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Construction of a Kakeya-type Set
Chen Zihan

(Department of Mathematics Thesis Advisor: Yang Tongou)

[ABSTRACT]: This paper is aimed at finishing the construction of a
closed subset with Lebesgue measure zero that contains a sphere of every
radius in the Euclidean space with dimension greater than or equal to two.
The construction is a generalization to what has been done in the plane,
by A. S. Bescovitch and R. Rado in 1968. The detailed procedure of
construction is similar to that of the so-called Kakeya set. In this
procedure, a key lemma given by Lawrence Kosala and Thomas Wolff in
1999 plays the same role as the Kakeya needle set, so that we can follow
the so-called standard pattern to construct the expected set. We also finish
the proof of this technical lemma, which makes use of maximal separated
subsets of the unit sphere and translations of closed annuli. In addition,
some basic results related to metric space and Lebesgue measure are also

applied.
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1 Introduction and Motivation

In 1968, Besicovitch and Rado proved that for d = 2 there exists a closed set of Lebesgue measure
zero in R? that contains a circle of every radius > 0 [1]. For general dimensions d > 2, a construction
was later obtained by Kolasa and Wolff in 1999 [2]. Indeed, they proved the following lemma and

claimed that the target set could be given via a standard pattern.

Lemma 1.1. Let Ry, Ry be real numbers such that % < Ry < Ry <2Ry < 2. For each integer n > 1,

1
cvn

{x € RY: Ry < |v— 20| < Ri} may be divided into n™ closed subannuli, each of width (Ry — Ro)n~M,

let M ~ n"= be the cardinality of a maximal -separated subset of S*~'. Then any annulus
which when properly translated yield a compact set E, such that m(E,) S (R1 — Ro)/n. Moreover,
E, C {x ERdZ 2Ry — R < |LL‘—:E0| < Rl}

A notation shall be introduced first. Let f, g be nonnegative functions. By denoting f < g, we
mean that there exists ¢ > 0 so that f(0) < cg(d) uniformly holds for #; by denoting f =~ g, we
mean that both f < g and ¢ < f hold. So in the above Lemma 1.1, the relations M =~ n“T" and
m(E,) < (R1 — Ro)/n hold with coefficients depending only on d.

Kolasa and Wolff did not give an expilcit construction of the target set, so this paper is aimed to

construct the expected set. We state the main result here.

Theorem 1.2. For any d > 2, there is a closed subset E C R?, with Lebesque measure zero, that

contains a sphere of every radius.

The construction of the expected set has the key idea similar to that of the so-called Kakeya set.
Recall that the Kakeya set is a compact subset of R? with Lebesgue measure zero that contains a unit
line segment in every direction. Roughly speaking, one can construct the Kakeya set following the

procedure below:

1. First divide an equilateral triangle into many subtriangles, so that in the later construction each
of these subtriangles is transformed into a compact set with Lebesgue measure zero that contains

a unit line segment with direction in a certain range.

2. For each of these subtriangles, carry out the Perron tree process so that the result set, called
the Kakeya needle set, has Lebesgue measure arbitrarily small; in another, the result set can be

obtained in an open neighborhood that has Lebesgue measure in the same order.

3. Inductively construct a sequence of open subsets, each of which has closure contained in the
previous one and covers a Perron tree, so that they are uniformly bounded and having Lebsegue
measure tending to zero. Besides, each of the open sets contain a unit line segment in the

direction in given range.



4. Finally, take the intersection of the closure of the open sets, so then we obtain a compact set
with Lebesgue measure zero that contains a unit line segment in the direction in given range.

Take finite union of theses intersections we obtain the Kakeya set.

We point out that the set F,, given by Lemma 1.1 actually plays the same role as the Kakeya needle
set in the above construction. They both provide a way to compress the original set to have arbitrarily
small Lebesgue measure, and at the same time, preserve the structure of a certain range of radii of
spheres or directions of segments. In another, the above procedure inspires us how to furthermore
make Lebesgue measure from being arbitrary small to being zero, taking countable intersections, and
how to preserve the structure of the intersection, taking open neighborhoods.

The rest of this paper is organized as follows: in Section 2 we will prove the main result Theorem 1.2,
in case of admitting Lemma 1.1, and some basic preliminaries required will also be given; in Section 3
we will give a proof of the key lemma which is pretty technical. At the end of this paper, some results

concerning integration in polar coordinates will be given, which are applied through the paper.

