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ABSTRACT

ABSTRACT

The Goodwillie tower, introduced by Thomas Goodwillie in the 1990s, is a funda-
mental tool in homotopy theory, designed to study the homotopy properties of topological
spaces and approximate homotopy functors.

The core idea behind the Goodwillie tower is to decompose homotopy functors into a
sequence of n-excisive approximations, making them easier for analysis and computation.
This survey provides a detailed exploration of the construction of the Goodwillie tower,
including the n-excisive approximation P, F, called the n-th stage, and the homotopy fiber
D, F, an n-homogeneous functor. We also introduce its theoretical foundations, including
the relationship between symmetric multilinear functors and n-homogeneous functors.
This provides another viewpoint to calculate the D, F.

Additionally, the survey highlights several key applications and examples, such as
the Snaith splitting. The survey also discusses some results about the v, -periodic homo-
topy of the Goodwillie tower of the identity functor on some specific spaces, including the
convergence properties of the Goodwillie tower, and its implications for understanding

the behavior of homotopy functors on specific spaces.

Keywords: Goodwillie tower; Snaith splitting; identity funcor; v,-periodic homotopy
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CHAPTER 1 INTRODUCTION

CHAPTER 1 INTRODUCTION

The study of functorial approximation in homotopy theory has been profoundly
shaped by the development of tower decompositions, which systematically break down
complex homotopy invariants into more tractable components. One of the earliest and

most influential examples is the Postnikov tower, which is a sequence of spaces
)((_)(1 (_(_Xn(_

such that ; (X) = m;(X,,) for all i < n. The Postnikov tower was introduced by Mikhail
Postnikov [1], see also [2, 3]. The Postnikov tower provides a sequential approxima-
tion of a topological space by truncating its higher homotopy groups, yielding a series of
homotopy fibrations whose fibers are Eilenberg-MacLane spaces.

The homotopy theory for categories has grown in importance in modern mathemat-
ics. In the 1990s, Thomas Goodwillie [4-6] introduced the Taylor tower (also called
Goodwillie tower) of homotopy functors from (topological) spaces to either spaces or

spectra which takes the form
F = PyF «<— P{F — -+ «— P F — ---,

where each P, F is a homotopy functor from spaces to either spaces or spectra. Whereas the
Postnikov tower decomposes spaces by Postnikov stages X,,, the Goodwillie tower applies
to functors, approximating them through a sequence of polynomial stages P,F. For each
n, the n-th layer D, F of the tower, which is the homotopy fiber of P,F — P,_;F, is
an n-homogeneous functor (Proposition 2.3). As shown by the formula (3-1), D,,F can
be treated as a kind of homotopy colimit (homotopy orbit) of a symmetric multilinear
functor with n variables. Goodwillie found that the n-th layer can be determined by the
n-th derivative 0, F, see the formula (3-2). Klein and Rognes [7] proved that the first

derivative of the composition F o G of functors F, G satisfies the chain rule:
al(F o G) = alF N alG

Arone and Ching [8] showed that the higher order derivatives can be regarded as bimod-
ules over operads. For details of operad, see [9]. For a well-established survey of Taylor
towers, one may consult [10].

Given a homotopy functor F : C/y — D from category C,y of spaces over Y to the

1



CHAPTER 1 INTRODUCTION

category D of spaces or spectra, we say that its Goodwillie tower converges on X € C/y

if there is a weak equivalence
F(X) = holim P,F(X).

In the case of Posnikov tower, there is always a homotopy equivalence X =~ lim X,
for any CW complex X. A natural question for Goodwillie towers is which classes of
homotopy functors admit convergent Goodwillie towers. When the Goodwillie tower of
a functor converges at a given space, it provides a complete homotopy decomposition
of the functor at that object, effectively breaking it down into its constituent polynomial
approximations of increasing degrees of excision. There are some remarkable results
about the convergence of Goodwillie towers. In 2003, Goodwillie [6] proved that if F
is p-analytic and the structural map X — Y is (p + 1)-connected, then there is a weak

equivalence
F(X) = holim P,F(X).

In Arone and Mahowald’s work [11], they proved that the Goodwillie tower of the identity
functor I on odd-dimensional spheres has only non-trivial layers D« I. In works associ-
ated with Anderson and Davis [12], as well as Miller and Wilkerson [13], they proved
that the v _;-periodic homotopy of D,,;I1(§%**1) is trivial when j > k. That is, the Good-

willie tower of I on an odd-dimensional sphere $25t1

converges at an exponential speed,
the unstable v, -periodic homotopy of an odd-dimensional sphere can be resolved into a
tower of fibrations with k + 1 stages, where the fibers are infinite loop spaces. This shows
that the Goodwillie tower is powerful to study the unstable v, -periodic homotopy theory.
In Behrens and Rezk’s work [14], they characterized a class of spaces called @k )-good
spaces, on which the Goodwillie tower of I is convergent under v -periodic homotopy.
As an example, the sphere is a @k ,)-good space, which coincides with Arone and Ma-
howald’s work [11] on spheres. On the other hand, Brantner and Heuts [15] found that
the Goodwillie tower on the wedge sum of spheres, or mod p Moore spaces, is divergent
under vy -periodic homotopy.

Goodwillie towers have rich applications in topology and homotopy theory. For ex-
ample, the Snaith splitting [ 16], which can be used to calculate the stable homotopy groups
of delooping spheres QS™. Bodigheimer [17] characterized the Goodwillie tower of sta-

ble homotopy functor Q = X“Q%, on unbased mapping space from an n-dimensional
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manifold M to unreduced suspension space S™X by
OMap(M, S™X) ~ 1_[ Q(C(M,aM; n) Ay, X',
n=1

The functor X — Q(C(M,0M;n) Ay, X Ay is n-homogeneous. Thus, this equiva-
lence also splits. For the based version, Arone [18] described the n-excisive approx-
imation of this stable homotopy functor on mapping space from a CW complex K to
any X. In the same example, Goodwillie [6] described the n-th derivative of functor
X — X®Map, (K, X), thus giving the n-th layer. On smooth manifolds, Goodwillie tower
can be used to decompose the embeddings between manifolds [19]. Bauer, Burke, and
Ching’s work [20] shows that the n-excisive functors are the direct analogues of n-jets of
smooth maps between manifolds. This makes a more useful connection between stable
homotopy and smooth manifolds. On the other hand, Goodwillie towers provide a frame-
work for integrations between localization techniques and chromatic homotopy theory
[10, 21], significantly advancing the study of height decompositions in homotopy theory.
Also, it provides a tool to study the unstable homotopy theory by the stable homotopy the-
ory [22, 23]. This integration enables deeper insights into complex problems in algebraic
topology and related fields.

In this thesis, we adopt the following global notation and convention. All spaces
are supposed to be compactly generated Hausdorff spaces. There are three homotopy
categories frequently used in this thesis: Top is the model category of unbased spaces,
Top, is the based spaces, and Sp is the model category of spectra. Unless otherwise
specified, the category C is usually Top or Top,, the category D is usually Top, or Sp. The
homotopy category of homotopy functors between C and D is denoted by Fun(C, D). The
slice category Cy is the category of spaces over Y. The constant functor *z(yy : C;y — D
satisfies *p(y)(X) = F(Y) € D for all object X € C/y. The notation hocolim denotes the
homotopy colimit, and holim denotes the homotopy limit.

