ax.set _aspect(”equal”, adjustable="box”)

87 ax.set_xlabel (r”$x$”)

88 ax.set_ylabel (r”$y$”)

89 ax.grid (True, linestyle=":", linewidth=0.6, color="
0.87)

90

91

9o def draw_ect(ax, ect, vmin, vmax):

9 ect image = ect.detach().squeeze().cpu().numpy().T

94

33




95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

ax . imshow (
ect_image ,
origin="lower”,
cmap="viridis”,
aspect="auto”,
extent=(0.0, 2.0 x math.pi, —RADIUS, RADIUS),
vmin=vmin ,

vmax=vmax,

ax.set_xlabel(r”Direction_ $\theta$”)
ax.set_ylabel (r”Threshold, $t$”)

ax.set _xticks ([0.0, math.pi, 2.0 % math.pi])
ax.set_xticklabels ([70”, r”$\pi$”, r”$2\pi$”])
ax.set_yticks([—-1.0, 0.0, 1.0])

def save figure(filename, data title ,

points coordinates , ect, vmin, vmax, edge index=None

face index=None):
fig, axes = plt.subplots(1l, 2, figsize=(6.2, 3.0),
gridspec_kw={"width _ratios”: [1.0, 1.25]})

draw_data(axes[0], points coordinates , edge index=
edge index, face index=face index)
axes [0].set _title(data title)

draw_ect(axes[1], ect, vmin=vmin, vmax=vmax)
axes[1].set title (”Visualization of the sampled
DECT”)

fig.tight layout ()

fig.savefig(f”{filename }.pdf”, bbox inches="tight”)

fig.savefig(f”{filename }.png”, dpi=300, bbox inches
="tight”)

plt.close(fig)
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print (f”Generated: {filename }.pdf”)
print (f”Generated: {filename }.png”)

def main():
datasets = |

{
”filename”: ”figure2”,
”title”: ”Pointycloud”,
”points”: POINTS,

}s

{
”filename”: ”figure3”,
“title”: ”Graph”,
”points”: POINTS,
“edge index”: EDGE INDEX,

}s

{
”filename”: ”figure4”,
“title”: ”2—Simplex”,
”points”: POINTS,
“edge index”: EDGE INDEX,
”face index”: FACE INDEX,

}s

]

for dataset in datasets:
dataset[”ect”] = compute dataset ect(
dataset[”points”],
edge index=dataset.get(”edge index”),

face index=dataset.get(”face index”),

vmin = min( float(dataset[”ect”].min()) for dataset
in datasets)

vmax = max( float(dataset[”ect”].max()) for dataset

35




160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

if

__name__ == " main__

in datasets)

for dataset in datasets:
save figure (
dataset[”filename”],
dataset[”title”],
dataset[”points”],
dataset[”ect”],
vmin=vmin ,
vmax=vmax ,
edge index=dataset.get(”edge index”),

face index=dataset.get(”face index”),

kR ’

main ()
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