2 Proof of Theorem 1.2

2.1 Separability of R?

Let x € R? and A C R?, then we denoted by d(z, A) the distance from the point z to the set A.
That is,
d(z,A) = inf{|lz —y|: y € A}.

Generally, if A, B are subset of R?, then the distance between two sets is
d(A,B) =inf{|x —y|: x € A,y € B}.
We recall some basic facts related to separability in R? that will be used in the construction.

Proposition 2.1. Let A, K be nonempety subsets of R? with A closed and K compact. If ANK = @,
then d(A,K) > 0.

Proof. If d(A, K) = 0, then for each n € N there are z,, € A and y,, € K such that |z, — y,| < %
Since K is compact, there is a convergent subsequence {y,,}; with limit y € K. Then {z,,}; also

converges to y. But A is closed, y € A and thus y € AN K, a contradiction. O

Proposition 2.2. Let {A}32, be a sequence of compact subsets of R? satisfying inf;2; d(A;, A;) >0,

then the union A = Jy—, Ay, is closed.

Proof. Let {x,} be a sequence in A that converges to z. Then {z,} is a Cauchy sequence, so for
0 < e < inf,%; d(4;, A;), there is N € N such that |z, — x,,| < € whenever m,n > N. In particular,

|z, —xn| < eforalln> N. Since x € A, there is k € N such that zy € Ai. We claim that x,, € Ay,



for n > N. Otherwise, for some j > N there is z; ¢ Ay, but then d(z;, Ax) > inf;+; d(A;, Aj) > ¢,
which leads to a contradiction. Now that {z,} is a sequence in Aj except for finitely many terms.

Since Ay is compact, x = limx, € Ar C A, hence A is closed. O

2.2 Lebesgue Measure of Annuli

For any 6 > 0 and any set £ C R?, we denote by Ns(E) the §-neighborhood of E. That is,
Ns(E) = {zx € R%: d(x, R) < 6},
One can easily verifies that for any § > 0,
1. the é-neighborhood of a nonempty set is always open;

2. taking d-neighborhood is exchangable with taking arbitrary union, and in particular,

Ns(A1U---UAN) = Ns(A1)U---UNs(An).

For a measurable set £ C R? we denote by m(FE) its Lebesgue measure. Recall that the Lebesgue

measure of a set £ C R? can be given by
m(E) =inf{m(U): U D E,U open}.

If E is the closed annulus A = {z € R?: Ry < |x — 29| < Ry}, we can take the open sets to be the
d-neighborhoods of A. Indeed, for any open set U D A, we have U°N A = & with U° closed and A
compact, so then d(U¢, A) > 0 by Proposition 2.1. Let 0 < 6 < d(U¢, A), then A C Ns(A) C U. Thus
we have

m(A) = inf m(Ns(A)).

Moreover, this result can be generalized to the case of finite union of annuli.

Proposition 2.3. Let E = Uj A; be a finite union of closed annuli, then

m(E) = inf m(Ns(E)).

Proof. For any 6 > 0, we have E C Ns(E), hence m(E) < m(Ns(E)). Let € > 0, then there is an open
set U D E such that m(U) < m(E) +e. Since E = J; 4, each A; is a subset of U, so there is §; > 0
such that Nj,(A;) C U by Proposition 2.1. Now take § = min; d;, then Ns(A;) C Ns,(A;) C U and

N;(E) = UN(;(AJ-) cU.

Thus m(Ns(E)) < m(U) < m(FE) +«. O

If A is an open annulus, then m(A) = m(A) where A is the closure of A. This is because m(S) = 0

for any sphere S in R%. Again we can generalize this result to finite unions of open annuli.



Proposition 2.4. Let E = Uj Aj be a finite union of open annuli, then for 6 > 0,

m(Ns(E)) = m(N;(E)).
Proof. Tt remains to show that the boundary of Ns(F) has Lebesgue measure zero. Note that

ON;s(E) C | JONs(4;),

J

and that each ONs(A;) is a union of inner sphere and outer sphere of Ns(A;), hence has Lebesgue

measure zero. O

2.3 Proof of Theorem 1.2

To begin with, we give a modified version of Lemma 1.1 which can be used in a more flexible way.
If we put Ry = 1 and Ry = 2, then Lemma 1.1 states that the annulus A = {z € R?: 1 < |z| < 2} can
be divided into finitely many closed sub-annuli, each of which translated properly, yielding a compact
set F/ that has Lebesgue measure arbitrarily small. Then for any pair r, R of radii with 1 <r < R < 2,
the annulus A, r = {z € R%: 7 < |z| < R}, as a subset of A, has its image under this process contained
in E. The image is again a finite union of closed translated sub-annuli of A, r (not necessarily of

equal width); also, it is compact and has Lebesgue measure arbitrarily small. In conclusion, we have