This thesis is arranged as follows. In Chapter 2, we introduce the construction of the
Goodwillie tower, including the universal n-excisive approximation and the n-th layer.
There is an analogy between ordinary calculus and Goodwillie’s functor calculus, see Sec-
tion 2.1 for details. In Chapter 3, we introduce the one-to-one correspondence between
n-homogeneous functors and multilinear symmetric multivariab functors, which is the
framework developed by Goodwillie [6]. Chapter 4 is devoted to presenting some ex-

amples and applications of Goodwillie towers. Concretely, in Section 4.1, we introduced
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the Snaith splitting. In Section 4.2, we introduced the Goodwillie tower of the identity

functor between spaces, and some results on spheres.
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CHAPTER 2 CONSTRUCTION AND BASIC
PROPERTIES

This chapter constructs the Goodwillie tower and studies its convergence. Analogous
to the Postnikov tower for spaces, the Goodwillie tower decomposes homotopy functors
into a sequence of n-excisive approximations. The n-excisive functor satisfies a universal
homotopy property, yet directly computing its n-th stage (P, F) is often difficult. Instead,
we analyze the homotopy fiber D, F (the n-th layer) to understand the tower’s behavior

on specific spaces. Primary references include [5, 6].

2.1 Goodwillie Calculus

There is an analogy between ordinary calculus and Goodwillie calculus. We can
approximate homotopy functors between certain homotopy categories by the Goodwillie

tower, as well as use the Taylor series to approximate smooth functions in the ordinary

calculus.

Calculus Goodwillie calculus

Smooth function f : (y — €,y +€) > R Homotopy functor F : C)y — D
n-degree polynomial approximation: n-excisive approximation:

Foy = Lo gy FOO — PF(X)

Approximation of n-homogeneous function: ~ Approximation of n-homogeneous functor:

(k)
f (x)(x—y)k=0f0rallk>n P.F(X) =x*forallk <n

k!
The n-th derivative of function; The n-th layer of functor:

F™(x) = lim fO D) = £ (y)

D,F = hofib (P,F — P,_1F)
x—y X =Yy

In the Taylor series, we approximate a smooth function by adding polynomial func-
tions of different degrees. In the Goodwillie tower, we approximate a homotopy functor
by taking the n-excisive functors as n goes to infinity. Besides, the Taylor series are de-

termined by the n-th derivatives f ™ of functions f, as well as the Goodwillie towers are
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determined by the n-th layers D, F of homotopy functors F.
The Goodwillie calculus is also viewed as the calculus in the infinity category. See

[24] for more details.

2.2 Polynomial Approximation of Functors

Now we recall some related concepts. Consider the small category P(n) whose
objects are exactly subsets of {1, 2, :--,n}, morphisms are induced by partially ordered

relation “C”. We denote

n={1,--,n}
Po(m) =P(m) — 9,

Pr() =Pm —{1,-,n}.

Definition 2.1: An n-cube X in category C is a functor X : P(n) — C.

(1) An n-cube X is cocartesian if the map
X{1,--,n}) — hgecjgl@mx ()

induced by universal property of homotopy colimits is a weak equivalence.
(2) Anmn-cube X is strongly cocartesian is its every 2-cube surface is cocartesian.

(3) Ann-cube X is cartesian if the map

?E(J?]OLQ)X(S) — X(0)

induced by universal property of homotopy limits is a weak equivalence.

Notice that if n = 2, the cocartesian 2-cube is exactly the homotopy pushout, the
cartesian 2-cube is exactly the homotopy pullback. See [25] for more details.

To describe the n-excisive approximation P, F of functor F, we need to focus on the
slice category C,y where Y is the terminal object instead of * on C.
Definition 2.2: Let U be a finite set with the discrete topology. Given any object X €
Cjy, the fiberwise join X *y U is defined by the homotopy pushout

fx1y
X XU Y XU
l Jl
X Xy U

Notice that this diagram
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fx1y
X XU YXU
le lpy
X Y
f

is homotopy commutative where py : (x,u) — x, py : (y,u) — v, thus there is an
induced map X *y U — Y by the universal property of homotopy colimits. Thus X *, U
is also an object in Cy.
Example 2.1:

(1) IfU = {1}, then X =y {1} = Iy = Y Uy (X X I) is the fiberwise cone.

(2) IfU = {1, 2}, then X *y {1, 2} = Xy X is the fiberwise suspension.

(3) IfY = «, the fiberwise suspension is the (reduced) suspension ZX.

(4) IfY = *, then X *y U is an object gluing |U| mapping cones.

(5) Note that there is a natural isomorphism of spaces over Y
X *xy U)xy V=X, (UxV)

where U * V is the where U * V is the ordinary join of two spaces.

Lemma 2.1: The functor
X:PMn+1) > Cx, U X U

is a strongly cocartesian n-cube in C/y.

Proof: Every 2-cube in the (n + 1)-cube P(n + 1) is cocartesian, thus it is a strongly
cocartesian (n + 1)-cube. Since the functor X *, — is a homotopy colimit, it preserves
the cocartesian squares. Then the (n + 1)-cube X strongly cocartesian. ]

The action of the functor X for n = 2 is given by the following.

0 ——— {1} Xy @ — X+ {1}
e x / /
{2} {1,2} — > X {2} Xy {1,2}
/ {3} {1,3} Xy {3} X *y {1,3}
{2,3} —={1,2,3} X *y {2,3} ——= X %y {1,2,3}
Strongly cocartesian cube Strongly cocartesian cube

Definition 2.3: A homotopy functor F : C — D is n-excisive if F(X) is an cartesian

7
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(n + 1)-cube for any strongly cocartesian (n + 1)-cube X in C.

Let C and D be homotopy categories, for each n, Exc,, (C, D) denotes the homotopy
category of n-excisive functors from C to D.
Definition 2.4: Given a homotopy functor F € Fun(C,y, D), the homotopy functor
T,F € Fun(C/y, D) is defined by

T, F(X) = Ugg%l(&) F(X xy U)

where Py(n + 1) is the nonempty set in P(n + 1).
Since X *y @ = X, there is an induced map u : F(X) — T,F(X) by the universal
property of homotopy limit. Also, there is a natural transformation t,F : F — T, F.

If the homotopy functor F is n-excisive, then there is a weak equivalence

F() = F(X *y 0) = holim F(X xy U)

Therefore we have the following lemma.

Lemma 2.2: If the homotopy functor F is n-excisive, then there is an equivalence
thoF : F — T,F.

Definition 2.5: For a homotopy functor F € Fun(C/y, D), the n-excisive approxima-
tion (also called the n-th polynomial stage) P,F € Fun(C, D) is defined to be sequential

homotopy colimit of

tnF(X) tnTnF(X)
FX) — TLWF(X) —

TZF(X) — -,
which is P,F(X) = hocolim T¥(X).
Given an n-cube, if every (n — 1)-cube in it is cartesian, then it is a cartesian n-cube.
We have inclusions
Excy(C,D) € Exc,(C,D) € Exc,(C,D) € -- € Exc,(C,D) S ---.
Lemma 2.3: If the functor F is n-excisive, then there is a weak equivalence

poF + F(X) — PF(X).

Proof: If F is n-excisive, then F(X) =~ T,F(X) by Lemma 2.2, thus T,,F (X) is also n-
excisive. By induction, we have F(X) = TXF(X) for all k, then we take the homotopy
colimit to get F(X) = B, F(X). ]
Definition 2.6: Let J be a small category, if:

(1) forany objectsa, b € J, there is an object ¢ € J such that the set of morphisms

from a to ¢ and the set of morphisms from b to ¢ are both nonempty.

8
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(2) givenobjectsa, b, c € J, forany morphismsi,j : a — b, there are morhpisms
i',j' +b — csuchthati’oci=j"oj,
then J is a filtered category or a filtered diagram.

The homotopy colimit and homotopy limit on a filtered category are called filtered
homotopy colimit and filtered homotopy limit, respectively. We denote the filtered homo-
topy colimit and filtered homotopy limit as hocolimg;; and holimg;;, respectively.
Proposition 2.1:

(1) For F;, € Fun(C, D), we have equivalences between functors

T,,(holim F},) =~ holim T, Fy,

P (AgMT Fi) = aqii FuFie

(2) For F;, € Fun(C, D), we have equivalences between functors

Tn(hocolimg; Fy) = hocolimg T, Fy,

B, (hocolimg; Fy) = hocolimg; B, Fy.
(3) For F;, € Fun(C, Sp), we have equivalences between functors

T, (hocolim Fy,) = hocolim T, F,

P,(hocolim F}) =~ hocolim P, F.

