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摘 要

摘 要

在凝聚态物理领域拓扑奇点已成为一个核心焦点。在参数化哈密顿量描述的

物质系统中，特征值简并点便会是一个奇点，典型例子包括外尔点、狄拉克点以

及节线。这些奇点与拓扑边缘态、手性朗道能级等丰富物理现象直接相关。因此，

对拓扑奇点进行数学分类，对于理解拓扑物质相的本质、预测物性具有理论价值。

该领域的理论探索可追溯至 Mermin 运用同伦理论对有序介质中拓扑缺陷的

分类工作。Mermin通过将物理系统描述为从空间到有序参数空间的映射，开创了

用代数拓扑研究物理系统的范式。此后，越来越多的拓扑工具被引入能带节点的

分类研究中，例如吴泉生等人研究了节线的拓扑分类、非阿贝尔基本群对应非交

换的拓扑荷。然而，既有工作大多集中于特定系统的具体计算，尚缺少一个能够

统一刻画特征值构型及其特征空间拓扑性质的数学框架。

本文致力于运用代数拓扑方法，建立一套分类参数化二能带三能带厄米和赝

厄米哈密顿量中拓扑奇点的理论框架。针对二能带厄米系统与三能带厄米系统，我

们可以从丛理论进行分类（对于二能带厄米系统我们还可以从模空间的基本群进

行分类），并且提供了球体可视化基本群，加深了对分类的理解。对于二能带赝厄

米的情形，可以严格计算讨论清楚。尽管三能带非厄米系统的严格分类尚未最终

完成，本文仍从两个角度提供了研究的切入点。其一，针对非厄米系统，其矩阵特

征多项式具有对称性，可减少三能带非厄米体系的自由参数数目，从而大幅简化

了问题。其二是将相交同调这一拓扑工具引入物理学，提供了参数空间丰富的拓

扑信息。我们计算了各种参数化矩阵参数空间（分层奇异空间）的相交同调，获得

有趣的结果，并且证明了一个方便计算相交同调的定理，为后续工作开展准备了

例子。

本文的核心创新是相交同调的引入，这为处理分层奇异参数空间开辟了新途

径。后续的深入工作是计算分层奇异空间的相交同伦，这将能更好的与丛理论适

配从而获取特征向量的信息。

关键词：代数拓扑；相交同调；丛理论
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ABSTRACT

ABSTRACT

Topological singularities are a hot topic in modern mathematical physics and con-

densed matter physics. In a parametrized Hamiltonian matrix, singularities arise where

eigenvalues degenerate. These singularities are related to rich physical phenomena, such

as topological edge modes and chiral Landau levels. Consequently, classifying topolog-

ical singularities mathematically will enhance our insight into the nature of topological

phases and facilitate the discovery and engineering of novel topological materials.

The problems of topological classification of singularities can be traced back to the

pioneering work of Mermin, who applied homotopy theory to classify topological de-

fects in ordered media. By interpreting physical systems as maps from real space into an

order-parameter space, Mermin laid the groundwork for applying algebraic topology to

physics. Subsequently, topological tools have been increasingly applied to the classifi-

cation of singularities. For instance, Wu et al. investigated the topological classification

of nodal lines in weak spin-orbit coupling systems, where a non-Abelian fundamental

group corresponds to non-commutative topological charges. However, the existing re-

search often focuses on specific calculations for particular systems. Hence, we need a

unified mathematical framework to consider the topology of eigenvalue configurations

and the topological properties of eigenspaces.

This work aims to develop a theoretical framework for classifying topological singu-

larities in parametrized two- and three-band (pseudo) Hamiltonians using methods from

algebraic topology. For two- and three-band Hermitian systems, we achieve classification

via bundle theory (for two-band systems, we can also classify the fundamental group of

the moduli space) and provide a sphere visualization of the fundamental group, thereby

deepening understanding of the classification. The two-band pseudo-Hermitian case can

be rigorously calculated. Although a strict classification for three-band pseudo-Hermitian

systems remains incomplete, we provide two promising methods for investigation. First,

we reduce the number of free parameters in three-band pseudo-Hermitian systems using a

method based on the translation invariance of the characteristic polynomial, laying a the-

oretical foundation for future research. Second, we introduce intersection homology, a

topological tool, into physics, extracting rich topological information from the parameter

space. We compute the intersection homology of various parametrized matrix parame-
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ABSTRACT

ter spaces (stratified singular spaces) and found interesting, meaningful results. We also

prove a theorem useful for computing intersection homology. This work provides con-

crete examples for subsequent work.

Notably, the introduction of intersection homology opens a new avenue for dealing

with stratified singular parameter spaces, representing the core innovation of this work.

Further work is to compute the intersection homotopy of stratified singular spaces, which

could obtain more topological information about eigenvectors by combining with bundle

theory.

Keywords: algebraic topology; intersection homology; bundle theory
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CHAPTER 1 INTRODUCTION

CHAPTER 1 INTRODUCTION

Topological singularities, arising from points with degenerate eigenvalues in a

parametrized Hamiltonian 𝐻, are fundamental to many areas of modern physics. These
singular points, which include well-known examples such as Weyl points, are associated

with rich physical phenomena, including topological edge modes and chiral Landau lev-

els. These physical systems can be probed and classified by considering loops in the

moduli space of the Hamiltonian, an approach rooted in algebraic topology. The classifi-

cation of these loops provides insight into the behavior and evolution of eigenvalues and

eigenvectors, offering a deeper understanding of the underlying physical systems.

This research seeks to apply algebraic topology, particularly computable invariants,

to classify these topological singularities. By focusing on the algebraic and geometric

aspects of the problem, we aim to develop a comprehensive framework for understanding

the role of topological singularities in various physical contexts.

In Chapter 1, we first introduce some background and Mermin’s pioneering work.

His work motivates many of our ideas. In Chapter 2 and 3, we research the 2-band and3-band Hermitian case, respectively. In Chapter 2, we discuss three topological invari-
ants using three different methods and compare them in Section 2.4. In Chapter 3, we

present two methods for classifying the 3-band Hermitian Hamiltonian. Both methods
are generalizations of the methods in Chapter 2. Then comes the pseudo-Hermitian case.

Chapter 4 uses symmetry of the eigen polynomials to reduce the parameters. Then, we

use intersection homology to extract topological information of the parameter space of

the parametrized matrix in Chapter 5.

1.1 Background

Topological singularities can be understood, from a bird’s-eye perspective, as points

(or higher-dimensional loci) in parameter space—typically momentum space—where the

spectral structure of a system becomes non-regular, such as band degeneracies or gap

closings, and around which topological invariants are defined. In Hermitian systems,

prototypical examples include Weyl points and Dirac points, which act as effective mag-

netic monopoles of Berry curvature in momentum space and are characterized by quan-
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CHAPTER 1 INTRODUCTION

tized topological charges. These singularities organize global band topology and enforce

robust boundary phenomena via bulk-boundary correspondence. From this viewpoint,

non-Hermitian singularities such as exceptional points can be seen as natural generaliza-

tions in which both eigenvalues and eigenvectors become defective, leading to a richer

classification problem that extends the Hermitian paradigm to include spectral winding,

nontrivial braiding, and dynamical responses.

There are many types of singularities in non-Hermitian systems. Gain and loss create

new types of singularities called exceptional points (EPs). For example, Xue et al. [1]

discovered a phenomenon called edge burst. This happens when the imaginary gap closes

at a spectral singularity, leading to a transient and highly amplified accumulation of states

at the boundary. This effect shows that singular points in non-Hermitian bands can in-

duce dynamic responses that are not seen in standard Hermitian systems. Beyond simple

points, non-Hermitian systems have many different types of higher-dimensional singular-

ities. For example, exceptional lines (ELs) are 1D lines where eigenstates coalesce [2].

Similarly, singularity rings (SRs) are 1D rings that provide a richer geometry than isolated

points [3]. Exceptional surfaces (ESs) are two-dimensional manifolds in parameter space

along which eigenvalues and eigenstates coalesce [4]. In some cases, hypersurface sin-

gularities can lead to extended gap-closing regions in parameter space [5]. From a more

global perspective, one can use “spectral graphs” to group these singularities based on

how their energy branches connect [6].

Topological singularities have potential applications. For example, they are widely

applied in topological photonics. As reviewed in [7], singularities like Weyl points and

Dirac points can be engineered in photonic crystals and waveguide arrays. These points

act as magnetic monopoles and create robust surface states like Fermi arcs. By link-

ing these momentum-space singularities to real-world phenomena, researchers can design

new devices for light control and quantized transport.

To describe these systems, researchers need a new toolkit of topological invariants.

In Hermitian systems, we mainly look at the properties of eigenstates. However, non-

Hermitian topology is much richer because it involves both the winding of eigenvalues

and the movement of eigenvectors [8]. There are many tools in mathematics that can

help classify topological singularities. Researchers find that these singularities can form

complex knots. In these cases, the energy levels wind around each other like a braid. We

can use braid groups to label these points [9]. These eigenvalue knots are unique because

4



CHAPTER 1 INTRODUCTION

they can undergo phase transitions that do not exist in normal systems [10]. In these sys-

tems, the energy levels wrap around each other like strings in a braid, forming geometric

knots. The way these knots twist is measured by a value called the discriminant invariant

[9, 11]. Furthermore, “resultant winding numbers” provide a simple way to classify com-

plex points where many energy bands meet [12–16]. This framework helps us understand

how these points double and spread in different dimensions. Other models use Riemann

surfaces to describe how multiple singularities work together [17], or show that physical

effects like hydrodynamics can create bulk Fermi arcs by pairing different points [18].

Another powerful method is the “singular value decomposition” (SVD). This method is

very useful because it provides a framework to restore a generalized bulk-boundary cor-

respondence, which often fails in non-Hermitian systems [19–23]. By using SVD, we can

create a new kind of spectrum that treats point gaps and line gaps differently [24]. This

ensures that the topology we calculate in the bulk correctly predicts the states we see at

the edges.

Homotopy theory in algebraic topology also plays an important role in the classi-

fication of topological singularities. The work in [25] studies a three-band model and

finds a swallowtail shape that connects nodal lines and exceptional lines. This shows that

different types of singularities are not isolated; they are stably connected. To classify

these structures, researchers use tools from homotopy theory. For instance, the authors

of [26] use homotopy groups to describe nodal lines with 𝑃𝑇 symmetry. They found

that topological charges can be non-Abelian, meaning the lines can braid with each other.

Similarly, Wojcik Charles C. et al. uses homotopy to classify gapped phases and define

stable topological indices [27].

In our thesis, we focus on many tools in algebraic topology. In addition to homo-

topy theory, we are also concerned with theories such as bundle theory and intersection

homology. In the rest of this section, we briefly review the theory of topological defects

established by Mermin in [28], whose pioneering work laid the foundation for utilizing

algebraic topology in the classification of topological singularities.

Definition 1.1.1. Let 𝒮 be the space of the state at a point, the element in 𝒮 is called order
parameter and 𝒮 is called ordered parameter space. An ordered medium can be described

by a map 𝑓 ∶ ℳ → 𝒮, whereℳ is a space.

Example 1.1.2. (Planar spins) Takeℳ to be a region in ℝ3, and let 𝒮 = 𝑆1. Define𝑓 ∶ ℳ → 𝑆1, 𝑓(r) = 𝑒𝑖𝜙(r),
5



CHAPTER 1 INTRODUCTION

where 𝜙 ∶ ℝ3 → [0, 2𝜋). This assigns to each point ofℳ a unit vector in the plane.

Example 1.1.3. (Ordinary spins) Letℳ be a region in ℝ3, and let 𝒮 = 𝑆2, the 2-sphere.
Let 𝑓 ∶ ℳ → 𝑆2. This assigns to each point ofℳ a unit vector in ℝ3.
Example 1.1.4. (Biaxial nematics) Takeℳ be a region in ℝ3. Take𝒮 = {rectangular box with fixed size centered at origin in ℝ3} = SO(3)/D2.
So an order medium meets above requirements is a spaceℳ with a map 𝑓 ∶ ℳ → 𝒮.
Example 1.1.5. (Dipole-locked 𝐴 phase of superfluid helium-3) Takeℳ be a region inℝ3. Take 𝒮 = {distinguished orthonormal axes}. Since distinguished orthonormal axes
can be viewed as two orthonormal sticks, 𝒮 = SO(3).

Next, we consider the special case of Brillouin zone 𝐵𝑍. Let 𝐻 ∶ 𝐵𝑍 → 𝒮 be a

map assigning each 𝑘 ∈ 𝐵𝑍 to a Hamiltonian. Let 𝜄 ∶ 𝑆𝑝 → 𝐵𝑍 be a null homotopic

embedding. Then [𝐻 ∘ 𝜄] ∈ 𝜋𝑝(𝒮).
If 𝜄(𝑆𝑝) encloses a node in the space 𝒮, 𝜄(𝑆𝑝) cannot contract to a point, and thus[𝐻 ∘ 𝜄] ≠ 0.
Definition 1.1.6. We call [𝐻 ∘ 𝜄] ∈ 𝜋𝑝(𝒮) a topological charge of the node.
Example 1.1.7. (Planar spins) 𝜋1(𝑆1) = ℤ, the group elements are called winding num-
ber.

Example 1.1.8. (Ordinary spins) Takeℳ be a region in ℝ3. Take 𝒮 = 𝑆2. Since all
loops on 𝑆2 can be shrunk to a constant loop, we have 𝜋1(𝑆2) = 0.

To figure out the case in biaxial nematics, we need the following useful fact. A

detailed proof can be seen in [26].

Example 1.1.9. (Biaxial nematics) The fundamental group of SO(3)/D2 is𝜋1(SO(3)/D2) = 𝜋1(SU(2)/D2) = 𝜋0(D2) = 𝜋0(Q) = Q.
Example 1.1.10. (Dipole-locked 𝐴 phase of superfluid helium-3) The fundamental group
of SO(3) is 𝜋1(SO(3)) = 𝜋1(ℝℙ3) = 𝜋1(𝑆3/ℤ2) = ℤ2.

When the space is not based, we consider the free homotopy equivalence between

maps, and then the homotopy group is classified by free homotopy.

Theorem 1.1.11. Let 𝑋 be a space. Let 𝑓 based at 𝑥, 𝑔 based at 𝑦 be two representation
6



CHAPTER 1 INTRODUCTION

elements of 𝜋1(𝑋). Then 𝑓 ≃ 𝑔 by free homotopy precisely when one can find a path

isomorphism 𝑐 taking [𝑓] ∈ 𝜋1(𝑋, 𝑥) to [𝑔] ∈ 𝜋1(𝑋, 𝑦).
Since fusion of nodes corresponds to charge multiplication, it is determined by the

multiplication rule of the conjugacy class.

Example 1.1.12. The quaternion group Q has following conjugate class:𝐶0 ∶= {1}, 𝐶0 ∶= −1, 𝐶𝑥 ∶= {±𝑖𝜎𝑥}, 𝐶𝑦 ∶= {±𝑖𝜎𝑦}, 𝐶𝑧 ∶= {±𝑖𝜎𝑧},
where 𝜎𝑥, 𝜎𝑦, 𝜎𝑧 are Pauli matrices. The multiplication table [28] are as follows:

Figure 1-1 Multiplication table of the conjugacy classes of Q

From the table, we observe that most results consist of a unique conjugate group,

except for some cases where the result is an addition of two conjugate classes. That means

the result is not unique when we do multiplication.

Note that the multiplication of two defects is a path connecting two defects, and let

the two defects fuse to another defect along this path. The non-unique result is rooted in

the non-unique way of this path passing through other defects.

Example 1.1.13. Since −(𝑖𝜎𝑥) = (𝑖𝜎𝑦)(𝑖𝜎𝑥)(𝑖𝜎𝑦)−1,
the 𝑥 defect can converted to its antidefect by passing through 𝑦 defects. Hence, there

are two ways to multiply two 𝑥 defects to obtain different results: the first is to multiply
them trivially; we obtain a nontrivial defect. The second is to multiply them by passing

through 𝑦 defects; we obtain a trivial defect.
We stop the introduction to Mermin’s study here. Mermin’s work introduces homo-

topy theory into the classification of nodes in bands, and later, more and more topological

tools are applied in this problem [26, 27, 29–31].