Lemma 2.5. Let r, R be real numbers with 1 <r < R < 2 and let A, p = {z € R?: r < |2| < R}
be the closed annulus. For any € > 0, we can divide A, g into finitely many closed sub-annuli, each

translated properly, yielding a compact set S that has Lebesgue measure less than e.

We now turn to the proof of Theorem 1.2. For the first step, we will construct a compact set with
Lebesgue measure zero that contains a sphere of every radius in [1,2]. For convenience, we denote by
S(z,7) to be the sphere {y € R?: |y — z| = r} centered at x and of radius 7. We also denote by S9!
the set {e € R?: |e| = 1}, whose elements are called directions.

Step 1:

By Lemma 2.5 there is a compact set S; C R¢, which is a finite union of translated sub-annuli of
the original annulus A = {x € R%: 1 < |z| < 2}, having Lebesgue measure < % Then we can find
61 > 0 such that m(Nj, (S1)) < 3 by Proposition 2.3.

Inductively, let S, C R? be a finite union of translated sub-annuli Aj of A, whose d;-neighborhood
has Lebesgue measure < 27%. Let N be the counting number of these sub-annuli, and for each fixed
j=1,...,N, we divide A;, the translated A;, into ¢ concentric sub-annuli of equal width, which
we denote by A]l, e ,Aﬁ. Now apply Lemma 2.5 to each AT’ (m = 1,...,¢), and take the union
Sk+1. Since there are finitely many sub-annuli, we can guarantee that Si41 has Lebesgue measure
< 2= (+1) " Moreover, in the process of translation, each sub-annulus of A7" moves at a distance no

more than the width of A’", hence less than dy if £ is sufficiently large. Thus we can make sure that



Sk+1 C Ns, (Sk). Now combining Proposition 2.1 and Proposition 2.3 we can find dx11 > 0 so that
Niyor (Skt1) € Ns, (Sk) and m(Ns,,, (Skt1)) < 27¢*+D,

For each k, let Sj, be the closure of Nj, (Sk). Then S}, is compact, m(S}) < 27%, and S§ D S5 D ---.
Take S = ]° S}, then S is compact and m(S) = 0. It suffices to show that S contains a sphere of
every radius in [1,2]. Fix r € [1,2], and for each k let C) be the set of centers ¢ such that the sphere
S(e,r) C S}. By construction, each Sy contains a sphere of radius r, so Cj, is nonempty. Also, the
Cy’s are nested since so are the S}’s. We claim that Cj is compact, then by nested sets theorem,
N;° Ck is nonempty, so that there is a point z, such that S(z,,r) C S.

We now prove that each Cj is compact. Obviously Cj is bounded. Let {¢,} be a sequence of
elements in O}, that converges to ¢*, then for any direction e € S? 1, ¢, +re — ¢* + re. Since
cn +re € Sp, and S, is closed, we obtain that ¢* 4+ re € S}, hence S(c*,r) C S}, and ¢* € Cy.

O

For the second step, note that we have the composition

oo

(0,00) = [ J[2¥,2¥).

—o0
Thus we have previously dealt with the case k = 0. For general k € Z, we can make use of dilations.
Step 2:
We denote by FEy the set given in the first step. For any k € 7Z, let Ej be the dilation of Ey by
coefficient 2*. That is,
B, =2"Ey = {2z e RY: x € Ep}.

Then Ej, is still compact and m(Ey) = 2¥m(FE) = 0. Also, Ej, contains a sphere of every radius in
[2%,2F+1]. Indeed, let R € [2% 28+1] then R/2* € [1,2], so there is zp € R? such that S(zg, R/2¥) C
Ey. Thue S(2FxR, R) = 2¥S(xr, R/2%) C 2F¥Ey = E.