Proof: See [6, Proposition 1.7]. |

Lemma 2.4: For a strongly cocartesian (n + 1)-cube X and homotopy functor F,

t,F(X) : F(X) — T,,F(X) factors through some cartesian cubes.

Proof: See [6, Lemma 1.9]. |
Notice that the following theorem by Goodwillie is called the universal property of

the natural map p,, F.

Theorem 2.1 (Goodwillie [6], Theorem 1.8): For any homotopy functor F : C —

D, B,F is always n-excisive. Moreover, p,F : F — P,F is the universal map from F to

any n-excisive functor.

Proof: Suppose X is a strongly cocartesian n-cube, then B, F (X)) can be treated as se-

quential homotopy colimit of cartesian cubes by Lemma 2.4, thus cartesian and P, F is

n-exsicive.

Pn(tnF) . .
BFX) = BTnF(X) = B( holim  F(X +y $)) = holim / PaF (X +y S)
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= PF(X #y 0) = BF(X),

thus P,(p,F) : P,F — B,P,F is an equivalence. Consider the diagram for another

n-excisive functor P.
u

F— =P

pnF pnP |=

P,u
P,F—— > PB,P

Thus, there is an induced map v = (p,,P) ™! o P,u which we will prove is unique up
to homotopy. By Proposiyion 2.3, there is an equivalence p,,P,F : P,F — P,P,F since
P,F is n-excisive. By the naturality, P(p,F) : P,F — P,P,F is also an equivalence.

Then consider the diagram

F v
o Pn P ,
pnF = | pnPF = | ppP
BF P,P,F PP
Pn (pnF) an

and v is determined by P, v which is determined by P,v o P, (pp,F) = P,(vep,F). =
This theorem tells us the n-excisive approximation is unique up to homotopy. The

uniqueness explains why we choose the n-excisive functors to approximate the homotopy

functor but not others.

Corollary 2.1: For 0 <m < n, P, (p,F) : PyF — Py, P,F is an equivalence.

Proof: By the universal property and the fact that m-excisive functors are also n-excisive

form < n. ]

2.3 Homotopy Fiber of B,F — P,_{F

Lemma 2.5: The 0-th excisive approximation is PoF = *py).

Proof: By Example 2.1 we have ToF (X) = F(X =y {1}) = F(Ilf) = F(Y) for any

X €Cyy. [
Since p, F is universal, and P,_4 F is also n-excisive as an (n — 1)-excisive functor,

there is an induced map q,F : P,F — P,_1F, then we have the following theorem.

Theorem 2.2 (Goodwillie [6], Theorem 1.13): For a homotopy functor F : C,y —

D, there is a tower of homotopy functors given by the following.

10



CHAPTER 2 CONSTRUCTION AND BASIC PROPERTIES

pnF
P, F
p1F
Qi F
F ~
FZ P pF *E(r)

If there is a weak equivalence
F(X) = holim P,F(X),

then we say the Goodwillie tower of F converges at X.

To study the convergence of the tower, Goodwillie[5] characterizes the E,, condition
and the O, condition, to measure the approximation of functors.

Definition 2.7: A homotopy functor F : C,y — D satisfies the Ey(c, k)-condition (or
F is stably n-excisive) if for any strongly cocartesian n-cube X such that

(1) Maps X *y @ — X =y {i} are k;-connected,

(2) k;j=zkforalll <i<n,
the cube F (X)) is (% k; — c)-cartesian.

A natursl tranlszflormation u : F — G satisfies the 0,(c, k)-condition if for any
k-connected map X — Y with k > k, the induced map F(X) — G(X) is ((n+ 1)k —c)-
connected.

Proposition 2.2: Let F be a homotopy functor satisfying the E}, (¢, k)-condition. Then
the following hold:

(1) T,,F satisfies the E;,(c — 1, k — 1)-condition,

(2) t,F : F — T, F satisfies the 0, (c, k)-condition,

(3) p,F : F — P,F satisfies the 0, (c, k)-condition,

(4) P,F is n-excisive.

Proof: See [6, Proposition 1.4 and 1.5]. |

A natural problem is what kind of functors converge for some certain X € C/y, and

what kind of conditions they should satisfy. Goodwillie described some conditions about

11
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this. This problem is still an open problem, and we will introduce it later.
Definition 2.8: If F satisfies E,,(np — q, p + 1)-condition for all n and some g, then F
is called p-analytic.

In the following theorem, Goodwillie described that such p-analytic functors have
convergent Goodwillie towers.

Theorem 2.3 (Goodwillie [5], Theorem 1.13): If the homotopy functor F : C,y —
D is p-analyticand X — Y is (p+1)-connected, then p,, F satisfies the O,(np—q,p+1)-
condition. Thus, as n — oo, we have a weak equivalence F(X) = holim P,F(X).

The polynomial approximation functor P, F, defined as the sequential homotopy col-
imit of finite homotopy limits, is often computationally intractable. To address this, we
define the homotopy fiber of P,F — PB,_1F, thereby decomposing the n-excisive ap-
proximation problem into a layer-wise homotopy computation.

Definition 2.9: Given a homotopy functor F, its n-th layer D, F is defined to be the
homotopy functor

nF
D,F = hofib (P,F -2 B,_1F) = holim (P,F — P,_F « ).

Definition 2.10: A homotopy functor F : C;y — D is n-reduced if B,_1F = *, is
n-homogeneous if it is both n-excisive and n-reduced.
We denote by H,, (C, D) the homotopy category of n-homogeneous functors.
Example 2.2:
(1) A 1-homogeneous functor is alternatively termed linear.
(2) A I-reduced functor is simply called reduced.
By Lemma 2.5, we have the following corollary.
Corollary 2.2: LetF : C;y — D be a homotopy functor. The following are equivalent:
(1) F is 1-reduced,
(2) F(Y) = *,
Lemma 2.6: Given integers m < n and a homotopy functor F : €,y — D,
Let F : C;y — D be a homotopy functor. If F is n-reduced for some n = 1, then
for all integers m < n, F is automatically m-reduced.
Proof: By Corollary 2.1, we have P,,_1F =~ By,_1P,_1F = *. ]
Thus for any n-reduced functor F : C;y — D, we have an equivalence F(Y) = *.
Example 2.3: Let f : F, — F, be a natural transformation from an a-homogeneous
functor F, to a b-homogeneous functor Fj, where a < b. Then the homotopy fiber F =

hofib (F, — Fp) of f is an a-homogeneous functor.

12
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Proof: By Corollary 2.1, we have

PP_1F,(X)=+ n<a-1

)

B Fp(X) =
F,(X) n=a

P,Pp_1Fy(X) =% n<b—1
B Fp(X) = :
Fy(X) n=b
Thus we have
* n<a-—1

PF=J{FE, a<n<b-1.

F n<b

Lemma 2.7: For an n-homogeneous functor F : C;y — D, we have
P,F ~P,F ~ - =~P,_F~x P,F~FD,F=~F.

Proof: Since F is n-reduced, P,_;F = *. By Corollary 2.1, P,F =~ P, P,_;F = = for all
0 < k <n—1. Fis n-excisive, by 2.3, we have P,F =~ F, D,F = hofib (F — x) =
F. ]
Proposition 2.3: The n-th layer D,,F is always n-homogeneous.

Proof: By definition, we have

Py_1D,F = P,_1holim (P,F — P,_1F «— %)
=~ holim (Py_1PyF — Py_1 Py 1 F < *).