Mermin’swork studies the topology of an orderedmedium. In this article, we’ll focus

on the topology of the configuration of eigenvectors and eigenvalues of parametrized

Hamiltonians.

7
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1.2 Topology of energy bands

The topology of energy bands is the topology of the configuration of eigenvalues and

eigenspaces.

Figure 1-2 This is the swallowtail space in the parameter space, at which the eigenpolynomial
of matrix in (1-1) is zero.

Example 1.2.1. Consider the matrix

𝐻 = [ 𝑔3 𝑔2−𝑔2 −𝑔3] , 𝑔2, 𝑔3 ∈ ℝ.
We divided the 𝑔3-𝑔2 plane into three regions: Let𝑋0 ∶= {(0, 0)}, 𝑋1 ∶= {(𝑔3, 𝑔3), (𝑔3, −𝑔3) ∣ 𝑔3 ∈ ℝ}, 𝑋2 ∶= ℝ2.
Let 𝜆± be two eigenvalues and𝐸(𝜆) be the eigenspace. In𝑋0, the dimension of eigenspace
is 2 and 𝜆+ = 𝜆− =∶ 𝜆.
In 𝑋1 − 𝑋0, the dimension of eigenspace is 1 and𝜆+ = 𝜆− =∶ 𝜆.
In 𝑋2 − 𝑋1, the dimension of eigenspace is 1 and 𝜆+ ≠ 𝜆−.
It’s a stratified space with each stratum characterizing different behavior of eigenvalues

and eigenvectors.

Definition 1.2.2. If a point in parameterized space does not have 𝑛 distinct eigenvalues,
8
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we say it is a singular point.

Example 1.2.3. (The swallowtail) Consider the parametrized matrix

𝐻 = ⎡⎢⎢⎢⎣
−𝑔1 − 𝑔2 + 1 −𝑔1 −𝑔2𝑔1 𝑔1 + 𝑔3 −𝑔3𝑔2 −𝑔3 𝑔2 + 𝑔3

⎤⎥⎥⎥⎦ , 𝑔1, 𝑔2, 𝑔3 ∈ ℝ. (1-1)

The singular points locally look like a swallowtail, see Figure 1-2. The swallowtail

has four singular lines, and one of them is an isolated singular line; there is one singular

point (meeting point) at the origin. Similarly to the previous example, the swallowtail is

also a stratified space, see [29].

9
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CHAPTER 2 2-BAND HERMITIAN HAMILTONIANS

OVER ℝ
In this section we only consider Hermitian Hamiltonian over ℝ. 2-band Hermitian

Hamiltonian overℝ is the most simple examples which is also significant. The following

ways we only consider loops in gapped region to detect singular points. In this section we

provide several ways of classifying singular points by considering loops not intersecting

with singular points.

2.1 Classifying I: Hopf bundles over ℝ
This section will first review discussion in Section 5.1 in [32], and then apply it to

our problem.

Let 𝑃𝑟𝑖𝑛𝐺(𝑆𝑛) be a collection of all principal 𝐺-bundles over 𝑆𝑛. Since𝑃𝑟𝑖𝑛𝐺(𝑆𝑛) ≃ 𝜋𝑛−1(𝐺),
we have 𝑃𝑟𝑖𝑛𝑆0(𝑆1) ≃ 𝜋0(𝑆0) = {±1}.
So there are only two principal 𝑆0-bundles over 𝑆1 (up to isomorphism). More precisely,

the two principal 𝑆0-bundles over 𝑆1 are trivial bundles and Hopf bundles. The trivial
bundle is 𝑆0 → 𝑆1 × 𝑆0 → 𝑆1
whose total space is disconnected. The Hopf bundle, whose total space is connected, is𝑆0 → 𝑆1 ℎ−→ 𝑆1,
where ℎ ∶ 𝑆1 → 𝑆1, (𝑥1, 𝑥2) ↦ (2𝑥1𝑥2, 𝑥21 − 𝑥22).
Hence, show that a principal 𝑆0-bundle over 𝑆1 a Hopf bundle is equivalent to show that

the total space is connected.

Proposition 2.1.1 (Proposition 4.2 in [32]). Suppose that𝑀 is a smooth manifold, 𝐻(𝑝)
is a complex Hermitian 𝑛 × 𝑛 matrix depending smoothly on the parameter 𝑝 ∈ 𝑀, and

10



CHAPTER 2 2-BAND HERMITIAN HAMILTONIANS OVER ℝ𝑈 ⊂ 𝑀 is an open subset such that the eigenspace corresponding to the 𝑘-th eigenvalue
is one-dimensional on 𝑈. Then one can define a principal U(1)-bundle (or an 𝑆0-bundle)
consisting of normalized eigenvectors corresponding to the 𝑘-th eigenvalue of 𝐻(𝑝) for
all 𝑝 ∈ 𝑈.
Remark 2.1.2. Let 𝜓 be a physical state, then 𝜓 and 𝜆𝜓, ∀𝜆 ∈ U(1) corresponding to
the same state. This physical meaning motivates the existence of U(1)-bundle in above
theorem.

Every symmetric real 2 × 2 matrices is of the form
𝐴 (𝑙, 𝑠, 𝑡) = [𝑙 + 𝑡 𝑠𝑠 𝑙 − 𝑡] ,

which has eigenvalues 𝜆± = 𝑙 ± √𝑡2 + 𝑠2. Consider the eigenbundle corresponding to
eigenvalue 𝜆+. There is no global representation of normalized eigenvector of 𝜆+, so we
define two open sets: let𝑈1 ∶= ℝ2 − {(0, 𝑡)|𝑡 ⩽ 0} and 𝑈2 ∶= ℝ2 − {(0, 𝑡)|𝑡 ⩾ 0}.
In 𝑈1, the normalized eigenvector of 𝜆+ is𝑣1 (𝑙, 𝑠, 𝑡) = 1√2 (𝑠2 + 𝑡2) + 2𝑡√𝑡2 + 𝑠2 ( 𝑡 + √𝑠2 + 𝑡2𝑠 ) ,
and in 𝑈2, the normalized eigenvector corresponding to 𝜆+ is𝑣2 (𝑙, 𝑠, 𝑡) = 1√2 (𝑠2 + 𝑡2) − 2𝑡√𝑡2 + 𝑠2 ( 𝑠−𝑡 + √𝑠2 + 𝑡2 ) .
We observe that 𝑣𝑖(𝑙, 𝑠, 𝑡) is independent of 𝑙 and only depends on 𝑠/𝑡, 𝑖 = 1, 2.
Example 2.1.3. On the line 𝑠 = 2𝑡, we have

𝜙− = [ 1−√521 ] , 𝜙+ = [ 1+√521 ] , 𝑡 > 0,
𝜙− = [ 1+√521 ] , 𝜙+ = [ 1−√521 ] , 𝑡 < 0,

Therefore, there is a change of base space (see Figure ??):

The base space ℝ3 − 0 can change to−−−−−−−−→ ℝ× ℝ>0 × 𝑆1
̇ The “coordinate” 𝑙 and 𝑟 is redundancy, so the eigenbundle is of the form:

11



CHAPTER 2 2-BAND HERMITIAN HAMILTONIANS OVER ℝ𝜋0 ∶ ℝ × ℝ>0 × 𝐸 → ℝ × ℝ>0 × 𝑆1, (𝑙, 𝑟, 𝑥) ↦ (𝑙, 𝑟, 𝜋(𝑥)),
where 𝜋 ∶ 𝐸 → 𝑆1 is a 𝑆0-bundle over 𝑆1. In the following, we only focus on 𝑆0-bundle𝜋 ∶ 𝐸 → 𝑆1.

Figure 2-1 The coordinate system (𝑙, 𝑟, 𝑥) on ℝ3 ∖ {0}. Here, 𝑙, 𝑟, and 𝑥 denote the geometric
quantities indicated in the figure, providing an alternative parametrization of points in ℝ3 ∖ {0}
besides the standard Cartesian coordinates.

Proposition 2.1.4. 𝑣1 defines a local section of 𝐸 over 𝑆1.
Proof. We want to show 𝜋𝑣1|𝑆1 = 𝑖𝑑, i.e., 𝜋𝑣1(𝑥) = 𝑥, ∀𝑥 ∈ 𝑆1. It suffices to show𝑣1(𝑥) ∈ 𝜋−1(𝑥). Since 𝜋−1(𝑥) is the fiber, and 𝑣1(𝑥) is the first eigenvector at 𝑥, we
have 𝑣1(𝑥) ∈ 𝜋−1(𝑥) by construction of eigenbundle.

Recall that 𝑣𝑖(𝑙, 𝑠, 𝑡) = 𝑣𝑗(𝑙, 𝑠, 𝑡)𝑡𝑗𝑖(𝑙, 𝑠, 𝑡), 𝑖, 𝑗 = 1, 2,
where 𝑡12 and 𝑡21 are transition functions defined on 𝑈1 ∩ 𝑈2 = ℝ2 − {(0, 𝑡)|𝑡 ∈ ℝ}.
Since eigenvectors only depends on 𝑠/𝑡, it suffices to consider them on the circle𝑠2 + 𝑡2 = 1.

𝑣1(𝑙, 𝑠, 𝑡) = 1√(𝑡 + 1)2 + 𝑠2 [𝑡 + 1𝑠 ]
= 1√𝑠2(𝑡 + 1)2 + 𝑠4 [|𝑠|(𝑡 + 1)𝑠2 ] ,

and

𝑣2(𝑙, 𝑠, 𝑡) = 1√(−𝑡 + 1)2 + 𝑠2 [ 𝑠−𝑡 + 1]
12
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= 1√𝑠2(𝑡 + 1)2 + (1 − 𝑡2)2 [𝑠(𝑡 + 1)1 − 𝑡2 ]
= 1√𝑠2(𝑡 + 1)2 + 𝑠4 [𝑠(𝑡 + 1)𝑠2 ] .

Hence,

𝑡12(𝑠, 𝑡) = 𝑡21(𝑠, 𝑡) = {1, 𝑠 > 0−1, 𝑠 < 0 .
Proposition 2.1.5. The total space is connected, and thus the bundle is isomorphic to the

Hopf bundle.

Proof. By Property 2.23 in [33]: If 𝒰 is a connected covering of a topological space 𝑋
and 𝑋 has a subset 𝐴 with 𝐴 ∪ 𝑈𝑖 ≠ ∅ for any 𝑈𝑖 ∈ 𝒰, then 𝑋 is connected.

Denote 𝑉1 = 𝑆1 − {(0, −1)} and 𝑉2 = 𝑆1 − {(0, +1)}. Note that𝑣1|𝑉1 ∶ 𝑉1 → 𝑣1(𝑉1)
and 𝜋|𝑣1(𝑉1) ∶ 𝑣1(𝑉1) → 𝑉1
are inverse, because 𝑣1 are local sections of 𝐸 over 𝑆1(meaning that 𝑣1 is injective). So
as 𝑣2|𝑉2 and 𝜋|𝑣2(𝑉2). 𝜋−1 is continuous and 𝜋−1(𝑉𝑖) is connected, so {𝜋−1(𝑉𝑖)} is a
connected covering of 𝐸. Then we have𝜋−1(𝑉1) ∪ 𝜋−1(𝑉2) = 𝜋−1(𝑆1) = 𝐸.
Let 𝐻 = {(𝑠, 𝑡)|𝑠 > 0} ⊂ 𝑉1 ∩ 𝑉2
be a connected subset. We’ve proved 𝑣𝑖𝑡𝑖𝑗 = 𝑣𝑗 and 𝑡𝑖𝑗 = 1 for 𝑠 > 0. So 𝑣1(𝐻) is
equal to 𝑣2(𝐻) and we denote them as 𝑣(𝐻). 𝑣(𝐻) ∩ 𝜋−1(𝑉𝑖) ≠ ∅, 𝑖 = 1, 2. Using the
property above, 𝐸 is connected. Thus 𝐸 is a Hopf bundle.

Theorem 2.1.6. Let 𝐴 (𝑙, 𝑠, 𝑡) = [𝑙 + 𝑡 𝑠𝑠 𝑙 − 𝑡] ,
which has eigenvalues 𝜆± = 𝑙±√𝑡2 + 𝑠2 be a symmetric real matrix where (𝑙, 𝑠, 𝑡) ∈ ℝ3.
Then there is a 𝑆0-bundle over ℝ3 − {(𝑙, 0, 0)|𝑙 ∈ ℝ} with fiber being the eigenspace
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corresponding to 𝜆+. Then this bundle over any loops enclose ̂𝑙-axis is a Hopf bundle
while over the loop not enclose ̂𝑙-axis is a trivial bundle, see Figure 2-2.

Replacing first eigenvalues tosecond eigenvalues, the statement is also true.

Figure 2-2 A loop in the parameter space 𝑙-𝑠-𝑡 enclosing the ̂𝑙-axis. The two eigenvectors
along the loop each form a Hopf bundle, represented in blue and yellow respectively.

It leads to that the eigenvector of first (resp. second ) eigenvector changes sign after the

parameter evolves along the whole round of the loop enclosing ̂𝑙-axis. A summary is in

T able2-1.

Loop Encloses ̂𝑙 Not encloses ̂𝑙
Eigenbundle of the first/second eigenvector Hopf trivial

State of first/second eigenvector after rotation around the loop changes sign initial
Table 2-1 Classification of loops around the degeneracy axis.

We compare our construction with the Berry-phase formulation. Following the ap-

proach in [34], we recall that if an electron’s spin is guided adiabatically along an arbitrary

closed loop by a magnetic field, the resulting change in the geometric phase is equal to mi-

nus one-half of the solid angleΩ subtended by the area swept out by the tip of the magnetic
field vector. Specifically, for a system described by the parameterized Hamiltonian:

𝐻(𝜃, 𝜙) = ℏ2 ( cos𝜃 sin𝜃𝑒−𝑖𝜙
sin𝜃𝑒𝑖𝜙 − cos𝜃 ) ,

the Berry phase is given by 𝛾 = −12Ω.
14
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In this thesis, we utilize the matrix representation:

𝐴(𝑙, 𝑠, 𝑡) = [𝑙 + 𝑡 𝑠𝑠 𝑙 − 𝑡] .
By mapping the parameters as follows:⎧⎪⎪⎨⎪⎪⎩

𝑙 + 𝑡 = cos𝜃𝑙 − 𝑡 = − cos𝜃𝑠 = sin𝜃𝑒𝑖𝜙𝜙 = 0
⟹ ⎧⎪⎨⎪⎩

𝑙 = 0𝑡 = cos𝜃𝑠 = sin𝜃 .
The following three cases provide evidence that our topological classification aligns with

this physical description:

The first case is the parameter 𝜃 ranges from 0 to 2𝜋. The corresponding solid angle
is Ω = 2𝜋, which yields a nontrivial Berry phase 𝛾 = −12(2𝜋) = −𝜋. In the 𝑙-𝑠-𝑡 space,
the trajectory is a loop [0, 2𝜋] → ℝ3 defined by 𝜃 ↦ (0, sin𝜃, cos𝜃). This loop encloses
the ̂𝑙-axis, characterizing a nontrivial bundle (Hopf bundle). This topological result is

consistent with the nontrivial Berry phase.

The second case is the parameter 𝜃 ranges from 0 to 𝜋 and then returns to 0. The
resulting solid angle is Ω = 0, leading to a trivial Berry phase 𝛾 = 0. The corresponding
path in 𝑙-𝑠-𝑡 space is a semi-circle from (0, 0, 1) to (0, 0, −1) that is retraced. Since this
loop does not enclose the ̂𝑙-axis, it corresponds to a trivial bundle, matching the physical
prediction.

The third case is the parameter 𝜃 ranges from 0 to 4𝜋. The solid angle is Ω = 4𝜋,
giving a Berry phase of 𝛾 = −2𝜋. Physically, this is trivial as the phase factor 𝑒−𝑖2𝜋 = 1
leaves the state 𝜓 invariant. In 𝑙-𝑠-𝑡 space, the loop encircles the ̂𝑙-axis twice. This

configuration represents a direct sum of two Hopf bundles, which is topologically trivial

in this context, aligning with the trivial Berry phase.