O

Recall that the set Ey in the first step is contained in S7, where S} is the closure of Si’s d1-
neighborhood. By Lemma 1.1 we have S; C {z € R?: |z| < 2}. We may require that J; < 1, so we
have Ey C {z € R%: |x| < 3}, and it follows that Ej C {r € R?: |z| < 3-2F}. To obtain tha target
set, one just need to separate them properly in R,

Step 3:

We first consider the real line R. For each k € Z let Ij, = [0, 28%3]. We then translate these intervals
so that they are disjoint, and denote by I} the translated I;. More precisely, we can inductively
translate the I;’s so that inf [}  ;, =1+ sup [

Next we embedd R into R? to be the axis spanned by the direction e; = (1,0,...,0) € S41, then
we have a sequence of disjoint closed regions, I, x R41 c R?. For each k, let By be the closed ball

of radius 2¥*2 located in I x R4, Then each Ej, can be translated into By, denoted by E;., so that



E =~ E}, is a disjoint union of compact subsets. Since
inf d(El, E]) > inf d(Bz, B]) > ].,
i#] i#]
we obtain that E is closed by Proposition 2.2. Besides, E has Lebesgue measure zero since
o0 (o]
m(E) =Y m(E) =Y m(E) =0,
—00o —oo

and contains a sphere of every radius by construction of Ej. Thus we finish the proof of Theorem 1.2.

0

3 Proof of Lemma 1.1

3.1 Estimate of Length

Let Sg = S(Co,Rp) and S; = S(Cy, Ry), and assume that Ry < R;. We also require that
|Cl — C()| < R1 — Ry, so then
a=R1—R0—|C1—C’0‘ > 0.

Let R be a ray emanating from C7, @) the intersection point of R with Sy, and 6 the angle between
R and the ray from C; through Cy (see Figure 1). Denote by L the length of the segment C1Q.

]

Figure 1: Geometry of two spheres with |C; — Cy| < Ry — Rg. The inner sphere Sy (center Cy, radius
Ry) lies entirely inside the outer sphere S; (center Cp, radius R;). The ray R from C; at angle 6
intersects Sy at point Q; the distance |C1Q)| is denoted by L.

The following lemma gives an estimate of R; — L, which will be used later to estimate the volumn.

Lemma 3.1. Under the above assumptions, if 0 < 1 and 0 ‘CECUI

=0 < 1, then the length of the segment
of R between Sy and Sy satisfies

0

1 _
Rl—L%a+§92|Cl—CO| (1—|—|C’16’0|>7

Ry

with both sides are functions of 6.



Proof. We first compute L, the distance from C; to ). By the law of cosines applied to the triangle

with vertices C1, Cy, and @, we have
R2 = |Cy — Co|? + L? — 2L |C; — Cy| cos .

Solving this quadratic equation for L yields

_ 2
L= |Cl — ColCOSH—l—RO\/l — Msinzﬁ.
RO
So then
_ 2
Rl — L= R1 — |Cl — C()| cos bt — Ro\/l — |Cl R2CO| sin2 0.
0

Add and subtract |C; — Cp| then we obtain that

— 2
Ry —L=a+|Cy—Cy|(1—cosh)+ Ry (1\/1|Q};dsin29>.

0

Lower bound. By convexity, the inequality 1 —¢ < 1 — %t holds for ¢t > 0. Applying this with
_ |Ci=Go]?
=

t sin” 0 gives

|Cy = Col? . 1| = Gol* .
1—\/1—R(2)S1n29>2R(2)S1n29.

Note that when @ is sufficiently small, 1 — cos8 > i92, sin? @ > %92, and hence

1 1 ,|C1 — Col?

_L> ~0? _ /P e

R, L_a+49 |Cl Co|+49 Ry )

Combining the coeflicients, we obtain that
1 Ch —C
Ry~ L>a+ 16%|C Gl <1+1RO°|>
1 1, |Cy — Co
> 5 |:Oé+ 29 |C1 — Cy <1+ o .

Upper bound. For the upper bound, we use the inequality /1 —¢t > 1 — 2t for 0 < ¢ < 1. This gives

_ 2 _ 2
1- \/1 _G -Gl RgCO| sin? g < 2161~ Col” qu)' sin” 6.

Note that 1 — cos@ < 262 and sin? 0 < 62 for 6 € R. Hence

C1 — Cpl?
Ry — L < a+20%|Cy — Co| + 292M,
Ry
Combining the coefficients, we obtain that
C,—C
Ry — L < o+ 20%C, — Cy) (1+|1°|>
Ry
1 |C1 — Col
4 ~9%|1Cy — 1+ — 1.
< |:Oé + 5 |01 C()I < + o
Combining the lower and upper bounds, we conclude that
1 Ci — C
Ry — L~ a+ -0%Cy — Cy| 14 1= Gl
2 Ry



3.2 Estimate of Volume

For 7y € R? and e € S9!, we denote by I'§(zo) = {wo +th:t >0, h € S, distga-1(h,e) < 0},
where distga—1 denotes the angle between vectors on the unit sphere; that is, I'j(zo) is the cone with
vertex xq, aperture #, and axis e.

