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ABSTRACT

ABSTRACT

Topological singularities are a hot topic in modern mathematical physics and con-
densed matter physics. In a parametrized Hamiltonian matrix, singularities arise where
eigenvalues degenerate. These singularities are related to rich physical phenomena, such
as topological edge modes and chiral Landau levels. Consequently, classifying topolog-
ical singularities mathematically will enhance our insight into the nature of topological
phases and facilitate the discovery and engineering of novel topological materials.

The problems of topological classification of singularities can be traced back to the
pioneering work of Mermin, who applied homotopy theory to classify topological de-
fects in ordered media. By interpreting physical systems as maps from real space into an
order-parameter space, Mermin laid the groundwork for applying algebraic topology to
physics. Subsequently, topological tools have been increasingly applied to the classifi-
cation of singularities. For instance, Wu et al. investigated the topological classification
of nodal lines in weak spin-orbit coupling systems, where a non-Abelian fundamental
group corresponds to non-commutative topological charges. However, the existing re-
search often focuses on specific calculations for particular systems. Hence, we need a
unified mathematical framework to consider the topology of eigenvalue configurations
and the topological properties of eigenspaces.

This work aims to develop a theoretical framework for classifying topological singu-
larities in parametrized two- and three-band (pseudo) Hamiltonians using methods from
algebraic topology. For two- and three-band Hermitian systems, we achieve classification
via bundle theory (for two-band systems, we can also classify the fundamental group of
the moduli space) and provide a sphere visualization of the fundamental group, thereby
deepening understanding of the classification. The two-band pseudo-Hermitian case can
be rigorously calculated. Although a strict classification for three-band pseudo-Hermitian
systems remains incomplete, we provide two promising methods for investigation. First,
we reduce the number of free parameters in three-band pseudo-Hermitian systems using a
method based on the translation invariance of the characteristic polynomial, laying a the-
oretical foundation for future research. Second, we introduce intersection homology, a
topological tool, into physics, extracting rich topological information from the parameter

space. We compute the intersection homology of various parametrized matrix parame-
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ABSTRACT

ter spaces (stratified singular spaces) and found interesting, meaningful results. We also
prove a theorem useful for computing intersection homology. This work provides con-
crete examples for subsequent work.

Notably, the introduction of intersection homology opens a new avenue for dealing
with stratified singular parameter spaces, representing the core innovation of this work.
Further work is to compute the intersection homotopy of stratified singular spaces, which
could obtain more topological information about eigenvectors by combining with bundle

theory.

Keywords: algebraic topology; intersection homology; bundle theory
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CHAPTER 1 INTRODUCTION

CHAPTER 1 INTRODUCTION

Topological singularities, arising from points with degenerate eigenvalues in a
parametrized Hamiltonian H, are fundamental to many areas of modern physics. These
singular points, which include well-known examples such as Weyl points, are associated
with rich physical phenomena, including topological edge modes and chiral Landau lev-
els. These physical systems can be probed and classified by considering loops in the
moduli space of the Hamiltonian, an approach rooted in algebraic topology. The classifi-
cation of these loops provides insight into the behavior and evolution of eigenvalues and
eigenvectors, offering a deeper understanding of the underlying physical systems.

This research seeks to apply algebraic topology, particularly computable invariants,
to classify these topological singularities. By focusing on the algebraic and geometric
aspects of the problem, we aim to develop a comprehensive framework for understanding
the role of topological singularities in various physical contexts.

In Chapter 1, we first introduce some background and Mermin’s pioneering work.
His work motivates many of our ideas. In Chapter 2 and 3, we research the 2-band and
3-band Hermitian case, respectively. In Chapter 2, we discuss three topological invari-
ants using three different methods and compare them in Section 2.4. In Chapter 3, we
present two methods for classifying the 3-band Hermitian Hamiltonian. Both methods
are generalizations of the methods in Chapter 2. Then comes the pseudo-Hermitian case.
Chapter 4 uses symmetry of the eigen polynomials to reduce the parameters. Then, we
use intersection homology to extract topological information of the parameter space of

the parametrized matrix in Chapter 5.