2.2 Classifying II: Fundamental group of moduli space

In classifying I, we consider two eigenvectors separately, which is useful when two

eigenvectors have high symmetry. In this section, we provide the second classification

considering two eigenvectors simultaneously.

In order to more clearly represent the underlying physical meaning, we introduce a

different notation from that employed in the previous section. We denote eigenvetor asso-

15
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ciated to eigenvalue 𝜔± by 𝜙±. Recall any Hermitian 2 × 2 matrix 𝐻 can be represented

by Pauli matrix:

𝜎1 = [0 11 0] , 𝜎2 = [0 −𝑖𝑖 0 ] , 𝜎3 = [1 00 −1] ,
i.e., 𝐻2 = 𝑓0𝐼 + 𝑓1𝜎1 + 𝑓2𝜎2 + 𝑓3𝜎3. With PT-symmetry (to make 𝐻2 real), 𝑓2 = 0. So
the Hamiltonian takes the form𝐻2 = [𝑓0 + 𝑓3 𝑓1𝑓1 𝑓0 − 𝑓3] .
Its eigenvalues and eigenvectors are:(𝑓1 ≠ 0)𝜔− = 𝑓0 − √𝑓12 + 𝑓32 , 𝜔+ = 𝑓0 + √𝑓12 + 𝑓32,

𝜙− = [ −−𝑓3+√𝑓12+𝑓32𝑓11 ] , 𝜙+ = [ −−𝑓3−√𝑓12+𝑓32𝑓11 ] ,
(𝑓1 = 0, 𝑓3 < 0)𝜔− = 𝑓0 − |𝑓3|, 𝜔+ = 𝑓0 + |𝑓3|,

𝜙− = [ 10 ] , 𝜙+ = [ 01 ] ,(𝑓1 = 0, 𝑓3 > 0)𝜔− = 𝑓0 − |𝑓3|, 𝜔+ = 𝑓0 + |𝑓3|,
𝜙− = [ 01 ] , 𝜙+ = [ 10 ] .

Since eigenvectors are independent on 𝑓0, so we assume 𝑓0 = 0. We first depict

eigenspace spanned by 𝜙−(blue) and 𝜙+(red) in Figure 2-3, where the short sticks de-
notes 1-dimensional eigenspaces.

We have the following observation: Firstly, along the line 𝑓1 = 𝑘𝑓3, the system has

same eigenvectors. Secondly, this field is a good example for a system that should rotate4𝜋 to return to initial, see Figure 2-4; the blue round is rotating 2𝜋, turning the vector to its
inverse; the red round is the second round of rotating 2𝜋, turning the vector to its initial.
Thirdly, this leads to an interesting phenomenon: eigenvectors swapping. Since rotating𝜋 along the loop corresponding to rotating 𝜋/2 of eigenvectors and the angle between 𝜙±
is 𝜋/2, we have the swapping of 𝜙+ and 𝜙− when we “passing through” the origin. See
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Figure 2-5. Here, the “swap” means the first eigenvector becomes the second eigenvector

and the second eigenvector becomes the first eigenvector.

Figure 2-3 The eigenvector field over the parameter space 𝑓1-𝑓3. To each point in parameter
space, we assign two 1-dimensional eigenspaces of the parametrized matrix, depicted in blue 𝜙−
and red 𝜙+.

Figure 2-4 Evolution of an eigenvector around a singular point in parameter space. After one
revolution, the eigenvector changes sign and does not return to its initial state. A second
revolution is required to recover the original eigenvector. The blue and red arrows represent the
first and second revolutions, respectively.

The eigenvalues do not matter; the order of corresponding eigenvectors matters. So

we focus on the ordered pair (𝜙−, 𝜙+). The moduli space is 𝑀2 ∶= {(𝑓3, 𝑓1) ∈ ℝ2}/ ∼,
where the relation ∼ is(𝑓3, 𝑓1) ∼ (𝑓′3, 𝑓′1) ⟺ 𝐻2(𝑓3, 𝑓1) and 𝐻2(𝑓′3, 𝑓′1) have same ordered pair (𝜙−, 𝜙+).
We can reduce the problem to study the topology of𝑀2.
Proposition 2.2.1. 𝑀2 ≃ 𝑆1.
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𝜙+ changes to 𝜙−

𝜙− changes to 𝜙+
𝑓3

𝑓1

Figure 2-5 Exchange of eigenvectors across the degeneracy point. As the parameter passes
through the origin in the 𝑓1-𝑓3 plane, the eigenvector 𝜙+ continuously changes into 𝜙−, while𝜙− changes into 𝜙+.
Proof. From observation we have (𝜙−, 𝜙+) coincides on the line. Hence, we only need
to consider 𝐻2 on the unit sphere 𝑆1 in ℝ2. The following will shows on each point in𝑆1 we have different (𝜙−, 𝜙+). On 𝑆1, let 𝑓3 = 𝑐𝑜𝑠𝜃, 𝑓1 = 𝑠𝑖𝑛𝜃. The eigenvalues and
normalized eigenvectors corresponding to 𝜃 are as following:𝜔− = −1, 𝜔+ = 1,

𝜙− = [ − sin (𝜃/2)
cos (𝜃/2) ] , 𝜙+ = [ cos (𝜃/2)

sin (𝜃/2) ] .
We claim that {𝐻2 (𝑓3, 𝑓1) | (𝑓3, 𝑓1) ∈ 𝑆1} 1∶1−−→ (𝑓3, 𝑓1) ∈ 𝑀2. Indeed, there are two ways
to show it.

The first way is to considering 𝐻2(𝜙−). 𝐻2 can be represented by 𝜙−:
𝐻2 = [𝑓3 𝑓1𝑓1 −𝑓3] = [cos𝜃 sin𝜃

sin𝜃 − cos𝜃] = 1 − 2𝜙−𝜙−𝑇,
𝜙− ∈ 𝑆𝑂 (2) 2∶1−−→ 𝐻2(𝜙−) = 1 − 2𝜙−𝜙−𝑇,

since 𝐻2(𝜙−) = 𝐻2(−𝜙−). Hence,𝑀2 = SO(2)/ℤ2 = 𝑆1/ℤ2 = 𝑆1.
The second way is to considering 𝜃:

18



CHAPTER 2 2-BAND HERMITIAN HAMILTONIANS OVER ℝ
𝑒𝑖𝜃 ∈ 𝑆1 1∶1−−→ [cos𝜃 − sin𝜃

sin𝜃 cos𝜃 ] ∈ 𝑆𝑂 (2) 1∶1−−→ 𝜃 ∈ [0, 2𝜋) 1∶1−−→ 𝐻2(𝜃) = [cos𝜃 sin𝜃
sin𝜃 − cos𝜃] .

𝑎 𝑏 𝑐
𝑓3

𝑓1

Figure 2-6 Points lying on the same line through the origin determine the same eigenvector.
Hence eigenvectors are parametrized by directions, represented by points on 𝑆1.
The geometric view is as following: Each point in 𝑆1 repesents an equivalence class in𝑀2. For example, 𝑎 (resp. b,c) represents points (𝑓3, 𝑓1) on the red (resp. yellow, blue)
line (See Figure 2-6). Hence, 𝜋1(𝑀2) = 𝜋1(𝑆1) = ℤ.
2.3 Classifying III: 𝜋1(SO(2)/O(1))

A two band Hamiltonian is 𝐻2 = 2∑𝑗=1 𝑗 |𝑢𝑗𝑘⟩ ⟨𝑢𝑗𝑘| ,
where |𝑢𝑗𝑘⟩ are eigenvectors by spectrum theorem. TheHamiltonian𝐻2 can be determined
by a set of “right hand” orthonormal vectors |𝑢𝑗𝑘⟩ and unchanged for two of eigenvectors
flip: |𝑢𝑗𝑘⟩ ↦ − |𝑢𝑗𝑘⟩ .
Note that 𝐻2 remains unchanged for two eigenvectors flip, not one of them. This is be-
cause we require all eigenvectors to form a right-hand frame (Any odd number flip will
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change the determinant from 1 to −1). Therefore, 𝐻2 can be describe by

SO(2)/O(1) = 𝑆1/ℤ2 = ℝℙ1.
Then 𝜋1(SO(2)/O(1)) = ℤ2 characterize all nontrivial loops in this parametrized sys-
tem.

The visualizing of 𝜋1(SO(2)/O(1)) = ℤ2 is as following: SO(2)/O(1) is 𝑆1 identi-
fying antipodal points. The generator of 𝜋1(SO(2)/O(1)) = ℤ2 is depicted in Figure 2-7.𝜙+

𝜙+ 𝜙−

𝜙−

Figure 2-7 A generator of 𝜋1(SO(2)/O(1)), represented as a nontrivial loop in 𝑆1/ℤ2. Each
point on the loop corresponds to an eigenframe, and traversing the loop describes the continuous
rotation of the eigenframe. The eigenframes at the two ends of the loop are illustrated above.

Along this loop, the eigenvectors evolves to their inverse.

2.4 Comparison of 3 classifying methods
Topological invariants obtained by classification I, II, and III have different mean-

ings.

In classification I the two eigenvectors are orthogonal, so we only consider one

eigenspace. We identify an normalized eigenvector with its inverse, since we use the

language of bundle and the fiber of the bundle is an eigenspace. In classification II, we

distinguish an eigenvector with its inverse. In classification III, the two eigenvectrs form

a right-hand frame, so we can only consider one eigenvector. Quotient O(1) means we
identify an normalized eigenvector with its inverse.

We can choose different topological invariants in different cases by physical mean-

ing.
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A three band Hamiltonian is𝐻𝑘 = 3∑𝑗=1 𝑗 |𝑢𝑗𝑘⟩ ⟨𝑢𝑗𝑘| .
The Hamiltonian 𝐻𝑘 can be determined by a set of “right hand” orthonormal vectors |𝑢𝑗𝑘⟩
and unchanged for two of eigenvectors flip. The Hamiltonian 𝐻𝑘 remains unchanged for
two of the eigenvectors flip, not one or three of them, because we need all eigenvectors

to form a right-hand frame (Any odd number flips will change the determinant from 1 to−1). The Hamiltonian 𝐻𝑘 can be describe by SO(3)/D2. It’s some kind of eigenbundle
of 𝐻𝑘, see Figure 3-1.

Figure 3-1 The D2 fiber bundle structure for a 3-band Hamiltonian. Each fiber consists of four
eigenframes, each formed by three mutually orthogonal eigenvectors. All four points in the fiber
correspond to the same Hamiltonian.

3.1 Classifying I: Universal bundles of D2 → SO(3) → SO(3)/D2
Consider the bundle

D2 ↪ SO(3) 𝜋−→ SO(3)/D2 =∶ 𝑋, 𝜋(𝑥) = 𝑥̄.
The isomorphism classes of principal D2-bundles over 𝑋 are denoted by 𝑃𝑟𝑖𝑛D2(𝑋)
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and 𝑃𝑟𝑖𝑛D2(𝑋) ≃ [𝑋, 𝐵D2],
where 𝐵D2 is the classifying space of D2. The following will show which 𝜙 ∈ [𝑋, 𝐵D2]
corresponds to the principal D2-bundle we considered.

The classifying bundle of O(1) is𝑓 ∶ 𝐸O(1) = 𝑉1(ℝ∞) → 𝐺𝑟1(ℝ∞), 𝑓(𝑣) = span(𝑣).
Then the classifying bundle of

D2 ≃ ℤ2 × ℤ2 = O(1) × O(1)
is the product of two morphisms𝑓 × 𝑓 ∶ 𝑉1(ℝ∞) × 𝑉1(ℝ∞) → 𝐺𝑟1(ℝ∞) × 𝐺𝑟1(ℝ∞).
Remark 3.1.1. 𝑉1(ℝ∞) is the Stiefel manifold. 𝑉𝑘(ℝ𝑛) is the set of all orthonormal 𝑘-
frames in ℝ𝑛.

We need to find 𝜙 ∶ 𝑋 → 𝐺𝑟1(ℝ∞) × 𝐺𝑟1(ℝ∞),
such that 𝜋 ∶ SO(3) → 𝑋 appears in the pullback of 𝜙 and 𝑓 × 𝑓:

SO(3) 𝑉1(ℝ∞) × 𝑉1(ℝ∞) = 𝐸D2
𝑋 𝐺𝑟1(ℝ∞) × 𝐺𝑟1(ℝ∞) = 𝐵D2𝜋 𝑓×𝑓

𝜙
where 𝑓 ∶ 𝑉1(ℝ∞) → 𝐺𝑟1(ℝ∞) is defined by 𝑓(𝑣1) = span(𝑣1). We use the following

representation of SO(3):
SO(3) = {𝑀 ∈ M3×3(ℝ) ∣ 𝑀𝑇𝑀 = 𝐼, det𝑀 = 1}.

Then D2 is
D2 = ⎧⎪⎨⎪⎩𝐼,

⎡⎢⎢⎢⎣
−1 −1 1

⎤⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎣
−1 1 −1

⎤⎥⎥⎥⎦ ,
⎡⎢⎢⎢⎣
1 −1 −1

⎤⎥⎥⎥⎦
⎫⎪⎬⎪⎭ ⊂ 𝑆𝑂(3).
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For any

⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦ ∈ 𝑆𝑂(3) with 𝑙, 𝑠, 𝑡 ∈ 𝑀1×3, the orbital of

⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦ is:⎡⎢⎢⎢⎣

𝑙𝑠𝑡
⎤⎥⎥⎥⎦ ,

⎡⎢⎢⎢⎣
𝑙−𝑠−𝑡
⎤⎥⎥⎥⎦ ,

⎡⎢⎢⎢⎣
−𝑙𝑠−𝑡
⎤⎥⎥⎥⎦ ,

⎡⎢⎢⎢⎣
−𝑙−𝑠𝑡
⎤⎥⎥⎥⎦ .

We claim that 𝜙 ∶ SO(3)/D2 → 𝐺𝑟1(ℝ∞) × 𝐺𝑟1(ℝ∞) is
𝜙⎛⎜⎝

⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦⎞⎟⎠ = (span ([𝑙 0 0 ⋯]) , span ([𝑠 0 0 ⋯])) .

Indeed, the pullback of 𝜙 and 𝑓 × 𝑓 is constructed as𝑆 = 𝑋 ×𝐵D2 𝐸D2
= ⎧⎪⎨⎪⎩

⎛⎜⎝
⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦, (𝑣1, 𝑣2)⎞⎟⎠

|| ⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦ ∈ 𝑋, (𝑣1, 𝑣2) ∈ 𝑉1(ℝ∞) × 𝑉1(ℝ∞),
span ([𝑙 0 0 ⋯]) = span(𝑣1), span ([𝑠 0 0 ⋯]) = span(𝑣2)} .