By Corollary Lemma 2.1, P,_;P,_1+F =~ B,_1F =~ B,_4P,F, thus P,_1D,F = *, D,F
is n-reduced. Since P,F, P,_1F and * are all n-excisive, as a homotopy limit D, F =
holim (P,F — PB,_1F < x) is also n-excisive. Then we conclude that D,F is n-
homogeneous. L

The n-th layer D, F shares key properties with the n-excisive approximation P, F
since D, F is a homotopy colimit involving P, F, P,_{F.
Proposition 2.4:

(1) There are natural isomorphisms

Bu(F o Zy) = (B F) o Ly,
Dy(F 0 Zy) = (DyF) o By,

13
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(2) For F, € Fun(C, D), we have equivalences between functors

D.( holim F,) = holim D,F,,
n(keﬁniteK k) ke finite K n'k

Dy (hocolimg; Fy) = filhocolim DyFy.
(3) For F;, € Fun(C, (Sp)), we have an equivalence between functors
D, (hocolim F;) = hocolim D, Fj.

Proof: See [6, Proposition 1.18]. |
Lemma 2.8: Let F be an (n — 1)-excisive functor and H be an n-homogeneous functor,
then the fiber sequence F — G — H always splits.

Proof: By Proposition2.1, P,F — P,G — P, H isalso a fiber sequence. Since P,_{H =
*, we have B,_1F ~ P,_;G. Since F is (n — 1)-excisive, we have F =~ P,_; F by Lemma

2.3. Consider the following diagrams

F— > G

| e

Py F—— =P, .G

It is commutative by the naturality of B,. Thus, the upper triangle in the diagram

is commutative. Then by the universal property of P,_4G, there is an induced map g :

G — F such that g o f =~ 1. Thus, it is splitting. ]

14
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CHAPTER 3 EQUIVALENCE OF NATURAL
TRANSFORMATIONS

To compute the n-th layer, Goodwillie [6] showed that n-homogeneous functors cor-
respond bijectively to symmetric multilinear functors. This identifies the n-th layer with
a spectrum (the n-th differential), carrying a X,,-action. The result offers a powerful com-

putational tool for the Goodwillie tower. (See [5, 6].)

3.1 Delooping of the n-th Layer

Now we introduce how to deloop the n-th layer. Before proceeding, we recall a
fundamental result by Goodwillie.
Lemma 3.1 (Goodwillie [6], Lemma 2.2): Given a reduced homotopy functor F :

C,y — Top,, up to natural equivalence there is a fiber sequence
anF
P,F — P,_1F — R,F

where R, F is n-homogeneous.
Proof: When we define the T,,F, we take the (n + 1)-cube moving out a corner. Then

take the homotopy limit to obtain T,,F. This time we are moving out more to get more

construction.
n=2 Xl
Xz X12
B, =Py(n+1)—{n+1} ¥
13
Xa3 X123
X13
Ap =Po(nt+1) —Po(n) /
X23 X123
As the same way as we get T F by Po(n + 1),
TLF(X) = holim  F(X *y (Uy * -+ x U))),

(Ulﬁ""Ui)E"POM ¢

15
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we also define

Bl = Py(n+ 1) — {n+ 1},

Anj =Po(nt D' — Py (),
to get

S F(X) = holim F(X *y (Uy* - *Uy)),
(U1, U{)€EBL

KngF(X) = | holim = F(X sy (Uy =+ = UD),
Notice that Py(n) is left cofinal (see [26] for more details) in B,,, we take the homotopy
limit under these index categories
Po(n+1) 2B, 2 Py(n),
we get
Gny ¢ TnF — Sn_1F = TysF.

Since P (n) is left cofinal in B}, we have an equivalence S,_;F — T._,F for all i.
For a sequence of such maps qy, 1, qn 2, ***, qn,i» -+, if we take i to infinity, we exactly
get the natural transformation q,F : P,F — P,,_4F.

If we take the homotopy limit

Ry F(X) = holim  F(X *y (Uy * -+ * Uy)),
(Uy,+U;{)EARiNBp,

we get a cartesian square by [5, Lemma 1.9].

Po(n + 1)!<— B} T.F St_LF
T T Homotopy limit l |_ l
Anj <———— 4 N By Ky iF RniF

Cartesian cube
We next prove that K, ;F = . The diagram 4} ; = Po(n + 1) — B} is left cofinal in
Ay ;. Thus

Ky iF (X) = (Ulﬁ%% 'iF(X ty (Up * o x Up) = ’ hOll]l)m . FXxy (Uy * - % Uy))

Ul L n,i

n

is contractible since there always exists a |U;j| = 1 for some j and then {1} x U = =

16
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Finally if F is reduced, F(Y) = *, we have
holim F(X *y (Uy * --- U;) = holim F(X *y *) = holim F(Y) = *.
We assume that F is not (n — 1)-excisive, then by Proposition 2.1 and Corollary 2.1
we have

PRy iPy 1 F = By By _1RyiF = By_1Ry i F.

Thus functor P,_1 Ry, ; coincides on P,,_; F and F, without loss of generality, we assume
that F is (n — 1)-excisive. To prove that R, ;F is n-homogeneous, we need to prove
PR, F = Ry, ;F and B,_ R, ;F =~ *. One way to show this is to prove that, if F is

(n — 1)-excisive, then R, ;F =~ *. There is an isomorphism given by
Ani N By = Po()' X Po(D), (Uy, -+, Up) = (Vy, -+, Vi, W),
where
Vi=Ui—{n+1}, W={i|n+1€U;}.
If1 € W, take e; = {n + 1}, if not, take e; = @. And do for 2, 3, --- by induction. Then

R, F(X) = holim F(X xy (Uy * -+ x Uy))
V1, Vi, W)EP, () xPo (V)

= holimF X xy (eg -+ x €)))

~ holim F(X *y D¥)
for some k < i — 1 since the join of i 1-cells is D™,
At last, take the i to infinity in the cartesian cube above, we get a fiber sequence
P,F — P,_4F — R,F. ]
What the map explicitly looks like before i — oo has been given, but it is complex
to describe what the map looks like while i — oo. For details, see Goodwillie’s origi-

nal article [6]. This theorem means that for the n-homogeneous functor D, F, there is a

delooping QR,F =~ D, F. Let B = R,D;;1, then we have
QR,F = QBD,F ~ D,F.

Now we recall some concepts. For any spectrum E with structure map XE,, — E, 44

, there is a corresponding map E,, — QFE,,,, given by

[EEn' En+1]* = [Enf QEn+1]*.

17
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Replace the space E,, by Q*E, ., for a k € N*, by induction, there is a sequence
v QR B g — QB gy —
We define the omega spectrification to be the Q-spectrum E given by
ED = colim QFE, 4.

It has the same homotopy groups as spectrum E. We define Q°E = Q¥E® ~ E$, the
0-th space of spectrum E®, to be the infinite loop space, see [27] for more details.

Theorem 3.1 (Goodwillie [6], Theorem 2.1): The homotopy functor
0%+ Hy(C,Sp) — H,»(C, Top,)

has an inverse up to homotopy, we denote by this inverse B*.

Proof: By Lemma 3.1, there is a functor B such that QBF =~ F for F € H,(C, Top,).

Notice that F ~ ¢ & QF =~ QG, then F ~ ¢ & BF =~ BG under weak equivalence

since they have the same homotopy groups for any X. Thus Q*B®F(X) =~ F(X). For

B®”Q%F(X) = F(X) we construct a bispectrum for F € H,,(C, Sp) and spectrum F (X).
B°Fy(X) — B'Fo(X) —> B*Fo(X) —~

’ !

BOF, (X) —> BF,(X) —> B2F,(X)

! !

BOF,(X) —> B'F,(X) —> B*F,(X)

Then there are two equivalent spectra B°F (X) = F(X) and B®Fy(X) = B®Q*F(X)
from this bispectrum. ]
This will be a huge help in constructing the one-to-one correspondence from n-

homogeneous functors to symmetric multilinear functors.

3.2 Multivariable Functors

Now we introduce multivariable functors.
Definition 3.1: Let F : C™ — D be a multivariable functor.
(1) Fis (dq,,dy)-excisive if it is dy-excisive in the k-th variable for all 1 <

k <n.

18
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(2) Fis (dq,,dy)-reduced if it is dy-reduced in the k-th variable for all 1 <
k <n.