1.1 Background

Topological singularities can be understood, from a bird’s-eye perspective, as points
(or higher-dimensional loci) in parameter space—typically momentum space—where the
spectral structure of a system becomes non-regular, such as band degeneracies or gap
closings, and around which topological invariants are defined. In Hermitian systems,
prototypical examples include Weyl points and Dirac points, which act as effective mag-

netic monopoles of Berry curvature in momentum space and are characterized by quan-



CHAPTER 1 INTRODUCTION

tized topological charges. These singularities organize global band topology and enforce
robust boundary phenomena via bulk-boundary correspondence. From this viewpoint,
non-Hermitian singularities such as exceptional points can be seen as natural generaliza-
tions in which both eigenvalues and eigenvectors become defective, leading to a richer
classification problem that extends the Hermitian paradigm to include spectral winding,
nontrivial braiding, and dynamical responses.

There are many types of singularities in non-Hermitian systems. Gain and loss create
new types of singularities called exceptional points (EPs). For example, Xue et al. [1]
discovered a phenomenon called edge burst. This happens when the imaginary gap closes
at a spectral singularity, leading to a transient and highly amplified accumulation of states
at the boundary. This effect shows that singular points in non-Hermitian bands can in-
duce dynamic responses that are not seen in standard Hermitian systems. Beyond simple
points, non-Hermitian systems have many different types of higher-dimensional singular-
ities. For example, exceptional lines (ELs) are 1D lines where eigenstates coalesce [2].
Similarly, singularity rings (SRs) are 1D rings that provide a richer geometry than isolated
points [3]. Exceptional surfaces (ESs) are two-dimensional manifolds in parameter space
along which eigenvalues and eigenstates coalesce [4]. In some cases, hypersurface sin-
gularities can lead to extended gap-closing regions in parameter space [5]. From a more
global perspective, one can use “spectral graphs” to group these singularities based on
how their energy branches connect [6].

Topological singularities have potential applications. For example, they are widely
applied in topological photonics. As reviewed in [7], singularities like Weyl points and
Dirac points can be engineered in photonic crystals and waveguide arrays. These points
act as magnetic monopoles and create robust surface states like Fermi arcs. By link-
ing these momentum-space singularities to real-world phenomena, researchers can design
new devices for light control and quantized transport.

To describe these systems, researchers need a new toolkit of topological invariants.
In Hermitian systems, we mainly look at the properties of eigenstates. However, non-
Hermitian topology is much richer because it involves both the winding of eigenvalues
and the movement of eigenvectors [8]. There are many tools in mathematics that can
help classify topological singularities. Researchers find that these singularities can form
complex knots. In these cases, the energy levels wind around each other like a braid. We

can use braid groups to label these points [9]. These eigenvalue knots are unique because



CHAPTER 1 INTRODUCTION

they can undergo phase transitions that do not exist in normal systems [10]. In these sys-
tems, the energy levels wrap around each other like strings in a braid, forming geometric
knots. The way these knots twist is measured by a value called the discriminant invariant
[9, 11]. Furthermore, “resultant winding numbers” provide a simple way to classify com-
plex points where many energy bands meet [12—16]. This framework helps us understand
how these points double and spread in different dimensions. Other models use Riemann
surfaces to describe how multiple singularities work together [17], or show that physical
effects like hydrodynamics can create bulk Fermi arcs by pairing different points [18].
Another powerful method is the “singular value decomposition” (SVD). This method is
very useful because it provides a framework to restore a generalized bulk-boundary cor-
respondence, which often fails in non-Hermitian systems [19-23]. By using SVD, we can
create a new kind of spectrum that treats point gaps and line gaps differently [24]. This
ensures that the topology we calculate in the bulk correctly predicts the states we see at
the edges.