Since 𝑣1, 𝑣2 are orthonormal, we have 𝑣1 = [±𝑙, 0, 0,⋯], 𝑣2 = [±𝑠, 0, 0,⋯]. Then by
the follwoing correspondance, 𝑆 ≃ SO(3):

⎛⎜⎝
⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦, (𝑙, 𝑠)⎞⎟⎠ ↦

⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦ , ⎛⎜⎝

⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦, (−𝑙, 𝑠)⎞⎟⎠ ↦

⎡⎢⎢⎢⎣
−𝑙𝑠−𝑡

⎤⎥⎥⎥⎦ ,
⎛⎜⎝
⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦, (𝑙, −𝑠)⎞⎟⎠ ↦

⎡⎢⎢⎢⎣
𝑙−𝑠−𝑡
⎤⎥⎥⎥⎦ , ⎛⎜⎝

⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦, (−𝑙, −𝑠)⎞⎟⎠ ↦

⎡⎢⎢⎢⎣
−𝑙−𝑠𝑡

⎤⎥⎥⎥⎦
3.2 Classifying II: A ball equipped with information like a bundle

In [26], it is established that 𝜋1(SO(3)/D2) ≃ Q. In this section, we aim to provide

a visualization of SO(3)/D2 and 𝜋1(SO(3)/D2) to offer an intuitive understanding of
how eigenframes rotate.
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Definition 3.2.1. The space of Hamiltonians is defined as:ℋ = {𝐻 = 𝑣𝑇1𝑣1 + 2𝑣𝑇2𝑣2 + 3𝑣𝑇3𝑣3|[𝑣1, 𝑣2, 𝑣3] ∈ SO(3)/D2}.
Remark 3.2.2. For any [𝑣1, 𝑣2, 𝑣3] ∈ SO(3), the following four configurations result in
the same Hamiltonian 𝐻 inℋ, which explains why we quotient by

D2 ∶ [𝑣1, 𝑣2, 𝑣3] ∼ [−𝑣1, −𝑣2, 𝑣3] ∼ [−𝑣1, 𝑣2, −𝑣3] ∼ [𝑣1, −𝑣2, −𝑣3].
3.2.1 Visualizasion of SO(3)/D2

Recall that SO(3) = {𝑀 ∈ 𝐺𝐿(3,ℝ) ∣ 𝑀𝑇𝑀 = 𝐼, det𝑀 = 1}, representing rotations
that preserve orientation. Another way to describe SO(3) is by using rotation parameters-
any rotation can be described by a pair (𝑟̂, 𝜃), which means rotate along 𝑟̂ by 𝜃.
Definition 3.2.3. Let 𝜙(𝑟̂, 𝜃) represent a rotation around the axis 𝑟̂ ∈ 𝑆2 by an angle𝜃 ∈ [0, 2𝜋]. Thus, we can describe SO(3) as:

SO(3) = {𝜙(𝑟̂, 𝜃)|𝑟̂ ∈ 𝑆2, 𝜃 ∈ [0, 2𝜋]}.
Next, we aim to reduce the parametrization of SO(3) and visualize it. Note that𝜙(𝑟̂, 𝜃) = 𝜙(−𝑟̂, 2𝜋 − 𝜃).
Specifically, 𝜙(𝑟̂, 𝜋) = 𝜙(−𝑟̂, 𝜋). The first fact implies that we can always restrict the
parameter 𝜃 to the interval [0, 𝜋]. For example,𝜙(𝑥̂, 3𝜋/2) = 𝜙(𝑥̂, 2𝜋 − 3𝜋/2) = 𝜙(𝑥̂, 𝜋/2).
This leads us to view SO(3) as a solid ball with radius 𝜋. Any point 𝑡 in the ball repre-
sents the rotation 𝜙(𝑡/|𝑡|, |𝑡|). For instance, the bold point in Figure 3-2 corresponds to𝜙(𝑦̂, 𝜋/2), representing a rotation by 𝜋/2 along the 𝑦̂ axis. The second fact implies that
one must identify antipodal points on the ball’s boundary (Figure 3-3).

𝜋/2𝜋
Figure 3-2 Solid ball representation of SO(3). The bold point is 𝜙(𝑦̂, 𝜋/2), representing a
rotation by 𝜋/2 along the 𝑦̂ axis.

Therefore, SO(3) can be described as a ball of radius 𝜋 with antipodal points on the
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𝜙(𝑦̂, −𝜋) 𝜙(𝑦̂, 𝜋)

Figure 3-3 Antipodal points in the solid-ball representation of SO(3).
boundary identified. In other words,

SO(3) ≃ 𝐵3(𝜋)/ ∼,
where 𝑥 equivalent to 𝑦 if and only if 𝑥, 𝑦 ∈ 𝜕𝐵3(𝜋) and 𝑥 = −𝑦.

Next, we turn our attention to visualizing SO(3)/D2.
Fact 3.2.4. The dihedral group D2 consists of the following elements:

D2 = {𝜙(𝑥̂, 𝜋), 𝜙(𝑦̂, 𝜋), 𝜙(𝑧̂, 𝜋), 𝑖𝑑}.
These elements can be represented by the four points shown in Figure 3-4.

𝜙(𝑦̂, 𝜋)𝜙(𝑥̂, 𝜋)

𝜙(𝑧̂, 𝜋)
𝑖𝑑

Figure 3-4 Points in the solid-ball representation of SO(3) corresponding to elements of D2.
In summary, SO(3)/D2 is a ball of radius 𝜋, with two operations applied: glue an-

tipodal points and glue four points in Figure 3-4 to a point.

Fact 3.2.5. 𝜋1(SO(3)/D2) is isomorphic to the quaternion group Q, i.e.,𝜋1(SO(3)/D2) ≃ Q = {±1,±𝑖, ±𝑗, ±𝑘}.
Proposition 3.2.6. There is a bijection between the following spaces:

SO(3)/D2 ↔ space of Hamiltonians ↔ space of eigenframes

Proof. The bijection is established as follows:

SO(3)/D2 ↔ {space of Hamiltonians} ↔ {spaces of eigenframes}𝜙(𝑟̂, 𝜃) ↦ 𝐻 = 𝑢𝑇1𝑢1 + 2𝑢𝑇2𝑢2 + 3𝑢𝑇3𝑢3 ↦ [𝑢1, 𝑢2, 𝑢3],
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where [𝑒1, 𝑒2, 𝑒3] is the standard frame in ℝ3 and[𝑢1, 𝑢2, 𝑢3] = 𝜙(𝑟̂, 𝜃)[𝑒1, 𝑒2, 𝑒3].

Hence, any loop in SO(3)/D2 represents the evolution of an eigenframe. Conse-
quently, any element in 𝜋1(SO(3)/D2) can be interpreted as the evolution of an eigen-
frame.

Example 3.2.7. Consider loops 𝐿1, 𝐿5, and 𝐿6 in Figure 3-5, where 𝑥̂, 𝑦̂, and 𝑧̂ correspond
to the first, second, and third eigenvectors, respectively.

Evolution of eigenframe on loop 𝐿1: The first eigenvector (𝑥̂) remains fixed, while
the second (𝑦̂) and third (𝑧̂) eigenvectors rotate by 𝜋.

Evolution of eigenframe on loop 𝐿6: The second eigenvector (𝑦̂) stays fixed, with
the first (𝑥̂) and third (𝑧̂) eigenvectors rotating by 𝜋.

Evolution of eigenframe on loop 𝐿5: The third eigenvector (𝑧̂) is fixed, and the first
(𝑥̂) and second (𝑦̂) eigenvectors rotate by 𝜋.

Figure 3-5 Loops in SO(3)/D2 and the eigenframes at their endpoints.
Example 3.2.8. (Evolution on Loop 𝐿1) Parametrization shown in Figure 3-6.
The rotation matrix for a rotation by angle 𝜓 around the axis [𝑎1, 𝑎2, 𝑎3] is given by:⎡⎢⎢⎢⎣
cos 𝑥 + (1 − cos 𝑥) 𝑎12 (1 − cos 𝑥) 𝑎1𝑎2 − sin 𝑥𝑎3 (1 − cos 𝑥) 𝑎1𝑎3 + sin 𝑥𝑎2(1 − cos 𝑥) 𝑎1𝑎2 + sin 𝑥𝑎3 cos 𝑥 + (1 − cos 𝑥) 𝑎22 (1 − cos 𝑥) 𝑎2𝑎3 − sin 𝑥𝑎1(1 − cos 𝑥) 𝑎1𝑎3 − sin 𝑥𝑎2 (1 − cos 𝑥) 𝑎2𝑎3 + sin 𝑥𝑎1 cos 𝑥 + (1 − cos 𝑥) 𝑎32

⎤⎥⎥⎥⎦ .
In this case, 𝑎1 = 0, 𝑎2 = cos𝜃, 𝑎3 = sin𝜃, and 𝜓 = 𝜋. Therefore, the evolution of
the eigenframe on loop 𝐿1 involves the first eigenvector (𝑥̂) remaining fixed, while the
second (𝑦̂) and third (𝑧̂) eigenvectors rotate by 𝜋.

26



CHAPTER 3 3-BAND HERMITIAN HAMILTONIAN OVER ℝ𝜙((0, 𝑐𝑜𝑠𝜃, 𝑠𝑖𝑛𝜃), 𝜋)𝐿1
𝜃

Figure 3-6 The loop 𝐿1, parametrized by 𝜃.
The eight points in Figure 3-7 represent a single point, and since loops must start and

end at the same point, we only need to consider the loops shown in Figure 3-7.

In summary, all non-trivial loops can be represented by the loops (yellow lines) in

Figure 3-7. (Arrows are omitted for simplicity.)

Figure 3-7 Primitive loops in SO(3)/D2.
Next, we aim to explain 𝜋1(SO(3)/D2).

Proposition 3.2.9. 𝐿1 = 𝐿4.
Proof. In 𝐿1, 𝑦̂ and 𝑧̂ rotate clockwise, while in 𝐿−14 , 𝑦̂ and 𝑧̂ rotate counterclockwise.
Hence, 𝐿1 = (𝐿−14 )−1 = 𝐿4.
Corollary 3.2.10. 𝐿1 = 𝐿2 = 𝐿3 = 𝐿4.
Proof. We have 𝐿3 = 𝐿1 and 𝐿2 = 𝐿4. With 𝐿1 = 𝐿4, we have 𝐿1 = 𝐿2 = 𝐿3 = 𝐿4.
Corollary 3.2.11. The order |𝐿1| = 4.
Proof. 𝐿41 = 𝐿1𝐿2𝐿3𝐿4 =trivial loop and obviously 𝐿21, 𝐿31 ≠ trivial loop.

Corollary 3.2.12. 𝐿21 = −1.
Proof. 𝐿41 = 1 so 𝐿21 = −1.
Similarly, 𝐿7 = 𝐿8, and |𝐿7| = 4. Thus, we only need to focus on the 1/8 ball. Since
it’s known that 𝜋1(SO(3)/D2) ≃ Q, the visualization of 𝜋1(SO(3)/D2) is shown in
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Figure 3-8.

Figure 3-8 Loops in SO(3)/D2 labeled by their corresponding group elements in Q.
Remark 3.2.13. Note that I have selected specific elements to illustrate properties. For

instance, if we prove that 𝐿1 = 𝐿2, we also have 𝐿5 = 𝐿9 in Figure 3-5.
A conjecture is when two eigenvectors rotate by 𝜋, a degeneracy occurs between

these two bands. Furthermore, orientations should be taken into account. For example,

on 𝐿1 (or 𝐿2), the eigenvectors 𝑦̂ and 𝑧̂ rotate by 𝜋, so 𝐿1 (or 𝐿2), being a loop of charge𝑖, encloses a degeneracy occurs between the 2𝑛𝑑 and 3𝑟𝑑 bands with positive orientation.
In contrast, 𝐿−11 encloses a degeneracy that occurs between those bands with negative

orientation.

Remark 3.2.14. For the loop −1, although the eigenframe evolution ends at its initial
state, this is not a trivial loop. It is similar to a spin in physics, which must rotate by 4𝜋
to return to its initial state. A 2𝜋 rotation results in −1 ≠ 1.

Compare our results with Relationship between Figure 3 A, B, C in [26]. This hy-

pothesis implies that 𝐿1𝐿2 surrounds two like-oriented degeneracies arising from the sec-

ond and third bands. Therefore, 𝐿1𝐿2 has a charge of −1. A similar analysis shows that𝐿7𝐿8 encloses two degeneracies with the same orientation formed by the first and second
bands. The transformation in Figure 3A to C [26] represents the deformation from 𝐿7𝐿8
to 𝐿1𝐿2 on our ball, i.e., from 𝑘2 = −1 to 𝑖2 = −1 (see Figure 3-6(b)).

QuanshengWu et al. proposed an experimental plan to verify the non-abelian charge

experimentally [26]. The authors propose utilizing angle-resolved photoemission spec-

troscopy (ARPES) to observe the momentum-space nodal line (NL) configurations in

elemental scandium (Sc) under various strain conditions. Scandium is identified as an

ideal candidate because it possesses a hexagonal close-packed structure and exhibits weak

spin-orbit coupling (SOC); the SOC-induced band splitting is less than 10meV, which is
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negligible relative to the resolution limit of contemporary ARPES instrumentation, thus

validating the SOC-free approximation. The authors propose that the non-Abelian topo-

logical constraints can be verified by using ARPES to observe the strain-induced evolu-

tion of nodal line configurations in scandium, specifically the characteristic transfer and

detachment of crossing points.

This visualization is valuable because the SO(3)/D2 ball captures the rotational be-
haviors of frames within a loop, functioning similarly to a bundle. It presents a compelling

image.

In the non-Hermitian case, if we could identify a group whose loop encompasses

both the evolution of Hermitian and the evolution of eigenframes, we could apply the

same approach. However, finding such a group appears to be quite challenging.
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4.1 2-band real pseudo-Hermitian
In this section, we give a different way to recover results in [31], and this method

can generalize to the discussion for 3-band real pseudo-Hermitian.
Definition 4.1.1. Let 𝜂 = 𝑑𝑖𝑎𝑔[−1, 1]. A 2-band real pseudo-Hermitian Hamiltonian is
a 2 × 2 real matrix 𝐻 satisfying 𝜂𝐻𝜂 = 𝐻†.

Any 2-band real pseudo-Hermitian 𝐻 has the form

𝐻 = [ 𝑎 𝑏−𝑏 𝑐] , 𝑎, 𝑏, 𝑐 ∈ ℝ.
The parametrized eigenpolynomial is 𝜆2 − (𝑎 + 𝑐)𝜆 + 𝑎𝑐 + 𝑏2 = 0. The eigenvalues are𝜆± = 𝑎 + 𝑐 ± √(𝑎 − 𝑐 − 2𝑏) (𝑎 − 𝑐 + 2𝑏)2 .
For 𝑏 ≠ 0, the eigenvector 𝑣± to 𝜆± is

𝑣± = [ 𝑐−𝜆±𝑏1 ] = [ 𝑐−𝑎∓√(𝑎−𝑐−2𝑏)(𝑎−𝑐+2𝑏)2𝑏1 ] .
For 𝑏 = 0, 𝜆+ = 𝑚𝑎𝑥{𝑎, 𝑐}, 𝜆− = 𝑚𝑖𝑛{𝑎, 𝑐}.
When 𝑎 > 𝑐,

𝑣+ = [ 𝑠0 ] , 𝑣− = [ 0𝑡 ] , 𝑠, 𝑡 are real numbers.
When 𝑐 > 𝑎,

𝑣+ = [ 0𝑠 ] , 𝑣− = [ 𝑡0 ] , 𝑠, 𝑡 are real numbers.
When 𝑎 = 𝑐, eigenspace to the eigenvector has dimension 2.
From the computation, the degeneracy surfaces (surfaces that have only one eigenvalue)

are 𝑎 − 𝑐 − 2𝑏 = 0, and 𝑎 − 𝑐 + 2𝑏 = 0. The two planes meet along the line 𝑙 given by𝑦 = 0 and 𝑧 = 𝑥.
We want to compute the configuration of the eigenvectors. Let’s consider the eigen-

vector 𝑣+ first. The main idea is to find points that have the same 𝑣+.
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We compute how parameter 𝑐 affects eigenvectors. Let 𝑐 = 𝑠 where 𝑠 ∈ ℝ is fixed.

Then, we find that:

For 𝑏 not equals to 0,
𝑣+ (𝑎 + 𝑠, 𝑏, 𝑠) = [𝑠 − (𝑎 + 𝑠) ∓ √(𝑎 + 𝑠 − 𝑠 − 2𝑏) (𝑎 + 𝑠 − 𝑠 + 2𝑏)2𝑏1 ]

= [ −𝑎∓√(𝑎−2𝑏)(𝑎+2𝑏)2𝑏1 ] = 𝑣+(𝑎, 𝑏, 0).
For 𝑏 equals to 0 and 𝑎 + 𝑠 > 𝑐, this leads to 𝑎 greater than 0. Hence,𝑣+(𝑎 + 𝑠, 0, 𝑠) = 𝑣+(𝑎, 0, 0).
For 𝑏 equals to 0 and 𝑐 > 𝑎 + 𝑠, this leads to 𝑎 < 0. Hence,𝑣+(𝑎 + 𝑠, 0, 𝑠) = 𝑣+(𝑎, 0, 0).
In summary, the equality 𝑣+(𝑎 + 𝑠, 𝑏, 𝑠) = 𝑣+(𝑎, 𝑏, 0)
holds, that means, the configuration of 𝑣+ has symmetry of translation 𝑐 = 𝑠 plane along
the singular line 𝑙 = {(𝑥, 0, 𝑥)|𝑥 ∈ ℝ}.
By symmetry of translation, we reduce the case to the 𝑐 = 0 plane.