Let A= {r € RY: Ry < |z — x| < Ry} be an annulus with center xo. The quantity R; — Ry is
called the width of A. In the following we assume that % <Ry < Ry <2Ry<2.

For a fixed integer n € N and a fixed direction e € S9~1, we construct a set ¢¢(A) as follows: first
divide A into n concentric subannuli of equal width (R; — Ro)/n; number them from A; to A, sorted
from outer to inner; translate each subannulus in the direction e relative to the center xy: the k-th
annulus is translated by a distance (k — 1)(Ry — Rp)/n. In this way the n translated annuli intersect
tangentially along a ray in the direction e (see Figure 2). The resulting set ¢¢(A) is called a figure,
and z is called its center. Obviously m(¢¢(A4)) < m(A).

() (d)

Figure 2: Construction of ¢¢(A) for d = 2, n = 3, and e at 45°. (a) The original annulus A; (b)
Division into n concentric sub-annuli 44, ..., A,; (c) Translation along e by distances (i—1)(R1—Rp)/n
yields ¢¢(A); (d) Geometric relationship: z¢ is the center of ¢¢(A), ¢ is the center of the innermost

translated annulus.

Lemma 3.2. Under the above assumptions, if n is sufficiently large, then
m (N (¢7,(4) NT(x0))) < (R~ Ro)n™ =,
where 6 = 2(R; — Rg)/n and 6 = 2/y/n.
Proof. First note that if x is the center of ¢¢(A) and ¢y is the center of A,,, then we have
¢n(A) NTG(xo) C Tg(xo) N{z : |z — ol < Ri} N{x: [& — co| = Ro}-
For convenience we denote by E the latter set, so it reduces to showing that
a1

m(Ns(E)) S (By — Ro)n™ =

Let Q = T'§(z¢) NS4, and for each w € Q let I, = {r > 0: 29 + 7w € E}. Then |I,| < Ry — L

where L is the distance from xo to the intersection point of the ray R = {z¢ + rw: r > 0} with the



sphere |x — ¢g| = Ro. By Lemma 3.1 applied with C; = zg, Cy = ¢o, PL = R1, Py = Ry, and with

_ 1 _
a = Rl Roa |$0 - CO‘ = (n )(Rl RO)v

n n

we obtain that

2 Ry
_ Rl —RO + 1w2(n— 1)(R1 —Ro) <1 + (TL— 1)(R1 —Ro)) .

n n nRy

1 _
Rl—Lza+w2|xo—CO|<1+|mocd)

N |

Since w <6 =2/y/n,n—1<n,and R — Ry < Ry (as Ry < 2Ry), we have

Ri — Ry n 4(Ry — Ro)

1 1— Ro
n 2 n '

R
Ri—L< 2= Cy
n

That is, |I,| < (R1 — Rp)/n for all w € Q.
In another, the spherical cap 2 has surface measure

2 (d—1)/2 6 2]
T / sin? 2 pdyp < / sin?=2 o de.
0 0

)
O TEy

Since sin ¢ < ¢, we have

0 ed—l
(@) 3 / PP dp = o— <017
; d—1
But 691 = (2/y/n)4"! = 297 1n(d=1/2 thus we have ¢(Q) < nld-1/2,
We now estimate m(Ns(E)). For each x € Ns(F), there exists y € F such that |z — y| < . Write

Yy = xo + ryw, with w, € Q and r, € I, , and x = xg + ryw, with w, € 591 and r, > 0. Then
|z — y‘2 = ra2c + T; = 2ry7y (W, wy),
while
e o e 7"5 — 21Ty,

Since (wz,wy) < 1, we have |r, —r,| < |z —y| < J, hence r, lies in the é-neighborhood of I, , which
is an interval of length at most |I,, |+ 2§ < 6.