(3) F is (dq,:,dy)-homogeneous if it is both (dy,-:-,d,)-excisive and
(dy, -+, dy)-reduced.
Proposition 3.1: Given a homotopy functor A : X +— (X, -+, X), the compositon F oA :
C—C"—>Dis(dy + - +dy)-excisiveif F : C™" — D is (dy, -+, dy,)-excisive.
Proof: See [5, Theorem 4.3]. ]

Let homotopy functor F : C™ — D be (1, -+, 1)-excisive. By Proposition 3.1, the

homotopy functor F o A : C — D is n-excisive.

Proposition 3.2: For any (1, -+, 1)-reduced homotopy functor F, the map
th—1(F e A)(X) : F o A(X) — Ty (F 2 A)

factors through a weakly contractible object for any X € C.
Proof: We define

§={(Uy, -, Uy) | Uy € Py(n)", atleast one s € n such that s € Ug},

& ={(Uy,-+-,Up) | U; € Py(m)™, at least one s € n such that {s} = U}

where £ is left cofinal in £*.
Thenthe map t,,_1 (FoA)(X) : FoeA(X) — T,,_1F o A(X) factors as the composition

FoAX)=F(X,,X) — F(X %y @, X *y 0)
= PO U o )
= Bl PO U Xy U

— f}é’agol(’f{‘_)F(X xy U, , X %y U) = Tj,_1F o A(X).

Since Ug = {s}, F is (1, -+, 1)-reduced, we have
FX #y Uy, -, Xy Up) = FX #y Uy, -, Y, o0, X vy Up) = %,
Then we have
holim F(X *y Uy, -+, X *y U,) = *.

(U1:' : 'JU‘H.)EE*
|

Proposition 3.3: Givena (1,:--, 1)-reduced homotopy functor F : C™ — D , we have

an n-reduced functor F cA: C — D.
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Proof: By Proposition 3.2, factor all these maps through weakly contractible objects

tn_1 T (Fod)
_—

FoA(X) — - — Ty (F o 1)(X) THI(F o 0)(X) — -

Thus, as the homotopy colimit of this, we have P,_1F o A = *, ]
Definition 3.2: A (1,--, 1)-homogeneous functor F : C™ — D is called multilinear.
By Proposition 3.1 and 3.3, F o A is n-homogeneous for any multilinear functor F.
This implies that the n-th layer can be treated as a composition of the diagonal A and a
multilinear functor.
Definition 3.3: The multivariable functor L : C™ — D is symmetric if it has additional
structure consisting of isomorphisms L(0) : L(Xy,,Xn) — L(Xs1) ) Xom)) with
L(com) =L(m)oL(o) foro,m € Z,.

If symmetric functor L : C™ — D is (1, -+, 1)-homogeneous (multilinear), then
LoA:C—C"—>D, X— X, X)— LK, ,X)

is n-homogeneous, and it has a compactible X, -action. We denote the homotopy category
of symmetric multilinear functors as £, (C, D).

Definition 3.4: The universal covering of topological group G is defined as EG = *,,G
with free action G X EG — EG, by Milnor [28]. Then we define the classifying space to
be

BG = EG/G = {Orb(c) | x € EG}.
Given a space X with a G-action, the homotopy orbit of X is
Xne = (EG X X)/G,
or the homotopy colimit
Xpe = hocolim (BG «— EG X X — *).

Proposition 3.4: Given a spectrum-valued symmetric multilinear functor L : C"* —

Sp, there is an n-homogeneous functor A, L given by
ApL(X) = L(X, -, X)ps,,-

Proof: By Proposition 3.1 and 3.3, the functor Lo A : X +— (X,--,X) — L(X,-,X)
is n-homogeneous. By Proposition 2.1, we know that the homotopy orbit as a homotopy
colimit preserves the property of n-homogeneous. Then A, L is also n-homogeneous. =

Given a spectrum-valued symmetric multilinear functor, the homotopy orbit con-

struction naturally defines an n-homogeneous functor. This shows how explicitly the
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spectrum-valued symmetric multilinear functor becomes an n-homogeneous functor.
Conversely, Goodwillie showed how n-homogeneous functors become symmetric mul-
tilinear functors, by cross effect. That is exactly the one-to-one correspondence between
n-homogeneous and symmetric multilinear functors.

In the category Top, e the zero object is exactly Y. For any object f : X — Y,
there is always a unique map f' : ¥ — X.
Definition 3.5: Given objects f; : X; — Y, f, : X, — Y of the category Top*/Y, the
fiberwise whisker is X, + X, = I U Ifz"

X1+ X5 X,

Notice that the whisker X; + X, is also an object in Top, v With more objects of

Top, Jy> We can also define

k
ZXi:X1+--~+Xk.

i=1
Example 31: IfY = *, then Xl + XZ = Xl VXZ
Definition 3.6: Given a homotopy functor F : Top, v D, we define the n-th cross

effect to be the multivariable functor cr;, F : Top*7y — D given by

cr F(Xy, -, X,) = hofib (holim (F(S(Xy, -, X,)) — F(Z X)) — F(Z X))
i=1 i=1

where D = Sp or Top,, and S(X4, -+, X,,) is a strongly cocartesian cube

i€{1,-n}-U

Acturally, hofib (holim (F(S(Xy,+,Xpn)) — F(g] X)) — F(f} X;)) is called
the total fiber, see [25] for more details. = =
Lemma 3.2: If F is (n — 1)-excisive, then ¢, F = *.
Proof: Since S(Xy,-:-, X,) is a strongly n-cube, then F(S(Xq, -+, X;,)) is cartesian, thus
the total fiber cr, F (Xq, -+, X)) = *. ]
The following proposition means that cr,, F = cr;, D, F for any n-excisive functor F.

That is, the n-th cross effect only captures the n-th layers of homotopy functors.
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Proposition 3.5: If F is n-excisive, then ¢y, F = cr, D, F.

Proof: Since cr;, is a homotopy limit as the total fiber, by Proposition 2.4, we have
cr, D, F = cryhofib (P,F — P,_1F) = hofib (cr,P,F — cry,P_1F).

By Lemma 3.6, we have cry,P,,_1F =~ *. Thus we have cr,,D,,F =~ cr, P,F = cr,F since
F is n-excisive. ]
Obviously, there is an isomorphism S(Xy, -, X) = S(Xg(1), *+*, Xgm)) forany o €
X,. Then we have the following lemma.
Lemma 3.3: The n-th cross effect cr, F is symmetric.
The following lemma tells us the 1-st cross effect is always 1-reduced.
Lemma 3.4: The 1-st cross effect cr  F(X) = hofib (F(X) — F(Y)) is 1-reduced.
Proof: By Lemma 2.5, we have an equivalence Pocri F = %y pryy = *. ]
By this lemma, we know that the n-th cross effect cr, F is (1, -+, 1)-reduced.
Proposition 3.6: Give an n-excisive functor F : Top, v D, the m-th cross effect
cryF ¢ Top*% — Dis(n—m+1,---,n—m+ 1)-excisive for 0 < m < n.
Proof: When m = 0, this is trivial. We do the induction, assume that it holds form = k,

to prove this holds for m = k + 1. Notice that
i1 F(Xy, -, X, A) = e Fyog(Xq, -+, Xy)

where F, 4 = hofib (F(X + A) — F(X)). And F is n-excisive implies F, 4 is (n — 1)-
excisive. Then we prove this holds form = k + 1. ]
By this proposition, we know that cr;, F is (1, -+, 1)-excisive, since it is (1,-:+,1)-
reduced, we have the following proposition.
Proposition 3.7: Given a homotopy functor F, the n-th cross effect ¢, F is symmetric
multilinear.
Theorem 3.2 (Goodwillie [6], Proposition 3.4): Given n-homogeneous functors
F,G:Cyy — D, F = G ifand only if cry, F = ¢1,G.
By this theorem, with Proposition 3.4 and 3.7 we have this following corollary.
Corollary 3.1:
(1) For D = Sp or Top,, there is a homotopy functor

CThy * Hn(TOP*/y' D) — Ln(TOP*/va)-
(2) For € = Top, Jy OF Top ., there is a homotopy functor

A, : L,,(C,Sp) — Hy,(C, Sp).
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3.3 The Correspondence

Now we establish the one-to-one correspondence framework through a series of fol-
lowing theorems by Goodwillie. The following theorem tells us that functors cr;, and A,,
are inverses of each other.