Figure 4-1 Translating the origin of the plane 𝑐 = 0 along the line 𝑙 produces a new plane with
the same eigenvector distribution as the original one. The corresponding eigenvectors, depicted
in red, remain unchanged under the translation.
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We compute the configuration on the line 𝑎 = 𝑘𝑏 for a fixed 𝑘 ∈ ℝ. By the above
conclusion, we only consider 𝑐 equals to 0.
When 𝑏 > 0

𝑣+ = [ −𝑎−√𝑎2−4𝑏22𝑏1 ] = [ −𝑘2 − √𝑘24 − 11 ] .
When 𝑏 < 0

𝑣+ = [ −𝑎−√𝑎2−4𝑏22𝑏1 ] = [ −𝑘2 + √𝑘24 − 11 ] .
When 𝑏 = 0, 𝑎 > 0

𝑣+ = [ 𝑥0 ] , 𝑥 ∈ ℝ.
When 𝑏 = 0, 0 > 𝑎

𝑣+ = [ 0𝑥 ] , 𝑥 ∈ ℝ.

Figure 4-2 Parameter space (𝑎, 𝑏) and the corresponding analytic expressions of the
eigenvectors for different rays, where eigenvectors remain constant along each ray.

We compute limit at 𝑎-axis
When 𝑏 > 0,

lim𝑘→+∞ − 𝑘2 − √𝑘24 − 1 = −∞.
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When 𝑏 > 0,
lim𝑘→−∞ − 𝑘2 − √𝑘24 − 1 = 0+.

When 𝑏 < 0,
lim𝑘→+∞ − 𝑘2 + √𝑘24 − 1 = 0−.

When 𝑏 < 0,
lim𝑘→−∞ − 𝑘2 + √𝑘24 − 1 = +∞.

Figure 4-3 Limiting behavior of eigenvectors in the (𝑎, 𝑏) parameter space as the rays
approach the 𝑎-axis.
By computation of the limit at 𝑎-axis, we have conclusions: The eigenvector 𝑣+ varies

continuously on ℝ2 − {(𝑎, 0, 0)|𝑎 > 0}. Configuration near 𝑎-axis (first component is
real) can be seen in Figure 4-3 and configuration in the region where the first component

is complex can be seen in Figure 4-4.

In summary, the configuration of eigenvectors is 𝑆1 identifies 𝐴1 ∼ 𝐴2, 𝐵1 ∼ 𝐵2 in
Figure 4-5, which is the space 𝑆1 ∨ 𝑆1 ∨ 𝑆1.

So 𝜋1(𝑆1 ∨ 𝑆1 ∨ 𝑆1) = ℤ ∗ ℤ ∗ ℤ classifies the singularity, coinciding with the result
in [31].
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Figure 4-4 Eigenvectors in the complex regime, which remain constant along each ray.

𝑆1
𝐴1

𝐴2𝐵2

𝐵1
𝑏

𝑎

Figure 4-5 Points 𝐴1 and 𝐴2 on 𝑆1 correspond to the same eigenvector, and similarly for 𝐵1
and 𝐵2.
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4.2 Reducing number of parameters in 3-band real pseudo-
Hermitian

In this section, we reduce the parameter spaceℝ6 of a 3-band real pseudo-Hermitian
matrix to ℝ4 by symmetry of eigenpolynomials.
Definition 4.2.1. Let 𝜂 = 𝑑𝑖𝑎𝑔[−1, 1, 1]. The 3-band real pseudo Hermitian𝐻 is a 3×3
matrix 𝐻 satisfying 𝜂𝐻𝜂 = 𝐻†.

The 3-band real pseudo Hermitian 𝐻 is of the form⎡⎢⎢⎢⎣
𝑎 𝑏 𝑐−𝑏 𝑑 𝑒−𝑐 𝑒 𝑓

⎤⎥⎥⎥⎦ , 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 ∈ ℝ.
We show the eigenvectors have translation symmetry. The characteristic polynomial of𝐻 is(𝑎 − 𝜆)(𝑑 − 𝜆)(𝑓 − 𝜆) + 𝑏2(𝑓 − 𝜆) + 𝑐2(𝑑 − 𝜆) − 𝑒2(𝑎 − 𝜆) − 2𝑏𝑐𝑒 = 0 (1)
The eigenvector is the solution to⎡⎢⎢⎢⎣

𝑎 − 𝜆 𝑏 𝑐−𝑏 𝑑 − 𝜆 𝑒−𝑐 𝑒 𝑓 − 𝜆
⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝑥1𝑥2𝑥3
⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
000
⎤⎥⎥⎥⎦ .

Consider the transformation (𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓) shift 𝑎, 𝑑, 𝑓 by 𝑠 and let 𝑎′ = 𝑎 + 𝑠, 𝑑′ =𝑑 + 𝑠, 𝑓′ = 𝑓 + 𝑠. Then the eigenfunction becomes
(𝑎 + 𝑠 − 𝜆′)(𝑑 + 𝑠 − 𝜆′)(𝑓 + 𝑠 − 𝜆′) + 𝑏2(𝑓 + 𝑠 − 𝜆′) + 𝑐2(𝑑 + 𝑠 − 𝜆′)− 𝑒2(𝑎 + 𝑠 − 𝜆′) − 2𝑏𝑐𝑒= (𝑎 − (𝜆′ − 𝑠))(𝑑 − (𝜆′ − 𝑠))(𝑓 − (𝜆′ − 𝑠)) + 𝑏2(𝑓 − (𝜆′ − 𝑠)) + 𝑐2(𝑑 − (𝜆′ − 𝑠))− 𝑒2(𝑎 − (𝜆′ − 𝑠)) − 2𝑏𝑐𝑒= 0 (2)

Comparison with (1) and (2), we have 𝜆′ − 𝑠 = 𝜆. Therefore, the equation⎡⎢⎢⎢⎣
𝑎 + 𝑠 − 𝜆′ 𝑏 𝑐−𝑏 𝑑 + 𝑠 − 𝜆′ 𝑒−𝑐 𝑒 𝑓 + 𝑠 − 𝜆′

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝑥1𝑥2𝑥3
⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
000
⎤⎥⎥⎥⎦
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is equal to the equation ⎡⎢⎢⎢⎣
𝑎 − 𝜆 𝑏 𝑐−𝑏 𝑑 − 𝜆 𝑒−𝑐 𝑒 𝑓 − 𝜆

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝑥1𝑥2𝑥3
⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
000
⎤⎥⎥⎥⎦ .

That means, translation preserves eigenspace.

We show that the eigenvectors have strech symmetry. Consider the transformation:

each coordinate of (𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓) is multiplied by 𝑘 when 𝑘 ≠ 0.
The eigen function becomes(𝑘𝑎−𝜆′)(𝑘𝑑−𝜆′)(𝑘𝑓−𝜆′)+𝑘2𝑏2(𝑘𝑓−𝜆′)+𝑘2𝑐2(𝑘𝑑−𝜆′)−𝑘2𝑒2(𝑘𝑎−𝜆′)−2𝑘3𝑏𝑐𝑒 = 0

Devide it by 𝑘3, we obtain(𝑎−𝜆′/𝑘)(𝑑−𝜆′/𝑘)(𝑓−𝜆′/𝑘)+𝑏2(𝑓−𝜆′/𝑘)+𝑐2(𝑑−𝜆′/𝑘)−𝑒2(𝑎−𝜆′/𝑘)−2𝑏𝑐𝑒 = 0
Comparison with (1), we have 𝜆′/𝑘 = 𝜆. Therefore,⎡⎢⎢⎢⎣

𝑘𝑎 − 𝜆′ 𝑘𝑏 𝑘𝑐−𝑘𝑏 𝑘𝑑 − 𝜆′ 𝑘𝑒−𝑘𝑐 𝑘𝑒 𝑘𝑓 − 𝜆′
⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝑥1𝑥2𝑥3
⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
000
⎤⎥⎥⎥⎦

has the same solution as

⎡⎢⎢⎢⎣
𝑎 − 𝜆 𝑏 𝑐−𝑏 𝑑 − 𝜆 𝑒−𝑐 𝑒 𝑓 − 𝜆

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
𝑥1𝑥2𝑥3
⎤⎥⎥⎥⎦ =

⎡⎢⎢⎢⎣
000
⎤⎥⎥⎥⎦

by primary row transformation.

Hence, the stretch transformation preserves the eigenspace, i.e., we have:𝑣𝑖(𝑎 + 𝑠, 𝑏, 𝑐, 𝑑 + 𝑠, 𝑒, 𝑓 + 𝑠) = 𝑣𝑖(𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓), 𝑖 = 1, 2, 3,
and 𝑣𝑖(𝑘𝑎, 𝑘𝑏, 𝑘𝑐, 𝑘𝑑, 𝑘𝑒, 𝑘𝑓) = 𝑣𝑖(𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓), 𝑘 ≠ 0, 𝑖 = 1, 2, 3.

By above discussion, we can always set one of 𝑎, 𝑑, 𝑓 to 0 and one of the other

elements to 1. This reduces parameters fromℝ6 toℝ4, which is helpful for further work.
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CHAPTER 5 INTERSECTION HOMOLOGY OF THE
BASE SPACE

5.1 Intersection homology

In recent years, intersection homology has become an indispensable tool for study-

ing the topology of singular spaces. While the main results of usual homology theories

often fail for singular spaces, intersection homology effectively recovers these properties,

bridging this critical gap. Appropriate reference for intersection homology/homotopy are

[35–41].

Definition 5.1.1. A filtration is a sequence of closed subsets of 𝑋:𝑋𝑛 ⊇ 𝑋𝑛−1 ⊇ ⋯ ⊇ 𝑋2 ⊇ 𝑋1 ⊇ 𝑋0 ⊇ 𝑋−1
The connected component of 𝑋𝑖 − 𝑋𝑖−1 is called a stratum.

In application, 𝑋𝑖 is always 𝑖-dimensional singularities of 𝑋 A stratum in 𝑋𝑖 − 𝑋𝑖−1
can be viewed as 𝑖-dimensional spaces without lower dimensional singularities.

Let 𝑋 be a filtered simplicial complex. We say 𝑖-simplex 𝜎 is in general position

with respect to a stratum 𝑆 if dim(𝜎 ∩ 𝑆) ⩽ dim(𝜎) + dim(𝑆) − 𝑛 for every stratum 𝑆
of 𝑋. It is always possible for us to move an 𝑖-simplex to be in a general position with
stratum 𝑆 in manifolds. However, this is not true in singular spaces.
Definition 5.1.2. Let 𝑋 be a filtered space of formal dimension 𝑛. Let ℱ denote the set of

strata of𝑋. A perversity on𝑋 is a function 𝑝̄ ∶ ℱ → ℤ such that 𝑝̄(𝑆) = 0 if 𝑆 ⊂ 𝑋𝑛−𝑋𝑛−1.
Definition 5.1.3. 𝑖-simplex 𝜎 is called 𝑝̄-allowable if

dim(𝜎 ∩ 𝑆) ⩽ dim(𝜎) + dim(𝑆) − 𝑛 + 𝑝̄(𝑆)
for every stratum 𝑆 of 𝑋.

This condition controls how far a simplex is allowed to deviate from general position.

If it is too strange, we do not acknowledge it as an allowed i-chain, but if it is not too

strange, we accept it as an allowable i-simplex.

Definition 5.1.4. Let 𝑋 be a filtered simplicial complex with filtration𝑋𝑛 ⊃ 𝑋𝑛−2 ⊇ ⋯ ⊇ 𝑋0.
An 𝑖-chain 𝜁 is called 𝑝̄-allowable if every simplex in 𝜁 and 𝜕𝜁 is 𝑝̄-allowable. Define the
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group 𝐼𝑝̄𝐶𝑖(𝑋) be the subset of 𝐶𝑖(𝑋) consisting of 𝑝̄-allowable 𝑖-chains.
It can be shown that the chain complex (𝐶∗(𝑋), 𝜕) restricts to a chain complex(𝐼𝑝̄𝐶∗(𝑋), 𝜕).

Definition 5.1.5. The intersection homology groups are given by 𝐼𝑝̄𝐻𝑖(𝑋) = 𝐻𝑖(𝐼𝑝̄𝐶⋅(𝑋))
For a topological space, we require that PL intersection homology is independent of

triangulation. Let’s define PL homology first.

Definition 5.1.6. By a triangulation of a topological space 𝑋, we mean a pair 𝑇 = (𝐾, ℎ)
such that: 𝐾 is a simplicial complex that is locally finite and ℎ ∶ |𝐾| → 𝑋 is a homeomor-

phism.

Remark 5.1.7. Local finiteness means: every point 𝑥 ∈ |𝐾| admits a neighborhood 𝑈
that intersects only finitely many simplices.

Definition 5.1.8. Two triangulations 𝑇 = (𝐾, ℎ) and 𝑆 = (𝐿, 𝑗) are said to be equivalent
precisely when 𝑗−1ℎ is a simplicial isomorphism.
Definition 5.1.9. A subdivision of a triangulation 𝑇 = (𝐾, ℎ) is a triangulation 𝑇′ =(𝐾′, ℎ), where 𝐾′ is a subdivision of 𝐾.
Remark 5.1.10. Two triangulations𝑇 = (𝐾, ℎ) and 𝑆 = (𝐿, 𝑗) are said to admit a common
refinement if one can find a subdivision 𝑇′ = (𝐾′, 𝑘) of 𝑇 and a subdivision 𝑆′ = (𝐿′, 𝓁)
of 𝑆 for which the induced map 𝑓 ∶ 𝐾′ → 𝐿′ is a simplicial isomorphism.
Fact 5.1.11. (𝒯,⩽) is a directed set (i.e., the relationship ⩽ satisfying (1) transitive, (2)

reflexive, (3) for any 𝑇, 𝑆 ∈ 𝒯, ∃𝑊 ∈ 𝒯 such that 𝑇 ⩽ 𝑊 and 𝑆 ⩽ 𝑊).

Definition 5.1.12. Let (𝑋, 𝒯) be a PL space. For 𝑇 = (𝐾, 𝑘) ∈ 𝒯, define 𝐶𝑇∗ (𝑋) =𝐶∗(|𝐾|).
Definition 5.1.13. Let 𝑇 = (𝐾, 𝑘) ⩽ 𝑇′ = (𝐾′, 𝑘′)
in 𝒯. We define a map𝐶𝑇∗ (𝑋) = 𝐶∗(|𝐾|) ⟶ 𝐶∗(|𝐾′|) = 𝐶𝑇′∗ (𝑋), 𝜎 ↦ ∑𝜏𝜎⊆|𝜎| 𝜏𝜎.