In another, observe that w, —w, = %(x —y)— r’”T;Tywx, so taking absolute values yields
Y Y

o=yl eyl eyl eyl 2yl

|ws — wy| <
Ty Ty Ty Ty Ty

Since |z —y| < 6 and r, > Ry > 1/2, we have |w, — wy| < 46/Ry. Thus w, lies in the 45/Ro-
neighborhood of © on S9!, denoted by Q. That is, Qisa spherical cap centered at zy with angular

radius 6 + 45/ Ry. Therefore,
U(Q) f09+46/R0 sin4~2 pdp

o(€2) foe sin?=2 o dyp

For small angles, sin ¢ & ¢, thus

= () ()

10



Since §/0 < 1/4/n — 0 as n — 00, we obtain o(2) < o ().

In conclusion, for each w, € Q, the set of radial coordinates r, for which z¢ + r,w, belongs to
Ns(E) is contained in some interval J,, of length at most C,.J. Moreover, r, < Ry +J < 3 (since
Ry <2 and 6 is small), so ré~1 < 3971,

Now we integrate in polar coordinates:

m(N(;(E)):/ dmg/ ~/ rd=1 dr do(w)
zENs(E) we Jred,

< /~ (sup rd_1> Tl do(w) < 377106 - a(Q).
)

redy,

Combining o(Q) < () and o(Q) < n4=1/2 we obtain

_1 2R — R, . )
INs(E)| S 6 nT = 2B — Bo) T = 2(R1 — Ro)n_%.

Thus

d+1

INs(E)| S (R — Ro)n™ ="
Since ¢ (A) NT5(xo) C E, we have Ns (¢ (A) NT'(zo)) C Ns(E), and hence
N3 (65,(4) N Tj(x0))| < [N3(B)| < C|B| £ (Ry — Rojn™ "%

This completes the proof of Lemma 3.2. U

In the recursive construction, we will need to iterate the operation in different directions. For this
purpose, we introduce a variant of the previous construction. For a finite union of annuli A = ; A;

(with possibly different centers), we define
o0 (A) = Jon(4)),
J
where ¢¢ is the construction described previously. Thus ®¢, applies the same translation procedure to
each annulus in the union.

Lemma 3.3. Let A= {z € RY: Ry < |z — z0| < R1} be an annulus, and let ey, exi1,...,ex+; be

arbitrary directions in S*~'. Then for sufficiently large n (depending only on d),
Dy 00 L 0 BEF(A) N TG (w9) C Ns (PG (A) NI+ (0)) s
where 6 = 2(Ry — Ry)/n and 0 = 2/+/n.

Proof. Let
Y€ B 00 L 0 B (A) NI (w0).

By the definition of the composition, there exists a sequence of points

ZE € ®$¢k(A)7 Rk+1ls -5 Rkt — Y

11



where each 2z, is obtained from z, under the construction ®;/*", so that

R — Ry

W, gzk,k"i‘l,,k"—]—l

|2e41 — 2e| <

Summing these inequalities gives

1/71 < Q(Rl —Ro)

=J.
1—-1/n — n

7j—1

Ry — R,

=2kl <D= < (B = Ro)-
t=0

Now the sub-annulus S of @7 o--.0 ®;"*" o ®¢(A) containing y has its preimage S’ in ®¢(A)
containing z; with y correspondent to z,. Thus S is obtained by moving S’ so that 2, € S’ is
moved to y € S. Then S NI+ (xg) is removed from S’ N Ty*(xp) by a distance less than §. Since

€kt e . . . .
D, o0 @ o @R (A) is a finite union of these sub-annuli, we have

D 00 B0 B (A) NS C Ny(®F (A) NTEH ().

3.3 Proof of the Key Lemma

We now prove Lemma 1.1. Recall that we are given Ry, R; with 1/2 < Ry < R; < 2Ry < 2, and
a positive integer n. We will construct a compact set F,, satisfying the required properties.
Proof of Lemma 1.1:

Without loss of generality we may assume that zg = 0. Inductively we define
Ag={z € R Ry < |z| < Ry}, Ap=0%(Ap_y) fork=1,... M.

Now take E,, = Ay;. Then E, is a union of n™ annuli, each of width (R; — Ry)/n*, hence compact.
We first claim that E, C {z € R%: Ry — (R; — Ry) < || < Ri}. In fact, for a general annulus
A={zeR%: ry < |z — 20| <71}, We have

n —

1
quL(A)C{mE]Rd:rO— (Tl—r0)§|x—x0|§n}

C{zeR rog—(r1 —ro) < |z — 20| <11}

C{l‘ERdZRo—(Rl—Ro)§|$—I0|SRl},

where the last inclusion holds if we in addition restrict that Rg < rg < r1 < Ry. Thus each subannulus
of E, is contained in {x € R?: Ry — (R — Ry) < |z| < Ry}, so is E,,.