Theorem 3.3 (Goodwillie [6], Theorem 3.5): There are homotopy functors mutual

inverses up to natural equivalence
CrTL : }[n(Top*/y) - Ln(Top*/y)J

Ay : Ln(TOP*/y) — }[n(TOP*/y)-

We now introduce some definitions coming from the book [29]. Let V}, be a linear

space, define

SO = (G ) | ) 32 =1},

DA = (G, %) | ) x <1}

Then define the sphere over V, as S"» = D(1;,)/S(V;,). Given a based space X, define the
space Q"X = Map, (S, X). It is a generalization of the loop space Q" X, corresponding
to the extension of the definition of S™ to SV,

In the equivariant homotopy theory, Q" serves as an important homotopy functor of
study. Similarly, S¥» generalizes the classical S by embedding it within the framework of
representation theory, where the group action induces additional structure on the sphere.
These generalized constructions are fundamental in equivariant homotopy theory, see [29,
30] for more details.

There is a delooping for the symmetric multilinear functors. Like we make a deloop-
ing construction for n-homogeneous functors. This time we treatnas 1 + -+ + 1.
Theorem 3.4 (Goodwillie [6], Proposition 3.7): There exists a homotopy functor
Or : L,(C,Sp) — L,(C, Top,). It has an inverse up to homotopy.

Proof: For functor L : Cjy, X -+ X Cjy, — D, we can define

Tay o a, L(X1, o, Xp) = w F(Xy *y, Uy, -+, Xn *y, Un).

holim
1 Un)EPy(d1+1) X+ XPg (dp+1)

Thus if L is symmetric multilinear, then

L(Xll JXn) = Tl,"',l(Xll ,Xn).
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By definition, T; F =~ QFZXy for homotopy functor F. Thus
L(Xl, 'XTL) = Tl‘...’]_L(Xl, ,Xn) = QnL(Zyxl, ey, Zan).

But we need Q" to be compatible with symmetric property, thus rewrite Q™ as Q"» where
V, = {(xq,",x,) | X1 + -+ + x, = 0} is the standard representation of Z,,. Thus there is

an equivalence L ~ QBL where
BL(Xy, -, X,) = QnL(Zy Xy, -+, Ty Xp)

and V, = R @ V},. Then we consider the same thing with Theorem 3.1 to get the inverse
B”. |
Proposition 3.8: The n-homogeneous homotopy functor F : Top, v D is deter-
mined by F o Xy.
Proof: By 3.2, F is determined by cr;, F, and we have

T F(Xq, -, X)) = Qnen F(Sy Xy, -, 2y Xy) = QVnen, (F 0 2y) (X, -+, Xp).

|
Theorem 3.5 (Goodwillie [6], Theorem 4.1): The following four functors all have

inverses up to weak equivalence :
¢. : 3 (Top y, Sp) — Hy(Top, ,,, Sp),
¢* : Hn(Top/Y' Top*) - %H(Top*/y’ Top*)'
o, ¢ Ln(Top/Y' Sp) — Ln(TOP*/y' Sp),

¢* : LTL(TOP/Y’ Top*) - Ln(Top*/y’ Top*)

where ¢ : Top, v Top Iy is the forgetful functor.

With these theorems established, we can ultimately construct a comprehensive
framework that establishes a one-to-one correspondence between symmetric multilinear
functors and n-homogeneous functors across different categories.

The one-to-one correspondence is given by this commutative diagram 3-1.
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Induced
- T A
Hy (Top /Y’ SP) ~_ - L, (Top v Sp)
A Ap, A
/ /
! I
I [
1 ¢* 1 ¢*
\ \
\ \
\ \
\ Ty \
AY AY
Hy, (Top, /v, Sp) Ly, (Top, )y, Sp)
\/
A
Qe B Q%
B e o 0
cry,
H, (Top, v, Top,) Ly, (Top, v, Top,)
\ V\ -~_ __ - - - \
\ \
\ Induced “
\
|
9. ! %. |
1 1
) I
1 1
% v
Hy (Top e Top*) L, (Top Iy Top*)
Figure 3-1

In this diagram, ;° between n-homogeneous functors comes from definition of in-
finity loop space, Q5° between symmetric multilinear functors comes from Theorem 3.1.
As the inverse, B,° between n-homogeneous functors comes from Theorem 3.4, B,° be-
tween symmetric multilinear functors comes from Theorem 3.1. At last, the inverse of ¢,

is from Theorem 3.5.
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3.4 Differentials and Derivatives

Next, we can investigate how to associate the n-th layer D, F to a symmetric multi-
linear functor explicitly. This approach clarifies the behavior of D, F.
Definition 3.7: For the n-homogeneous functor D, F € H;,(C/y, D), its correspondence
in £,,(Cy,D) is called n-fold differential, denoted by DUWF. The n-fold differential
D™F e L,(C /v» D) determines D, F by

DpF(X) = Ay (DMF)(X) = (D™WF)(X, -, X)py, for D = Sp. (3-1)

Then we consider the correspondence framework 3-1, to formularize the n-fold dif-

ferential when D = Top, .
CTy

—~—
A,DMF DMWF

Ay
B Q® B.* Qg
CTy
—
Q®A,DMF _ Q*DM™F
V\ - _ - -~
Induced

There is a weak equivalence
(B*DpF)(X) = (B*DM™F)(X,+, X)pg,,-
Thus, we have
Dy F(X) = Q®(B*DMF)(X, -+, X)ps, -

Given a homotopy functor F, the n-fold differential D F determines the n-th layer
D, F. On the other hand, the n-th layer D,,F also determines the n-fold differential by

DM™F ~ cr, D,F.

Definition 3.8: A homotopy functor is finitary if it preserves filtered homotopy colimit.

Lemma 3.5: Given a spectrum C, the homotopy functor
F:Top" — Sp, (X, Xp) — CAXy A+ AXy)

is multilinear. If C has a X, -action, then F is symmetric multilinear.

Conversely, given a multilinear functor L : Top, — Sp and a spectrum C =
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L(S®,---,59), there is an equivalence
L(SO, -+, SO) A (Xy A+ AXp) — L(Xy, -, X)

for finite CW complexes Xq,:+-,X;,. If L is finitary, then it is an equivalence for any
X1+, Xp. If L is symmetric, then the spectrum L(S°,--,S°) has a X,,-action.

By this lemma, if we take L = DMF to be the n-fold differential, we get a spectrum
DMF (SO, .-+, 5%) with a Z,,-action. Thus for any homotopy functor F : Top, — Sp, we
have an equivelence

DpF(X) = DMWF(X,+, X)ps, = OMWF () AX ")z, (3-2)
where dWF () = DMWF (SO, ..., 59).
Morever, for any homotopy functor F : Top, — Top,, we have an equivalence

DnF(X) = Q2 (B*DMF)(X,+, X)psg, = Q2 (OMF(*) A X",

where dWF (x) = (B*DM™F)(S°,---,5%).

Definition 3.9: Let F be a homotopy functor from Top, to Top, or Sp. The n-th layer
D,,F is governed by a spectrum d™F (x) with a X,,-action, called the n-th derivative of
F at *.