For 𝜉 = ∑𝑖 𝑎𝑖𝜎𝑖, the map is 𝜉 ↦∑𝑖 𝑎𝑖 ∑𝜏𝜎𝑖⊆|𝜎𝑖| 𝜏𝜎𝑖
𝜎 ↦ 𝜎1 + 𝜎2
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|𝐾| |𝐾′|

𝜎 𝜎1
𝜎2𝑎 𝑎1 𝑎2

Figure 5-1 An example for subdivision chain map.𝜎 + 2𝑎 ↦ 𝜎1 + 𝜎2 + 2(𝑎1 + 𝑎2).
It is straightforward to verify that with the above data, we can define a direct limit

as follows:

Definition 5.1.14. 𝐶𝒯∗ (𝑋) ∶= lim−−→𝑇∈𝒯𝐶𝑇∗ (𝑋), where 𝐶𝑇∗ (𝑋) = 𝐶∗(|𝐾|) for 𝑇 = (𝐾, 𝑘).
Actually, we do not need all triangulations in 𝒯. We only need a subset of 𝒯 con-

taining all subdivisions of a fixed triangulation 𝑇0.
Proposition 5.1.15. Let 𝑋 be a PL space with admissible triangulation 𝒯. Let𝑇0 = (𝐾, 𝑘) ∈ 𝒯
and let 𝒯0 be the subset of 𝒯 consisting of subdivision of 𝑇0. Then𝐶𝒯∗ (𝑋) = lim−−→𝑇∈𝒯𝐶𝑇∗ (𝑋) ≅ lim−−→𝑇∈𝒯0𝐶𝑇∗ (𝑋).
Definition 5.1.16. 𝑋 is a PL space. Define PL homology of PL space (𝑋, 𝒯) asℋ∗(𝑋) ∶= 𝐻∗(𝐶𝒯• (𝑋)).
Proposition 5.1.17. Let 𝑋 be a PL space. Then ℋ∗(𝑋) ≅ 𝐻∗(𝑋), where 𝐻∗(𝑋) can be
singular or simplicial homology with respect to any triangulation.

Remark 5.1.18. PL intersection homology (defined later) may not be isomorphic to 𝐻∗(𝑋)
in general.

Definition 5.1.19. Let𝑋 be a PL filtered space for which each skeleton𝑋𝑖 is a subcomplex
in every admissible triangulation.

Define 𝐼𝑝̄𝐶𝒯∗ (𝑋) ∶= lim−−→𝑇∈𝒯𝐼𝑝̄𝐶𝑇∗ (𝑋), where 𝐼𝑝̄𝐶𝑇∗ (𝑋) ∶= 𝐼𝑝̄𝐶∗(|𝐾|).
Remark 5.1.20. Filtration and perversity of 𝑋 can “move to” |𝐾| by homeomorphism 𝑘.
Definition 5.1.21. We define the PL intersection homology of PL space (𝑋, 𝒯) as𝐼𝑝̄ℋ∗(𝑋) ∶= 𝐻∗(𝐼𝑝̄𝐶𝒯• (𝑋)) ≅ lim−−→𝑇∈𝒯0𝐻∗(𝐼𝑝̄𝐶𝑇• (𝑋)) = lim−−→𝑇∈𝒯0𝐼𝑝̄𝐻𝑇∗ (𝑋),
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where 𝐼𝑝̄𝐻𝑇∗ (𝑋) = 𝐼𝑝̄𝐻∗(|𝐾|)
for 𝑇 = (𝐾, 𝑘).
Definition 5.1.22. Let 𝐿 be a subcomplex of 𝐾. Then 𝐿 is termed a full subcomplex if
whenever a simplex 𝜎 ∈ 𝐾 has all its vertices lying in 𝐿, it follows that 𝜎 ∈ 𝐿.
Definition 5.1.23. An admissible triangulation 𝑇 of a 𝑃𝐿 filtered space 𝑋 with filtration{𝑋𝑖} is called a full triangulation if all 𝑋𝑖 are full subcomplexes of 𝑋.
Theorem 5.1.24. Let 𝑋 be a PL filtered space. Let 𝑇 be a full triangulation and 𝑇′ be an
arbitrary subdivision of 𝑇. Then 𝐼𝑝̄𝐶𝑇∗ (𝑋) ⟶ 𝐼𝑝̄𝐶𝑇′∗ (𝑋)
is an isomorphism.

Corollary 5.1.25. We have

ℋ∗(𝑋) = lim−−→𝑇′∈𝒯0𝐻∗(𝐼𝑝̄𝐶𝑇′• (𝑋)) = 𝐻∗ ( lim−−→𝑇′∈𝒯0 𝐼𝑝̄𝐶𝑇• (𝑋)) = 𝐻∗(𝐼𝑝̄𝐶𝑇• (𝑋)) = 𝐼𝑝̄𝐻𝑇∗ (𝑋).
5.2 Computation of ℝ2 with two degeneracy lines

In this section, we compute the example in Figure 5-2. It is ℝ2 with two degeneracy
lines 𝐿1 and 𝐿2.

ℝ2𝐿1𝐿2

𝑥

𝑦

Figure 5-2 ℝ2 with two degeneracy lines 𝐿1 and 𝐿2.
We have filtration 𝑋2 ⊇ 𝑋1 ⊇ 𝑋0 ⊇ 𝑋−1, where 𝑋2 = ℝ2, 𝑋1 = 𝐿1 ∪ 𝐿2, 𝑋0 = 𝐿1 ∩ 𝐿2.
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The strata are shown in Figure 5-3. We only need to choose a full triangulation to compute

PL intersection homology. We choose a triangulation in Figure 5-4. The computation

proceeds by classifying 𝑖-simplices into several types (see Figure 5-5).
ℝ2𝐿1𝐿2

𝑥

𝑦

Figure 5-3 Strata of 𝑋. There are four strata in 𝑋2 − 𝑋1, depicted in blue; There are four strata
in 𝑋1 − 𝑋0, depicted in red, pink, yellow and green; There is one stratum in 𝑋0, depicted in
purple.

𝐿1𝐿2 ⋯

⋯

⋯

⋯
⋯

⋯

Figure 5-4 A full triangulation of 𝑋.
We assume perversity are same on 𝑂1, 𝑂2, 𝑂3, 𝑂4:𝑝̄ ∶ {Strata of X} → ℤ𝑅𝑖 ↦ 0, 𝑂𝑖 ↦ 𝑝̄(1), 𝑖 from 1 to 4, and 𝑇 ↦ 𝑝̄(2)
The following steps compute the allowability condition for simplices of dimension 0, 1,2. Let 𝜂 be any 2-simplex. It is allowable if

dim(𝜂 ∩ 𝑋0) ⩽ 2 − 2 + 𝑝̄(2) and dim(𝜂 ∩ (𝑋1 − 𝑋0)) ⩽ 2 − 1 + 𝑝̄(1).
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Figure 5-5 Types of simplices: we ignore the intersection with 𝑋2 − 𝑋1 since we can always
ignore the allowability condition on regular strata. The sub-index of a type denotes the
dimension of the simplex, and the corresponding examples are depicted in the same color in
Figure 5-4.

Let 𝑒 be any 1-simplex. It is allowable if
dim(𝑒 ∩ 𝑋0) ⩽ 1 − 2 + 𝑝̄(2) and dim(𝑒 ∩ (𝑋1 − 𝑋0)) ⩽ 1 − 1 + 𝑝̄(1).

Let 𝑣 be any 0-simplex. It is allowable if
dim(𝑣 ∩ 𝑋0) ⩽ −2 + 𝑝̄(2) and dim(𝑣 ∩ (𝑋1 − 𝑋0) ⩽ −1 + 𝑝̄(1)).

These allowability conditions suggest that we need to discuss the problem in 16 cases
based on the value ranges of 𝑝̄(1) and 𝑝̄(2). In each of the 16 cases, we have labeled the
allowable simplices for that case; see Figure 5-6.

Remark 5.2.1. Figure 5-6 is obtained by combining three figures in Figure 5-7.
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Figure 5-6 The allowable simplex type in each case. Note that all cases contain points on the
line. e.g., the bottom right box is 𝑝̄(2) < 0, 𝑝̄(1) ⩾ 1.

(a) Allowable 0-simplices for different
perversities.

(b) Allowable 1-simplices for different
perversities.

(c) Allowable 2-simplices for different
perversities.

Figure 5-7 Allowability conditions for simplices of different dimensions.

Example 5.2.2. Consider the case 1 ⩾ 𝑝̄(2) < 2, 𝑝̄(1) < −1. In this case, we can see in
Figure 5-6 that types 𝐼𝑉1 and 𝐼𝑉2 are allowable. With 𝐼𝑉1, any allowable 0-simplex can
be homologous to each other, so 𝐼𝑝̄𝐻0 = ℤ. The allowable 1-cycles lie in regular strata,
so all 1-cycles are trivial, thus 𝐼𝑝̄𝐻1 = 0. There is no 2-cycle, so 𝐼𝑝̄𝐻2 = 0.

The other cases are obtained similarly. The computation results are shown in Fig-
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ure 5-8.

Figure 5-8 Intersection homology of ℝ2 with two singular lines. From top to bottom is 𝐼𝑝̄𝐻0,𝐼𝑝̄𝐻1, 𝐼𝑝̄𝐻2.
Example 5.2.3. We provide some example loops in Figure 5-9. For 𝑝̄(1) < 0, 𝑝̄(2) ⩾ 1,
loops in Figure 5-9 (𝑎) are trivial, i.e., they are bounded by allowable 2-chains. For𝑝̄(1) < 0, 𝑝̄(2) < 1, the only allowable loops in (𝑏) are trivial loops in regular stratum.
Consider the case 𝑝̄(1) ⩾ 1, 𝑝̄(2) ⩽ 0 in (𝑐), the loop 1, 2, 3 are trivial and loop 4 is
nontrivial, generated 𝐼𝑝̄𝐻1 = ℤ.

44



CHAPTER 5 INTERSECTION HOMOLOGY OF THE BASE SPACE

(a)

(b)

𝑙1

𝑙4
𝑙2

𝑙3

(c)

Figure 5-9 Examples of loops.

In Figure 5-8, from yellow region to green region, we “see” the two singular lines;

From yellow region to red region, we “see” the singular point at the origin. It’s equal

to regular homology 𝐻∗(ℝ2) for nonnegative perversity. More discussion can be seen in

Conjecture 3.4. We divide the results in Figure 5-8 into four parts: 𝐴, 𝐵, 𝐶, 𝐷, see Figure 5-
10. In part 𝐴, type 𝐼𝑉1 are allowable so 𝐼𝑝̄𝐻0 = ℤ. The only allowable 1-simplex is 𝐼𝑉1,
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so any 1-cycle lies in regular strata or touches 𝑋0. Hence 𝐼𝑝̄𝐻1 = 0. In part 𝐵, all 2-
simplex are allowable, so 𝐼𝑝̄𝐻1 = 0. Since type 𝐼𝐼1 is allowable in any case, 𝐼𝑝̄𝐻0 = ℤ.
In part 𝐶, four types of 1-simplices are not allowable, so there are four path components,
and thus 𝐼𝑝̄𝐻0 = ℤ ⊕ ℤ ⊕ ℤ ⊕ ℤ. All allowable 1-cycle lie in the regular stratum, so𝐼𝑝̄𝐻1 = 0. In part 𝐷, the type 𝐼𝐼1 is allowed, so 𝐼𝑝̄𝐻0 = ℤ. There is a nontrivial 1-cycle
that encloses the origin.

Figure 5-10 Division of the results into four parts: 𝐴, 𝐵, 𝐶, and 𝐷.
Conjecture 5.2.4. With nonnegative perversity, the intersection homology of a smooth2-manifold is the same as the general homology.
Sketch of the proof. Let 𝜂 be any 2-simplex. It’s allowable if

dim(𝜂 ∩ 𝑋0) ⩽ 2 − 2 + 𝑝̄(2) and dim(𝜂 ∩ (𝑋1 − 𝑋0)) ⩽ 2 − 1 + 𝑝̄(1).
When perversity is nonnegative, all 2-simplices are allowable up to homology, i.e.,𝐶𝑝̄2 (𝑋) = 𝐶2(𝑋) up to homology.

Let 𝑒 be any 1-simplex. It is allowable if
dim(𝑒∩𝑋0) ⩽ 1−2+𝑝̄(2) = 𝑝̄(2)−1 and dim(𝑒∩(𝑋1−𝑋0)) ⩽ 1−1+𝑝̄(1) = 𝑝̄(1).

From the condition, we find that all 1-simples intersect with 𝑋1−𝑋0 of 0-dimension,
and not containing 𝑋0 is allowable. Since all 2-simplices are allowable and it is a smooth
manifold, we can always (need to be proved) homologously add a 1-simplex to intersect
with 𝑋1 −𝑋0 of 0-dimension and do not contain 𝑋0. Hence all 1-simplex is allowable up
to homology, i.e., 𝐶𝑝̄1 (𝑋) = 𝐶1(𝑋) up to homology.
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Let 𝑣 be any 0-simplex. It is allowable if
dim(𝑣 ∩ 𝑋0) ⩽ −2 + 𝑝̄(2) and dim(𝑣 ∩ (𝑋1 − 𝑋0) ⩽ −1 + 𝑝̄(1)).

We find that all 0-simplex not intersecting 𝑋1 are allowable from the condition. Since

all 1-simplices are allowable and we are in a smooth manifold, we can always homolo-
gize a 0-simplex to a 0-simplex not intersecting 𝑋1. So, all 0-simplex is allowable up to
homology, 𝐶𝑝̄0 (𝑋) = 𝐶0(𝑋) up to homology.

Hence, 𝐼𝑝̄𝐻∗(𝑋) = 𝐻∗(𝑋).
5.3 Compute ℝ2 with one singular point

The parametrization space of a 2-band Hermitian system is ℝ2 with a single singu-
larity at the origin, see Figure 5-11. The types of simplices are in Figure 5-12, and the

allowable simplices in each case are in Figure 5-13. By a similar calculation, the results

are in Figure 5-30.

𝑥

𝑦 ℝ2
singular point

Figure 5-11 ℝ2 with a singular point.

⋯ ⋯ ⋯

⋯⋯

⋯
0-simplex:
1-simplex:

2-simplex:

type 𝐼0 Intersects with 𝑋0
type 𝐼1 Intersects with 𝑋0
type 𝐼2 Intersects with 𝑋0

Figure 5-12 Types of simplices.
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Figure 5-13 Allowable simplices in each case.

Figure 5-14 Intersection homology of ℝ2 with one singular point. From top to bottom is 𝐼𝑝̄𝐻0,𝐼𝑝̄𝐻1, 𝐼𝑝̄𝐻2.
From the yellow region to the green region, the 𝐼𝑝̄𝐻1(ℝ2) varies from 0 to ℤ, meaning
that we detect the singular point at the origin.

5.4 Intersection homology of swallowtail

We consider the filtered space ℝ3 with filtration 𝑋3 ⊃ 𝑋2 ⊃ 𝑋1 ⊃ 𝑋0 ⊃ 𝑋−1 = ∅
where 𝑋3 = ℝ3, 𝑋2 is the yellow surface, 𝑋1 is the red and purple intersection lines and𝑋0 is the origin point, see Figure 5-15. Since there is no nontrivial 3-cycle in 𝐶3(ℝ3), so
is 𝐼𝑝̄𝐶3(ℝ3). Thus 𝐼𝑝̄𝐻3(ℝ3) = 0.

Type of 0-simplex and 1-simplex is shown in Figure 5-16. The allowable 1 and0-simplex for different perversity is shown in Figure 5-17.
Method to obtain Figure 5-17: Here we take type 𝐼𝐼𝐼1 for example. The allowable 1-
simplex 𝑒 satisfies the inequality⎧⎪⎨⎪⎩

dim(𝑒 ∩ 𝑋0) ⩽ 𝑝̄(3) − 2
dim(𝑒 ∩ (𝑋1 − 𝑋0)) ⩽ 𝑝̄(2) − 1
dim(𝑒 ∩ (𝑋2 − 𝑋1)) ⩽ 𝑝̄(1) .

We check Figure 5-16 that the type 𝐼𝐼𝐼1 intersects 𝑋0 at 0 and intersects 𝑋1−𝑋0 at dimen-
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Figure 5-15 Filtration of swallowtail. 𝑋3 = ℝ3, 𝑋2 is the yellow surface, 𝑋1 is the red and
purple intersection lines and 𝑋0 is the origin point.