It remains to show that m(F,) has the target upper bound. For this to be reached, we are going
to cover F,, by finitely many sets, whose Lebesgue measures have a uniform upper bound.

For each sub-annulus of E,,, it is the image under the composition @ o- - -0 P! of some concentric
sub-annulus of the original Ay, so its center is given by

M

1
(Ri—Ro) ) peicl

j=1

12



where each i; is some integer in [0,n — 1]. So we associate each sub-annulus of E,, to a multi-index
I=(i1,...,ip), called its address. We also denote by z(I) its center. For each k =1,..., M, let Sy
be the set of indices of the form (iy,...,4x_1,0,...,0). That is, Si represents those sub-annuli of E,,
that remains fixed under ®% ... &M go for each I € Sy, z([) is the center of some figure of Ay,
which we denote by Ag(x(I)).

If z € E,, then

1. z is contained in some annulus with address (i1,...,4a), and thus z € Ap(2(, ..., 00-1,0));
2. forany k=1,...,M and any I € Sk, 2 € ®M o --- 0 T (Ap(x(1))).

For each kK =1,..., M and each I € Sy, consider the set

Nt oy (Ak(x(l)) nry, ﬁ(x(f))).

We claim that the collection of all such sets covers E,,. Indeed, let z € FE,, be arbitrary. Choose
I=(i1,...,ip—1,0) € Sps such that z € Ap(x(I)). If C is sufficiently large, then

R =T7, _(0)UT}

1/v/n 1/\/5(33(7;170»"'70))U'”Ul—‘eM ("E(ih’”aiMfl,O))'

1/vn
This follows from the fact that consecutive centers are very close, say
|.I’(i1, . ,z’k,O, . ,0) — I(il, .. .,ik+1,0, .. ,0)‘ S (Rl — Ro)/nk,

and that the cones Fi’; Jm are sufficiently wide to cover the gaps (this is ensured by the maximal

separation of D). Hence there is k such that

PAS F;’;\/ﬁ(ﬂj(ll, e ,ik,l,O, N ,0))
Along with previous discussion we have
2 € B o 0 B (Au(a(D)) TS (a(1)).
Now applying 3.3 with By — Ry = (R; — Ro)/n*~! we have
A NZ(RlngRo) (Ak(x(l)) N F;];\/E(I(I))) .

We finally turn to the estimate of m(FE,,). For each fixed k, the cover sets are indexed by I € S,
and there are |Sy| = n*~! such indices. Applying Lemma 3.2 with R; — Ry replaced by (Ry—Rp)/n*~!
(which is the width of the annuli at stage k — 1), we obtain

. Ri—R _dt1
m <N2(R1LkRO) (Ak(a:(f)) QF;;\/E(.Z‘(I)))) S ;k—l 0 n_ 2 .
Summing over I € Sy gives

; . Ri—Ry _an o
3 m(NZ(Rlﬂ;RO) (Ak(x(f))mrzjﬁ(x(z)))) S T T = (R = Ro)n”

I€Sy
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By previous discussion we have
Y Y m (Mo (AneD) T 6(0)).
k=11€Sg

Note that there are M ~ n{¥=1/2 terms in the outer sum, we obtain

da+1

m(En) S M- (R, — Ro)n™ T ~nT - (R, — Ro)-n~ % = (R — Ro)n™"

14



4 Appendix

4.1 Integration in Polar Coordinates

In this part, we will introduce integration in polar coordinates, so that we can explicitly describe
the surface of a sphere. Most of them can be found in [3].

We still denote by S¢~! the unit sphere in R¥~!. If z € R%\ {0}, the polar coordinates of x are

r=lz| € (0,00), z'= % Sd=t,

The map ®(z) = (r,2’) is a continuous bijection from R?\ {0} to (0,00) x S¢~1, whose inverse is
&~ 1(r,2') = ra’. Let m, = ®#m be the pushforward of m by ®. That is,

m.(E) =m (271(E))

for any Borel set in (0,00) x S%~!. We also define the measure p = pq on (0,00) by p(E) = [, dr

where E is any Borel set of (0, 00).