Define the homotopy functor Fy to be the composition
FY=Foq,'>:T0p/Y—>T0p—>D.
For the homotopy functor Fy : Top Y Sp, we have an equivalence
DaFy(X) = D{VF(X, -, Xpg, = (85 o (V) AX s,

where ay7...,, F(Y) = DYPF(S° v, Y,-+,50 Vv, Y).
Definition 3.10: Let F be a homotopy functor from Top to Top, or Sp. The n-th layer

D, F is governed by a spectrum 63(,711,).‘.,ynF (Y) with a ¥,-action, called the n-th derivative
OfF at (Y'yl' 'yn)'
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CHAPTER 4 APPLICATIONS

In this chapter, we introduce some applications of Goodwillie towers. Notice that
all homotopy functors in this chapter are reduced and finitary. We denote the suspension

spectrum of based space X as £°X.

4.1 Snaith Splitting

Snaith [16] gave the decomposition of space Q™2™ X for a connected based space X.
Goodwillie described the Snaith splitting of spectrum £ QXX as the following.
Theorem 4.1 (Goodwillie [6], Example 1.20): Given a connected based sapce X,
there is a weak equivalence

TPOEX = 1_[ xeXxn,
n=1

Notice that the functors (X, -+, X) +— Z® X" are multilinear for each n. Thus by
Proposition 3.1 and 3.3, the functors X +— Z®° X" are n-homogeneous for each n.

Proposition 4.1: There are weak equivalences for each n

n

P,Z®OEX = HZWXM,
i=1
DpZ®OLX = XX,
Proof: For the m-homogeneous functor Z*X"™, we have B,,_{Z®X"™ =~ x, By Corol-
lary 2.1, we have
% = Py Bp_1 XN ~ P RO XM

forn < m — 1. Thus P,Z°X" ~ ... =~ B, ;Z®X" ~ % Thus we have a weak

equivalence

Zoox/\i
1

P,I®QTX =~

n
i=

according to Theorem 4.1. By definitions, we have the weak equivalence
n—-1

n
D, 2*0%X =~ hofib (l—[ TeOXN — nzwxm') ~ RRX
i=1 i=1
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]
The Snaith splitting is an important result in algebraic topology that describes the
decomposition properties of spectra. Specifically, certain spectra can be decomposed
into direct sums of simpler spectra, thereby simplifying the analysis of their homotopical

structures.

Example 4.1: Take X = S', by Theorem 4.1, we have

n

n
P,X®0S? ~ nzwsi = 1_[ SO, holim P,Z*0S? ~ 1_[ S ~ 3*°082,
i=1

i=1 n=1

where S is the suspension spectrum starts with i dimensional sphere S L
n
P,2*QS? ~ HS(i)
i=1

P,2°05% ~ § x §@?

Y% 0)§2 Pi2°0S? =S

*

The core idea of the Snaith splitting is to construct the decomposition of spectra.
Through this decomposition, we can break down the homotopical information of complex
infinite loop space spectra into simpler parts, making it easier to compute their homotopy
groups and homology groups.

The Snaith splitting has wide applications in stable homotopy theory. For example,
McCarthy [22] studied the decomposition of relative K-theory, which has a convergent
Goodwillie tower. Additionally, this splitting offers important tools for understanding the

relationships between objects in generalized homology theories and the stable homotopy

category.
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Proposition 4.2: The n-th layer of functor F : Top, — Sp, X — Z*0X is
D,F : X — Q"X
Proof: By Proposition 2.4, there is an equivalence
D, F(2X) = D, (F o Z)(X).
By the last example we have Z*QXX =~ [[ Z*°X"". Since Z*X"\" is n-homogeneous,

nz1
the n-th layer of F o T is Z° X"\,

Thus we have a weak equivalence
DpF(ZX) = D, (F o Z)(X) = Z®°X" ~ Q"E® (ZX) "
by Z(X AX) = ZX AN X = X AXX. Then by Proposition 3.8, there is an equivalence
D F(X) =~ Q"E®°X",

which completes the proof. ]

4.2 The Identity Functor

We consider some results for the identity functor I : Top, — Top,. We start with a
famous theorem.
Theorem 4.2 (Johnson [31]): The n-th derivative d,,I(*) of the identity functor I :
Top, — Top, is

anl(*) ~ (S(l—n))/\(n—l)!'

By this theorem, we can calculate the layers of the identity functor I. By definitions,

we have

T,1(X) = QXX, TM(X) =~ Q"S"X,

P1(X) = hocolim; Q"E"X ~ QL X.
Since Pyl (X) = F(*) = *, we have
D, I(X) = PI(X) ~ Q®X™X.
By 0,1(*) = SV, we have

DI(X) = Q= ((S™D A (X A X))nz,) = O (EE2(X A Xy, ).
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By d;31(x) = (SC-2)"2, we have
D3I(X) = Q% (ST AXM)p5,) = Q°(ET2E% X3 ).

By Lemma 3.1, there is a fiber sequence P, — P,,_1I — R, 1. Then the n-excisive
approximation B,I =~ hofib (B,_1I — BQ®(Z12*X ,Algn)). Then by induction, we have

the following Goodwillie tower of the identity functor.

Pul(X) =<—— DyI(X) = 0 (3"2=Xp2 )

PoI(X) <—— D,I(X) = 0= (37'5°X}3 )

I(X) P I(X) <—— D1I(X) = Q*E%X

421 v,-Periodic Homotopy Theory

We recall some concepts. References are [15, 32-34].
Definition 4.1: For each n € N, the Morava K-theory K (n), at prime p is a generalized

cohomology theory whose coefficient ring is

K(M).(x) = Fylvy, vz']
where |v,| = 2(p™ — 1). A based space V is of type k if K(n).(V) = 0 forn < k, and
K(k).(V) # 0.
Mitchell [35] established that finite type k spaces exist for every k > 0.
Definition 4.2: A vy-self map of a finite based space V isamap v : 24V — V with a

given integer d such that
KM).(v) : Km).(V) — K(n).(Z4V)

is an isomorphism for n = k and nilpotent for all n # k.
Hopkins and Smith [36] showed that every type k space which admits a v, self-map

after suspending it sufficiently many times.
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Since K(n).(V) = K(n).,1(2V), we have the following lemma.
Lemma 4.1: For a given space V of type k, the t-times suspension XtV is of type k.
That is, for a given k, there always exists a space V of type k admits a v-self map

vy ¢ V — Z4V. Then for any other based space X, there is a sequence
Map, (V, X) Tk, Map, (Z2V, X) Z, Map, (Z22V,X) — ---.
By the exponential law
Map, (A A B,X) = Map, (B, Map, (4, X)),

there is a map v}, : Map, (V,X) — Q%Map, (V, X).

Definition 4.3: The spectrum &, X is defined as (®,X),,q = Map_(V,X) foralln >0
with structure map vj, : Map, (V, X) — Q%Map, (V, X). The functor ®,, : Top, — Sp is
called the telescopic functor associated to vy,.

Proposition 4.3: Given a based space X, the homotopy groups of spectrum &, X are
periodic with period d.

Proof: By definition, we have

T (P X)

IR

[S™, @, X].

IR

colim 1y 4y (P X))

IR

colim my 4 g4m ((PyX)m+a)
colim 1y 4 q4m (P X))
~ [Sn+d’ CDVX]*

= Mnia (CDVX)'

IR

]
By this proposition, we can define the v,-periodic homotopy group of the based
space X.
Definition 4.4: The v, -periodic homotopy group of a based space X is defined as

n,(X;V) = n,(P,X).

4.2.2 On Spheres

Arone and Mahowald [11] found that the Goodwillie tower of the identity functor on

odd dimensional sphere S(szf 1 Jocalized at any prime p (see [37] for more details about

localization of spaces), has non-contractible n-th layer D, [ (S(sz)*' 1 only for n = p*.

This implies the tower converges at an exponential speed. Besides, they proved that all
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the layers after p* are trivial in vi-periodic homotopy. Thus, the only non-trivial layer
appearsatn = p®,---, p*. Thus the unstable v, -periodic homotopy of an odd dimensional
sphere can be resolved into a tower of fibrations with k + 1 stages.
Theorem 4.3 (Arone-Mahowald [11], Theorem 3.13): For an odd dimensional
sphere X = S (25)“ localized at a prime p, the n-th layer D,,1(X) is weakly contractible for
n # p¥, has only p-primary torsion for n = p*.