0-simplex:

1-simplex:

type 𝐼0 Only intersects with 𝑋0
type 𝐼𝐼0 Only intersects with 𝑋1 − 𝑋0
type 𝐼𝐼𝐼0 Only intersects with 𝑋2 − 𝑋1
type 𝐼1 Only intersects with 𝑋1 − 𝑋0 at dim 1
type 𝐼𝐼1 Only intersects with 𝑋2 − 𝑋1 at dim 1
type 𝐼𝐼𝐼1 Intersects with 𝑋0 at dim 0 and with 𝑋1 − 𝑋0 at dim 1
type 𝐼𝑉1 Intersects with 𝑋3 − 𝑋2 at dim 1 and with 𝑋1 − 𝑋0 at dim 0
type 𝑉 Intersects with 𝑋2 − 𝑋1 at dim 1 and with 𝑋1 − 𝑋0 at dim 0
type 𝑉𝐼1 Intersects with 𝑋0 at dim 0 and with 𝑋2 − 𝑋1 at dim 1
type 𝑉𝐼𝐼1 Intersects with 𝑋3 − 𝑋2 at dim 1 and with 𝑋2 − 𝑋1 at dim 0
type 𝑉𝐼𝐼𝐼1 Intersects with 𝑋0 at dim 0 and with 𝑋3 − 𝑋2 at dim 1

Figure 5-16 Types of simplices.
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sion 1. Taking the left hand side be 0 and 1 in the first and second equation, respectively,
we have the type 𝐼𝐼𝐼1 is allowable when 0 ⩽ 𝑝̄(3) − 2 and 𝑝̄(2) − 1 ⩾ 1, i.e., 𝑝̄(3) ⩾ 2
and 𝑝̄(2) ⩾ 2, which is shown in Figure 5-17. Also, note that we omit the intersection at𝑋3 − 𝑋2 since it’s a regular stratum.

𝐼𝐼0, 𝐼0𝐼1, 𝐼𝑉1, 𝐼𝐼𝐼1, 𝑉𝐼𝐼𝐼1 𝐼𝐼0, 𝐼0𝐼1, 𝐼𝑉1, 𝑉𝐼𝐼1, 𝐼𝐼𝐼1, 𝑉𝐼𝐼𝐼1
𝐼𝐼0, 𝐼𝐼𝐼0, 𝐼0𝐼1, 𝐼𝐼1, 𝐼𝑉1, 𝑉1, 𝑉𝐼𝐼1, 𝐼𝐼𝐼1, 𝑉𝐼1, 𝑉𝐼𝐼𝐼1𝐼0𝐼𝑉1, 𝑉𝐼𝐼𝐼1 𝐼0𝐼𝑉1, 𝑉𝐼𝐼1, 𝑉𝐼𝐼𝐼1
𝐼𝐼𝐼0, 𝐼0𝐼𝐼1, 𝐼𝑉1, 𝑉1, 𝑉𝐼𝐼1, 𝑉𝐼1, 𝑉𝐼𝐼𝐼1𝐼0𝑉𝐼𝐼𝐼1 𝐼0𝑉𝐼𝐼1, 𝑉𝐼𝐼𝐼1 𝐼𝐼𝐼0, 𝐼0𝐼𝐼1, 𝑉𝐼𝐼1, 𝑉𝐼1, 𝑉𝐼𝐼𝐼1𝐼0𝑉𝐼𝐼𝐼1 𝐼0𝑉𝐼𝐼1, 𝑉𝐼𝐼𝐼1 𝐼𝐼𝐼0, 𝐼0𝐼𝐼1, 𝑉𝐼𝐼1, 𝑉𝐼1, 𝑉𝐼𝐼𝐼1

𝑝(2)

𝑝(1)0
1

1

2

Figure 5-17 Regions corresponding to different allowable simplices under varying perversities.
The yellow types are allowable when 𝑝̄(3) ⩾ 2 and the blue ones are allowable when 𝑝̄(3) ⩾ 3.

The computation is as following: To illustrate more explicitly, we divide the𝑝̄(1)𝑝̄(2)𝑝̄(3)-space into three regions. In the region 𝐴, the type 𝐼𝑉1 simplices are allow-
able, which means we can have path across singular lines 𝑋1 to connect three connected
components of 𝑋3 − 𝑋2; In the region 𝐵, the type 𝑉𝐼𝐼1 simplices are allowable, which
means we can have path across singular surface 𝑋2 −𝑋1 to connect three connected com-
ponents of 𝑋3−𝑋2; In the region 𝐶 with 𝑝̄(3) ⩾ 2, the type 𝑉𝐼𝐼𝐼1 simplices are allowable,
which means we can have path across 𝑋0 to connects the three connected components of𝑋3−𝑋2; In the region𝐶 with 𝑝̄(3) < 2, no simplices hitting singular part𝑋2 are allowable,
hence we could see the three connected components of 𝑋3 − 𝑋2.
The degree-0 intersection homology=

{ℤ⊕ ℤ⊕ ℤ if 𝑝̄(3) < 2, 𝑝̄(2) < 1, and 𝑝̄(1) < 0ℤ otherwise
.

0-degree intersection homology depict connected components. By regulating the three
parameters, the degree 0 intersection group changes from ℤ to ℤ⊕ℤ⊕ℤ, during which
we detect the three regions Reg I, II, III, which are the three connected components of the

complementary space of the swallowtail in ℝ3, see Figure 5-15.
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𝐼𝐼0, 𝐼0𝐼1, 𝐼𝑉1, 𝐼𝐼𝐼1, 𝑉𝐼𝐼𝐼1 𝐼𝐼0, 𝐼0𝐼1, 𝐼𝑉1, 𝑉𝐼𝐼1, 𝐼𝐼𝐼1, 𝑉𝐼𝐼𝐼1
𝐼𝐼0, 𝐼𝐼𝐼0, 𝐼0𝐼1, 𝐼𝐼1, 𝐼𝑉1, 𝑉1, 𝑉𝐼𝐼1, 𝐼𝐼𝐼1, 𝑉𝐼1, 𝑉𝐼𝐼𝐼1𝐼0𝐼𝑉1, 𝑉𝐼𝐼𝐼1 𝐼0𝐼𝑉1, 𝑉𝐼𝐼1, 𝑉𝐼𝐼𝐼1
𝐼𝐼𝐼0, 𝐼0𝐼𝐼1, 𝐼𝑉1, 𝑉1, 𝑉𝐼𝐼1, 𝑉𝐼1, 𝑉𝐼𝐼𝐼1𝐼0𝑉𝐼𝐼𝐼1 𝐼0𝑉𝐼𝐼1, 𝑉𝐼𝐼𝐼1 𝐼𝐼𝐼0, 𝐼0𝐼𝐼1, 𝑉𝐼𝐼1, 𝑉𝐼1, 𝑉𝐼𝐼𝐼1𝐼0𝑉𝐼𝐼𝐼1 𝐼0𝑉𝐼𝐼1, 𝑉𝐼𝐼𝐼1 𝐼𝐼𝐼0, 𝐼0𝐼𝐼1, 𝑉𝐼𝐼1, 𝑉𝐼1, 𝑉𝐼𝐼𝐼1

𝑝(2)

𝑝(1)0
1

1

2 A

C
B

Figure 5-18 Division of the 𝑝̄(1)𝑝̄(2)𝑝̄(3)-space into three parts.

Figure 5-19 The degree-0 intersection homology of the swallowtail. Red corresponds to𝑝̄(3) < 2, green to 2 ⩽ 𝑝̄(3) < 3, and purple to 𝑝̄(3) ⩾ 3.
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The type of 2-simplex is in Table 5-1. The allowable 2 and 1-simplex for different
perversity is shown in Figure 5-20. The computation is as following: Some important

loops potentially could be generators of intersection homology groups; see Figure 5-21.

Besides those loops, we also need to consider some loops that hit (not enclose) the singular

spaces 𝑋2 − 𝑋1, 𝑋1 − 𝑋0, or 𝑋0.
Table 5-1 Types of simplices

type 𝐼2 Only intersects with 𝑋2 − 𝑋1 at dim 2
type 𝐼𝐼2 Intersects with 𝑋3 − 𝑋2 at dim 2 and with 𝑋0 at dim 0
type 𝐼𝐼𝐼2 Intersects with 𝑋2 − 𝑋1 at dim 2 and with 𝑋0 at dim 0
type 𝐼𝑉2 Intersects with 𝑋3 − 𝑋2 at dim 2 and with 𝑋1 − 𝑋0 at dim 1
type 𝑉2 Intersects with 𝑋3 − 𝑋2 at dim 2 and with 𝑋1 − 𝑋0 at dim 0
type 𝑉𝐼2 Intersects with 𝑋2 − 𝑋1 at dim 2 and with 𝑋1 − 𝑋0 at dim 1
type 𝑉𝐼𝐼2 Intersects with 𝑋2 − 𝑋1 at dim 2 and with 𝑋1 − 𝑋0 at dim 0
type 𝑉𝐼𝐼𝐼2 Intersects with 𝑋3 − 𝑋2 at dim 2 and with 𝑋2 − 𝑋1 at dim 1
type 𝐼𝑋2 Intersects with 𝑋3 − 𝑋2 at dim 2 and with 𝑋2 − 𝑋1 at dim 0
type 𝑋2 Intersects with 𝑋2 − 𝑋1 at dim 2, with 𝑋1 − 𝑋0 at dim 1, and with 𝑋0 at dim 0
type 𝑋𝐼2 Intersects with 𝑋3 − 𝑋2 at dim 2, with 𝑋2 − 𝑋1 at dim 1, and with 𝑋0 at dim 0
type 𝑋𝐼𝐼2 Intersects with 𝑋3 − 𝑋2 at dim 2, with 𝑋1 − 𝑋0 at dim 1, and with 𝑋0 at dim 0
type 𝑋𝐼𝐼𝐼2 Intersects with 𝑋3 − 𝑋2 at dim 2, with 𝑋2 − 𝑋1 at dim 1, and with 𝑋1 − 𝑋0 at dim 0

To illustrte more explicitly, we divide the 𝑝̄(1)𝑝̄(2)𝑝̄(3)-space into five regions, see
Figure 5-22. In the region 𝐴, the allowable 1-cycle cannot traverse the singular surface
at 𝑋2 − 𝑋1 but can hit 𝑋1. Since the type 𝑉2 and 𝐼𝑉2, the 1-cycle 𝑒 is bounded. Hence,
the intersection homology group is trivial. In the region 𝐵, no 1-cycles could hit 𝑋2.
However, the type 𝑉2 is allowable, so the 1-cycle 𝑒 is trivial. Hence, the intersection

homology group is trivial. In the region 𝐶, no 1-cycles are allowed to transverse 𝑋2. The1-cycle 𝑒 is allowed, but the type 𝑉2 is not allowable, making 𝑒 a generator of intersection
homology. Hence, the intersection homology here is all ℤ. In the region 𝐷, 1-cycles are
allowed to transverse the singular surface𝑋2. The types𝑉2, 𝑉𝐼𝐼𝐼2, 𝐼𝑋2, 𝑋𝐼𝐼𝐼2 are allowed,
and the 1-cycles 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 are all bounded, so the intersection homology group is
trivial. In the region 𝐸 with 𝑝̄(3) < 1, the three 1-cycles 𝑎, 𝑏, 𝑐 are all allowed and they
are none trivial. Since types 𝑉𝐼𝐼𝐼2 and 𝐼𝑋2 are allowed, 𝑒 = 𝑑 = 𝑎+𝑏+𝑐, which is also
nontrivial. In the region 𝐸 with 𝑝̄(3) ⩾ 1, the type 𝐼𝐼2 and 𝑋𝐼2 are allowable, making 𝑑
(also 𝑒) being bounded. Hence the intersection here is ℤ⊕ ℤ⊕ ℤ/𝑎 + 𝑏 + 𝑐.
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Figure 5-20 Regions corresponding to different allowable simplices under varying perversities.
The blue is allowable when 𝑝̄(3) ⩾ 1 and the yellow is allowable when 𝑝̄(3) ⩾ 2.

Figure 5-21 Some important loops. Loops 𝑎, 𝑏, and 𝑐 enclose the singular lines on the surface,
while loop 𝑒 encloses the isolated singularity. Loop 𝑑 is the composition of 𝑎, 𝑏, and 𝑐,
surrounding the singular point at the origin. Loop 𝑓 does not enclose any singular line.
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Figure 5-22 Division of the 𝑝̄(1)𝑝̄(2)𝑝̄(3)-space into five parts.
The degree 1 intersection homology is shown in Figure 5-23, which can be formu-

lated as: The degree-1 intersection homology=⎧⎪⎪⎪⎨⎪⎪⎪⎩

ℤ𝑒 if ∀𝑝̄(3) ∈ ℤ, 𝑝̄(2) < 0, and 𝑝̄(1) < 0ℤ𝑎 ⊕ ℤ𝑏 ⊕ ℤ𝑐 if 𝑝̄(3) < 1, 𝑝̄(2) < 0, and 𝑝̄(1) ⩾ 0ℤ𝑎 ⊕ ℤ𝑏 ⊕ ℤ𝑐/𝑎 + 𝑏 + 𝑐 if 𝑝̄(3) ⩾ 1, 𝑝̄(2) < 0, and 𝑝̄(1) ⩾ 00 otherwise

,
where 𝑎, 𝑏, 𝑐 are generators, shown in Figure 5-21.

Loops in Figure 5-21 satisfies conditions that𝑑 = 𝑒 = 𝑎+𝑏+𝑐 in intersection groups
containing 𝑎, 𝑏, 𝑐, 𝑑, 𝑒. These equations mean the three singular lines can fuse to the iso-
lated singular lines. The group ℤ𝑒 detects the isolated singular line in the swallowtail but
does not detect the three singular lines on the surface. The groupℤ𝑎⊕ℤ𝑏⊕ℤ𝑐/𝑎 + 𝑏 + 𝑐
detects three singular lines on the surface but does not detect the isolated singular line

since loop 𝑒 = 𝑑 = 0. The group ℤ𝑎⊕ ℤ𝑏⊕ℤ𝑐 detects both the three singular lines on
the surface and the isolated singular line since loop 𝑒 equals 𝑑 and 𝑎 + 𝑏 + 𝑐, which are
nonzero. All the above shows that the isolated singular line strongly relates to the three

singular lines on the surface.

The intersection cases of a 3-simplex can be classified by intersection dimension.
The equivalence condition for those 3-simpleces being allowable is shown in Figure 5-24.
The computation is as following: The possible nontrivial 2-cycles are the ones enclosing
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Figure 5-23 The degree-1 intersection homology of the swallowtail. The red region
corresponds to 𝑝̄(3) < 1, the green region to 1 ⩽ 𝑝̄(3) < 2, and the purple region to 𝑝̄(3) ⩾ 2.
the origin, which need the type of 2-simplices that intersect with𝑋1−𝑋0 at⩾ 0 dimension
and 𝑋2 −𝑋1 at ⩾ 1 dimension. Therefore, for 𝑝̄(3) ⩾ 0, the 3-simplex intersecting 𝑋0 is
allowed, so the intersection homology for 𝑝̄(3) ⩾ 0 is all trivial, i.e., the green and purple
ones in Figure 5-26 are all zero. To illustrte more explicitly, we divide the 𝑝̄(1)𝑝̄(2)𝑝̄(3)-
space into three regions, see Figure 5-25.

In the region 𝐴 with 𝑝̄(3) < 0, type 𝑉2, 𝑉𝐼𝐼𝐼2, 𝐼𝑋2 are allowable, so the 2-cycle
enclose the origin are allowed. However, any 3-chain bounding it would have to intersect𝑋0, which is not allowed. Therefore, this cycle is nontrivial in intersection homology.
Hence, the intersection group is ℤ. In the region 𝐵, no allowable 2-cycles can transverse
the singular surface 𝑋2; thus, no 2-cycles can enclose the origin. Hence, the intersection
homology here is zero. In the region 𝐶, no allowable 2-cycles can hit the singular line𝑋1 − 𝑋0, so no 2-cycles can enclose the origin. Hence, the intersection homology here is
zero.

The degree 2 intersection homology is shown in Figure 5-26, which can be formu-
lated as: The degree-2 intersection homology=

{ℤ if 𝑝̄(3) < 0, 𝑝̄(2) ⩾ 0, and 𝑝̄(1) ⩾ 00 otherwise
.