Theorem 4.1. There is a unique Borel measure 0 = o4_1 on S ' such that m, = p x o. If f is

Borel measurable on R? and either f >0 or f € L'(m), then

f(x)dx = / f(ra")yri=t dodr.,
Rd 0 Jgd-1
A direct result of Theorem 4.1 is as follows:

Corollary 4.2. If f is a measurable function on R?, either nonnegative or integrable such that f(x) =

g(|z]) for some function g defined on (0,00), then

/f(x) dx = o(S47h) /000 g(r)yrd=tdr.

We next calculate m(S9=1) and o(S471).
The Lebesgue Measure. Consider the characteristic function yga-1(z) and the function 61 (x) that
takes value 1 at = 1 and vanishes elsewhere. Then yga—1(2) = §1(|z|). Applying the above corollary
we have

m (Sdil) = /Xsd—l (x)dr =0 (Sdil) /OOC 61(r)rd=tdr.

But 61 (x) = 0 almost everywhere, hence

m(S*1) =0 (1)

By translation and dilation, we obtain that m(S) = 0 for any sphere in R%. This result supports the
proof of Proposition 2.4.

As for o(S971), we need the following integral.

Proposition 4.3. If a > 0, then

2 d/2
14 =/ el gy = (Z) .
R4 a
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Proof. For d = 2 applying Corollary 4.2 with f(z) = e~elzl* and g(r) = e~ we have
I = 27T/ re= " dr = E.
0 a

For z = (x1,...,74) € RY, there is emalzl® = H‘li €775, so Tonelli’s theorem shows that I; = (I;)?. In

particular, Il = (12)1/2 = (7‘(‘/@)1/2’ hence Id = (ﬂ'/a)d/2. 0

The Surface Measure. Applying Proposition 4.3 with a = 1, and following the same argument as

in the proof, one has
o0
/2 = / el gs = U(Sdfl)/ e~ rd=1 g,
Rd 0

Consider the substitution s = 72 we have

d—1 o] d—
ad/2 o(S7H) / §(d/2)=1,=s g0 _ a(S 1)1“ (d> .
2 0 2 2

Therefore we conclude that

omrd/2
I'(d/2) |

o(8%1) =

4.2 Maximal Separated Subset

For & > 0, a subset D C S9! is called e-separated, if |u — v| > ¢ for any u,v € D. A maximal
e-separated subset is a e-separated subset that cannot be enlarged by adding another point, so it

satisfies
1. |u—wv| > ¢ for all u,v € D;
2. for every other w € S?~1, there is u € D such that |w — u| < ¢.

In the following construction, we require that ¢ = %ﬁ where C is some constant independent of

n. Let D = {ej,ea,...,en} C S9! be a maximal e-separated set.

Lemma 4.4. If n is sufficiently large, then there exist constants c1,co2 > 0 such that
d—1 d—1

cin 2 <M<con 2,

where ¢1, ¢y are independent of n. In other words, M ~ n(d=1)/2,

Proof. Since n is large enough, we have € < 1. In this case, given any pair of points u,v € S4~! with
Euclidean distance |u — v| < ¢, the angle 6 between the two vectors is approximately equal to |u — v|.

This is because

u— o = (u—v,u—v) = [ul’ + o] = 2(u,v)

0
=2 —2cosf = 4sin® 2
and so |u—v| =2sin$ ~ 2+ £ =0 when 6 is small.
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Thus given a point ug € S~ and a radius r < ¢, the intersection of the open ball B(ug,r) with
S=1 is contained in the cone I'§(x) = {mo +th:t >0, h € S471, distga—1(h,e) < e} where distga—
denotes the angle between two vectors.

Upper bound. Since D is e-separated, the balls (on the sphere) of radius /2 centered at points of
D are pairwise disjoint. Thus the intersection of each of these balls with S%~! has surface area > ¢4~!

(for small €). The total surface area of S ! is a constant wq_; = 27%2/I'(d/2). Therefore,
M- cge® < wgoa,

so M < e @D = (Cy/n)41 = 04 1nld=D/2 Since C is fixed, we have M < n(d=1/2,
Lower bound. By maximality, D is also an e-cover: every point of S¢~! is within distance ¢ of
some u € D. Hence the balls of radius ¢ centered at D cover S?~!. Each such ball has area < e?~1.

Consequently,

M- Cye®™t > wyy,

so M 2 g=(d=1) — 0d=1p(d=1)/2 Thys M > ¢1n4=1/2 for some ¢; > 0.

Combining both bounds yields the desired estimate. O
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