The vy-periodic homotopy is the same as the rational homotopy. Thus, the n-th layer
D, 1(S%5*1) is rationally contractible for all n > 2. Moreover, Arone and Mahowald
proved that, for an odd shpere X = S(zps)*' 1 localized at a prime p, the layer Dpn1(X) is
trivial in vy -periodic homotopy for all n > k + 1, by using vanishing line theorems (see
[38] and [39] for more details). Thus we have the Goodwillie tower of the identity functor

ITonX = S(ZS)J’ 1. where non-trivial layer appear only forn = 1, -+, p*.

Pl (X) <—— Dkl (X)

;

Py2I(X) <—— Dp2I(X)

P,I(X) <—— D,I(X)

/

X = &t ———— PII(X) <—— DiI(X)

Theorem 4.4 (Arone-Mahowald [11], Theorem 4.1): For X = S5+, the map
X — Pkl (X) is vj-periodic equivalence for all 0 < j < k.

Thus the Goodwillie tower of the identity functor l on X = S (Zps)+ 1 converges in vy -
periodic homotopy. Then Arone and Mahowald made this into a fiber sequence (see [11]

Proposition 4.7 for details)

PA(SET) — QRI(SE)) — QRI(SE™

to deduce that the Goodwillie tower of the identity functor / on X = S (sz) converges in V-
periodic homotopy. Thus, the Goodwillie towers of the identity functor on all dimensional

spheres converge in vi-periodic homotopy.
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Theorem 4.5 (Arone-Mahowald [11], Theorem 4.4): For an even dimensional sh-
pere X = S(sz) localized at prime p, the n-th layer D,,1(X) is weakly contractible for
n # p* or 2p*, has only p-primary torsion for n = p* or 2p*.

We have the following Goodwillie tower of the identity functor on X = S(sz).

Dol (X) — Pyil (X) Pl (X) <—— Dyl (X)
Dyp2(X) —> P2l (X) P,21(X) <—— Dp2I(X)
Dypl (X) — Py, I (X) P,I(X) <—— D,I(X)

DyI(X) —— Pl (X) =<—— X = §§) ————> PII(X) =<—— D,1(X)

Theorem 4.6 (Arone-Mahowald [11], Theorem 4.5): Forp > 2, X = S(Zg), the
map X — P, kl(X) is vg-periodic equivalence. If p = 2, then the map X — Pjr+11(X)

is vi-periodic equivalence.

4.2.3 Examples of Divergent Towers

We now introduce some results about divergent Goodwillie towers.
Definition 4.5: Given k generators x4, -, x) corresponding based connected spaces
Xq,+, X, we say that x; is a Lie word. If u, v are Lie words, then the Lie bracket [u, v]
is also a Lie word. See [40] for more details.
We denote the ordered set of these Lie words with k generators as L.
Example 4.2: We evaluate these Lie words on a k-tuple of based connected spaces
X4, Xi by letting the Lie bracket act as the smash product. For example:
(1) g, [x2, %2]1 (X1, X2, X3) = X1 A Xz A X,
(2) [x2, [x3,x3]] (X1, X2, X3) = X2 AX3 A X3.
Theorem 4.7 (Brantner-Heuts [15], Theorem 2.3): Given based connected spaces
Xy, -+, X, there is a weak equivalence

1_[ QEW(Xy, -, X)) — QE(X, V-V Xp)

WELL
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where [T is the weak infinite product.

Then we need the following two lemmas.
Lemma 4.2 (Brantner-Heuts [15], Lemma 2.1): LetG : Top, — Top, be areduced
finitary homotopy functor. We denote the iterated wedge sum functor of k terms as V :
Top’*C — Top, let F = G oV : Top, — Top,. Then there are canonical equivalences of

functors from Topic to Top:

(P,G) o \/ — BF — holim B, .., F.

ny++ngsn
This lemma give an equivalence between homotopy functor (P,G) o V, P,F and

multivariable functor B, .., F.

Lemma 4.3 (Brantner-Heuts [15], Lemma 2.4): Let G : Top, — Top, be a re-
duced finitary homotopy functor. Given a k-tuple of natural numbers (a4, -:-, ai), define

a homotopy functor F : Topl*c — Top, as
F(Xy, -, X)) = GXP ™ A A Xp ™).
Then for any (n4, ---, ny) there is a weak equivalence

Pnl,m,nkF(Xl' 'Xk) — Pm n_k]}G(X:/L\al Ao AXI/(\ak)

(il B s

where [%] is the largest integer no greater than %
L L

Then associated with the P, functor, we have the following.
Theorem 4.8 (Brantner-Heuts [15], Theorem 2.5): Given based connected spaces

X1,++, Xk, there is a weak equivalence

QP (EW) Ky, X)) — DPy(EX; V -V EX)
(wi
WELE

where [ﬁ] is the largest integer no greater than |;—|

Proof: By Theorem 4.7, we have a weak equivalence

1_[ Py, ooy CW) Xy, ) Xi)) = QPy ooy B(Xy VooV X ).

WELE

By Lemma 4.2, we have a weak equivalence

QP I(ZX, V- VEIX,) — holim QB .., Z(X{ V-V Xp).
ny+--+ngsn
By Lemma 4.3, we have a weak equivalence

!

n1il9.£-lTTLZSn QP Ew) Xy, -+, Xi)) — nlil-(.).alTrlTI}Sn 1_[ ‘QP[WnH Ew) (X1, -, X,
WEL[ WELL
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which completes the proof. ]
Theorem 4.9 (Brantner-Heuts [15], Corollary 3.3): Given based connected spaces
Xq, 0, X, f @, Z(w(Xq, -+, Xi)) 1s not contractible for infinitely many w € Ly, then the

canonical map
d,(ZX, V- VEX) — holim ®,P,(2X; V-V ZX})

is not an equivalence.
Brantner and Heuts [15] found that the Goodwillie tower on the wedge sum of
spheres is divergent in v -periodic homotopy.
Theorem 4.10 (Brantner-Heuts [15], Theorem 3.4): For given m,n > 2, the
Goodwillie tower of the identity functor on S™ Vv S™ is infinite and fails to converge under
Vi -periodic homotopy.
Proof: We consider the case where each X; is a sphere of dimension at least 1. By
Theorem 4.3 and 4.5, the stages become constant at stage p* or 2p* (meaning the se-
quence becomes constant after p* or 2p*) in v,-periodic homotopy. Then by Theorem
4.8, QP[lnm]Z(W(Xl, -, X)) only becomes constant for |w|p* or 2|w|p* but they has no
bound. Thus, the Goodwillie tower in this case is infinite. Then by Theorem 4.9, for each
X; 1s a sphere of dimension at least 1, this Goodwillie tower fails to converge. ]
Moreover, they also proved, for givenn > 5 and an odd prime p, that the Goodwillie
tower of the identity functor [ is divergent on mod p Moore space S™/p in v;-periodic

homotopy. See [15] Theorem 5.4 for details.
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CONCLUSION

The contributions include the following.
(1) Explaining how to construct the Goodwillie tower of a homotopy functor F.
(2) Explaining how to construct the one-to-one correspondence between n-
homogeneous functors and symmetric multilinear functors.
(3) Introducing how to calculate the stable homotopy group of QS™ by the Snaith
Splitting.
(4) Introducing some applications on the unstable v -periodic homotopy.
Further researches include the following.
(1) Construct another kind of approximation for a homotopy functor F, which is
better to calculate than n-excisive approximations.
(2) Extend the Goodwillie tower in the negative range, with some new definitions,
where some divergent results become convergent in the negative range.
(3) Explicit calculations with vy -periodic Goodwillie towers for k = 2, analogous
to the k = 1 case studied by Arone and Mahowald.
(4) Explore new examples of convergent and divergent Goodwillie towers after

Berehus-Rezk and Brantner-Heuts.
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