The ℤ group is generated by a sphere enclosing the origin. Hence, during the degree2 intersection group changing from 0 to ℤ by tuning parameters, we detect the singular
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Figure 5-24 Allowable 2 and 3-simpleces for different perversity conditions. The blue ones
are allowable when 𝑝̄(3) ⩾ 1. The allowable 3-simplex with different intersection dimension
condition are shown in the picture, e.g., the 3-simplex that does not intersect 𝑋2 − 𝑋1 is for𝑝̄(1) < −2. Note that the condition corresponds to whether 3-simplex could intersect the 𝑋0 is
not denoted in the picture. The 3-simplex intersect with 𝑋0 is allowed only when 𝑝̄(3) ⩾ 0.

Figure 5-25 Division of the 𝑝̄(1)𝑝̄(2)𝑝̄(3)-space into three parts.
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Figure 5-26 The degree-2 intersection homology of the swallowtail. The red region
corresponds to 𝑝̄(3) < 0, the green region to 0 ⩽ 𝑝̄(3) < 1, and the purple region to 𝑝̄(3) ⩾ 1.
point MP (meeting point) at the origin.

Jing Hu et al. found that loop 𝑙𝛼 can transition to 𝑙𝛽, that is, a pair of 𝐸𝐿3s can trans-
form into a 𝑁𝐼𝐿 and an 𝑁𝐿 [29], see Figure 5-27. Our computation does not contradict
this result. This is because, in intersection homology, the loops 𝑙𝛼 and 𝑙𝛽 belong to the

same homology class. This phenomenon has also been verified experimentally. The au-

thors built a special electric circuit to simulate a non-Hermitian system. By tuning control

parameters, they measured how the energy levels evolve. They observed where energy

levels meet and split, and found that two types of singular lines can transform into others,

see Figure 5-28. They also tracked the evolution of states along a loop and found that

the behavior remains the same. This shows that different singular lines are topologically

connected.

5.5 An interesting phenomenon

By the results of intersection homology of ℝ2 with a singular point at the origin,ℝ2 with two singular lines, and swallowtail in ℝ3, we find the following interesting

phenomenon: It seems that the degree 𝑛 intersection homology could only detect the3 − (𝑛 + 1) dimensional singularities.
Firstly, we need to describe “detect” more explicitly. It is clear that if an 𝑛-chain

encloses (not intersects with) a 𝑟-dimensional singularity and no 𝑛 + 1-chain with 𝑛-
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Figure 5-27 Transition of double 𝐸𝐿3s to 𝑁𝐼𝐿 and 𝑁𝐿. (adapted from [29], Figure 4(c))

chain could intersect with a 𝑟-dimensional singularity for some perversity, we detect this
singularity. For example, a sphere encloses the origin in the swallowtail example. These

are all the cases in the above computations. Since an 𝑛-chain encloses an 𝑟-dimensional
singularity, whichmeans 𝑟 = 3−(𝑛+1), it seemswe describe the phenomenon. However,
are there any other cases? For example, in Figure 5-29, the yellow surface is a singular

surface, and the black 1-chain 𝑎 intersects with these singular surfaces. If there is no

allowable 2-chain with 1-chain 𝑎 being a boundary, then this 1-chain is nontrivial and
can detect the singular surface. However, it is impossible by the following property.

Proposition 5.5.1. For an allowable 𝑛-chain 𝛾, if it intersects with a singular stratum 𝑆𝑖,
where 𝑆𝑖 has codimension 𝑖, and there exists (𝑛 + 1)-chain 𝜂 with 𝜕𝜂 = 𝛾 and

dim(𝛾 ∩ 𝑆𝑖) ⩾ dim(𝜂 ∩ 𝑆𝑖) − 1,
then 𝛾 is trivial.
Proof. Consider an allowable 𝑛-chain 𝛾 and (𝑛 + 1)-chain 𝜂 in 𝐶𝑛+1(ℝ3) with 𝜕𝜂 = 𝛾.𝜂 may not be allowable, but we want to show 𝜂 is allowable, i.e.,

dim(𝜂𝑗 ∩ 𝑆𝑖) ⩽ 𝑛 + 1 − 𝑖 + 𝑝̄(𝑖)
for each (𝑛+1)-simplex 𝜂𝑗. Clearly, as a subspace, dim(𝜂𝑗 ∩𝑆𝑖) ⩽ dim(𝜂 ∩𝑆𝑖) for each
j. Consider the (𝑛+1)-simplex 𝜂𝑗0 with dim(𝜂𝑗0 ∩𝑆𝑖) = dim(𝜂∩𝑆𝑖). If 𝜂𝑗0 is allowable,
then

dim(𝜂𝑗 ∩ 𝑆𝑖) ⩽ dim(𝜂 ∩ 𝑆𝑖) = dim(𝜂𝑗0 ∩ 𝑆𝑖) ⩽ 𝑛 + 1 − 𝑖 + 𝑝̄(𝑖)
for each 𝑗, complete the proof. Then we will show 𝜂𝑗0 is allowable.
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Figure 5-28 Experimental observation of the swallowtail catastrophe with the circuit system.
(adapted from [29], Figure 3)

Figure 5-29 A possible nontrivial chain that does not enclose any singular lines.
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Since 𝛾 is allowable, so for each 𝑛-simplex 𝛾𝑘 in 𝛾, we have
dim(𝛾𝑘 ∩ 𝑆𝑖) ⩽ 𝑛 − 𝑖 + 𝑝̄(𝑖).

As a subspace, we also have dim(𝛾𝑘 ∩ 𝑆𝑖) ⩽ dim(𝛾 ∩ 𝑆𝑖) for each 𝑘. Let 𝛾𝑘0 be the𝑛-simplex in 𝛾 with dim(𝛾𝑘0 ∩ 𝑆𝑖) = dim(𝛾 ∩ 𝑆𝑖). Hence, we have
dim(𝛾 ∩ 𝑆𝑖) = dim(𝛾𝑘0 ∩ 𝑆𝑖) ⩽ 𝑛 − 𝑖 + 𝑝̄(𝑖).

Then we obtain that 𝑝̄(𝑖) ⩾ dim(𝛾 ∩ 𝑆𝑖) − 𝑛 + 𝑖. Since dim(𝛾 ∩ 𝑆𝑖) ⩾ dim(𝜂 ∩ 𝑆𝑖) − 1,𝑝̄(𝑖) ⩾ dim(𝜂 ∩ 𝑆𝑖) − 𝑛 − 1 + 𝑖 = dim(𝜂𝑗0 ∩ 𝑆𝑖) − 𝑛 − 1 + 𝑖.
, meaning that 𝜂𝑗0 is allowable.

Hence 𝛾 is bounded by 𝜂 in the intersection homology, and thus 𝛾 is trivial.
Example 5.5.2. The 1-chain 𝛾 in Figure 5-29 must be trivial, since

dim(𝛾 ∩ 𝑆𝑖) = 0 ⩾ dim(𝜂 ∩ 𝑆𝑖) = 1 − 1 = 0.
Remark 5.5.3. The condition dim(𝛾 ∩ 𝑆𝑖) ⩾ dim(𝜂 ∩ 𝑆𝑖) − 1 holds for the most cases.
Otherwise, dim(𝛾∩𝑆𝑖) ⩽ dim(𝜂∩𝑆𝑖)−2, which is ridiculous since dim(𝜂) = dim(𝛾)+1.

Note that we discuss the cases where 𝛾 intersects with only one stratum. It can also
be generalized to the case where 𝛾 intersects with finitely many strata.
Corollary 5.5.4. Let 𝛾 be an allowable 𝑛-chain intersecting with{𝑆1𝑖 ,⋯ , 𝑆𝑛𝑖𝑖 ∣ 𝑖 ∈ 𝐼, 𝑛𝑖 ∈ ℕ},
where 𝐼 is some index set. If there exists an (𝑛+1)-chain 𝜂with 𝜕𝜂 = 𝛾 and dim(𝛾∩𝑆𝑙𝑖 ) ⩾
dim(𝜂 ∩ 𝑆𝑙𝑖 ) − 1 for all 𝑖 ∈ 𝐼 and 1 ⩽ 𝑙 ⩽ 𝑛𝑖, then 𝛾 is trivial.
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CONCLUSION

The problem contains 2-band Hermitian/pseudo-Hermitian and 3-band

Hermitian/pseudo-Hermitian.

A 2-band Hermitian has three ways of classifying. A 2-band Hermitian matrix is

𝐴 (𝑙, 𝑠, 𝑡) = [𝑙 + 𝑡 𝑠𝑠 𝑙 − 𝑡] ,
The eigenbundle is the Hopf bundle 𝑆0 → 𝑆1 → 𝑆1 [32]. The result is that any loops
enclosing ̂𝑙-axis are a Hopf bundle, while loops not enclosing ̂𝑙-axis are trivial. Following
[34], the Berry phase of a spin in a magnetic field is 𝛾 = −12Ω. In this work, we use
the matrix 𝐴(𝑙, 𝑠, 𝑡) to study this effect. We show that different loops in parameter space

match the physics: a loop that goes around ̂𝑙 once gives a nontrivial phase, a loop that
does not go around ̂𝑙 gives zero phase, and a loop that goes around ̂𝑙 twice is again trivial.
This means our topological classification agrees with the physical result. The second way

is that we can classify it by computing the fundamental group of the order parameter [28],

the fundamental group 𝜋1(𝑆1) = ℤ. The third way is that we can classify it by computing𝜋1(SO(2)/O(1)). We can visualize the evolution of eigenvectors on a loop by the ball

method.

For the 2-band pseudo-Hermitian, it has the form

𝐻 = [ 𝑎 𝑏−𝑏 𝑐] , 𝑎, 𝑏, 𝑐 ∈ ℝ,
and 𝐻 has the following symmetries:𝑣±(𝑎 + 𝑠, 𝑏, 𝑐 + 𝑠) = 𝑣±(𝑎, 𝑏, 𝑐)
and 𝑣±(𝑘𝑎, 𝑘𝑏, 𝑘𝑐) = 𝑣±(𝑎, 𝑏, 𝑐), 𝑘 ≠ 0.

So we can always reduce three parameters to 1 parameter. Hence, we can visualize

the evolution of two eigenvectors in the particular case when 𝑎 = −𝑐.
3-band Hermitian has two ways to classify. The eigenbundles can be described by
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the bundle

D2 ⟶ SO(3) ⟶ SO(3)/D2.
The classifying map𝜙 ∶ SO(3)/D2 ⟶ 𝐺𝑟1(ℝ∞) × 𝐺𝑟1(ℝ∞)

is given by

𝜙⎛⎜⎝
⎡⎢⎢⎢⎣
𝑙𝑠𝑡
⎤⎥⎥⎥⎦⎞⎟⎠ = (span (𝑙 0 0 ⋯) , span (𝑠 0 0 ⋯)) .

The second way is that we can classify by the fundamental group 𝜋1(SO(3)/D2). We

can visualize the evolution of eigenvectors on a loop by the ball method.

The other main result of this paper is the computation of intersection homology.

Intersection homology ofℝ2 with a singular point at the origin is shown in Figure 5-
30. From the yellow region to the green region, the 𝐼𝑝̄𝐻1(ℝ2) varies from 0 to ℤ, meaning
that we detect the singular point at the origin.

Figure 5-30 Intersection homology of ℝ2 with one singular point:from top to bottom is 𝐼𝑝̄𝐻0,𝐼𝑝̄𝐻1, 𝐼𝑝̄𝐻2.
Intersection homology of ℝ2 with two singular lines is shown in Figure 5-31. In

Figure 5-31, from yellow region to green region, we “see” the two singular lines; From

yellow region to red region, we “see” the singular point at the origin. It’s equal to regular

homology 𝐻∗(ℝ2) for nonnegative perversity.
The following is the intersection homology of a swallowtail in ℝ3.
The degree-0 intersection homology=

{ℤ⊕ ℤ⊕ ℤ if 𝑝̄(1) < 0, 𝑝̄(2) < 1, and 𝑝̄(3) < 2ℤ otherwise
.

0-degree intersection homology depict connected components. By tuning the three pa-
rameters, the degree 0 intersection group changes from ℤ to ℤ ⊕ ℤ ⊕ ℤ, during which
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Figure 5-31 Intersection homology of ℝ2 with two singular lines. From top to bottom is 𝐼𝑝̄𝐻0,𝐼𝑝̄𝐻1, 𝐼𝑝̄𝐻2.

Figure 5-32 Three connected components, Reg I, II, III of the complementary space of the
swallowtail in ℝ3, adapted from [29], Figure S7.

63



CONCLUSION

we detect the three regions Reg I, II, III, which are the three connected components of the

complementary space of the swallowtail in ℝ3, see Figure 5-32.
The degree-1 intersection homology=⎧⎪⎪⎪⎨⎪⎪⎪⎩

ℤ𝑒 if 𝑝̄(1) < 0, 𝑝̄(2) < 0, and ∀𝑝̄(3) ∈ ℤℤ𝑎 ⊕ ℤ𝑏 ⊕ ℤ𝑐 if 𝑝̄(1) ⩾ 0, 𝑝̄(2) < 0, and 𝑝̄(3) < 1ℤ𝑎 ⊕ ℤ𝑏 ⊕ ℤ𝑐/𝑎 + 𝑏 + 𝑐 if 𝑝̄(1) ⩾ 0, 𝑝̄(2) < 0, and 𝑝̄(3) ⩾ 10 otherwise

,
where 𝑎, 𝑏, 𝑐 are generators, shown in Figure 5-33.

Figure 5-33 Some important loops. Loops 𝑎, 𝑏, and 𝑐 enclose the singular lines on the surface,
while loop 𝑒 encloses the isolated singularity. Loop 𝑑 is the composition of 𝑎, 𝑏, and 𝑐,
surrounding the singular point at the origin. Loop 𝑓 does not enclose any singular line.

Loops in Figure 5-33 are satisfying 𝑎+𝑏+𝑐 = 𝑑, 𝑑 = 𝑒 in intersection groups con-
taining 𝑎, 𝑏, 𝑐, 𝑑, 𝑒. These equations mean the three singular lines can fuse to the isolated
singular lines. The group ℤ𝑒 detects the isolated singular line in the swallowtail but does
not detect the three singular lines on the surface. The groupℤ𝑎⊕ℤ𝑏⊕ℤ𝑐/(𝑎+𝑏+𝑐 = 0)
detects three singular lines on the surface but does not detect the isolated singular line

since loop 𝑒 = 𝑑 = 0. The group ℤ𝑎 ⊕ ℤ𝑏 ⊕ ℤ𝑐 detects both the three singular lines
on the surface and the isolated singular line since loop 𝑒 = 𝑑 = 𝑎 + 𝑏 + 𝑐 ≠ 0. All the
above shows that the isolated singular line strongly relates to the three singular lines on

the surface.
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The degree-2 intersection homology=
{ℤ if 𝑝̄(1) ⩾ 0, 𝑝̄(2) ⩾ 0, and 𝑝̄(3) < 00 otherwise

.
The ℤ group is generated by a sphere enclosing the origin. Hence, during the degree 2
intersection group changing from 0 to ℤ by tuning parameters, we detect the singular point
MP (meeting point) at the origin.

During the computation, I proved the following useful tools to judge whether an

allowable chain is trivial or not. For an allowable 𝑛-chain 𝛾, if it intersects with a singular
stratum 𝑆𝑖, where 𝑆𝑖 has codimension 𝑖, and there exists (𝑛+1)-chain 𝜂 with 𝜕𝜂 = 𝛾 and
dim(𝛾 ∩ 𝑆𝑖) ⩾ dim(𝜂 ∩ 𝑆𝑖) − 1, then 𝛾 is trivial. This can be generalized to: Let 𝛾 be an
allowable 𝑛-chain intersecting with {𝑆1𝑖 ,⋯ , 𝑆𝑛𝑖𝑖 ∣ 𝑖 ∈ 𝐼, 𝑛𝑖 ∈ ℕ}, where 𝐼 is some index
set. If there exists an (𝑛 + 1)-chain 𝜂 with 𝜕𝜂 = 𝛾 and dim(𝛾 ∩ 𝑆𝑙𝑖 ) ⩾ dim(𝜂 ∩ 𝑆𝑙𝑖 ) − 1
for all 𝑖 ∈ 𝐼 and 1 ⩽ 𝑙 ⩽ 𝑛𝑖, then 𝛾 is trivial.
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