Homotopy theory in algebraic topology also plays an important role in the classi-
fication of topological singularities. The work in [25] studies a three-band model and
finds a swallowtail shape that connects nodal lines and exceptional lines. This shows that
different types of singularities are not isolated; they are stably connected. To classify
these structures, researchers use tools from homotopy theory. For instance, the authors
of [26] use homotopy groups to describe nodal lines with PT symmetry. They found
that topological charges can be non-Abelian, meaning the lines can braid with each other.
Similarly, Wojcik Charles C. et al. uses homotopy to classify gapped phases and define
stable topological indices [27].

In our thesis, we focus on many tools in algebraic topology. In addition to homo-
topy theory, we are also concerned with theories such as bundle theory and intersection
homology. In the rest of this section, we briefly review the theory of topological defects
established by Mermin in [28], whose pioneering work laid the foundation for utilizing
algebraic topology in the classification of topological singularities.

Definition 1.1.1. Let S be the space of the state at a point, the element in § is called order
parameter and S is called ordered parameter space. An ordered medium can be described
by amap f : M = S, where M is a space.

Example 1.1.2. (Planar spins) Take M to be a region in R3, and let § = S*. Define

fiM S, () = e,
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where ¢ : R3 - [0, 2rr). This assigns to each point of M a unit vector in the plane.
Example 1.1.3. (Ordinary spins) Let M be a region in R3, and let § = §2, the 2-sphere.
Let f : M — S2. This assigns to each point of M a unit vector in R3.

Example 1.1.4. (Biaxial nematics) Take M be a region in R3. Take

S = {rectangular box with fixed size centered at origin in R3} = SO(3)/D,.

So an order medium meets above requirements is a space M’ withamap f : M - S.
Example 1.1.5. (Dipole-locked A phase of superfluid helium-3) Take M be a region in
R3. Take § = {distinguished orthonormal axes}. Since distinguished orthonormal axes
can be viewed as two orthonormal sticks, § = SO(3).

Next, we consider the special case of Brillouin zone BZ. Let H : BZ - S be a
map assigning each k € BZ to a Hamiltonian. Let ¢ : SP — BZ be a null homotopic

embedding. Then
[H o] € mp(S).
If t(SP) encloses a node in the space §, t(SP) cannot contract to a point, and thus
[H ot # 0.

Definition 1.1.6. We call [H o (] € 1, (S) a topological charge of the node.
Example 1.1.7. (Planar spins) 7, (S;) = Z, the group elements are called winding num-
ber.
Example 1.1.8. (Ordinary spins) Take M be a region in R3. Take S = S2. Since all
loops on S? can be shrunk to a constant loop, we have m; (52) = 0.

To figure out the case in biaxial nematics, we need the following useful fact. A
detailed proof can be seen in [26].

Example 1.1.9. (Biaxial nematics) The fundamental group of SO(3)/D, is

m,(SO(3)/D;) = m;(SU(2)/D;) = mo(Dz) = mo(Q) = Q.
Example 1.1.10. (Dipole-locked A phase of superfluid helium-3) The fundamental group
of SO(3) is
m:(SO(3)) = m,(RP3) = m,(S3/Z;) = Z,.
When the space is not based, we consider the free homotopy equivalence between

maps, and then the homotopy group is classified by free homotopy.
Theorem 1.1.11. Let X be a space. Let f based at x, g based at y be two representation



CHAPTER 1 INTRODUCTION

elements of m;(X). Then f =~ g by free homotopy precisely when one can find a path
isomorphism c taking [f] € m{ (X, x) to [g] € T (X, ).

Since fusion of nodes corresponds to charge multiplication, it is determined by the
multiplication rule of the conjugacy class.

Example 1.1.12. The quaternion group Q has following conjugate class:
Co = {1}, C_O =—1, Cy:={tioy}, C,:={tioy}, C(,:={tio,}

where ay, gy, 0, are Pauli matrices. The multiplication table [28] are as follows:

x| C, Co C, C, C,
Co | Co Co C, Cy C,
C_O C_O CO Cx Cy z
Ce|Co Cp 2C,+2C,  2C, 2C,
¢, |C, €, 20, 2C,+2C, = 2C,
c,| ¢, C, 2C, 2C, 2Cy + 2C,

Figure 1-1 Multiplication table of the conjugacy classes of Q

From the table, we observe that most results consist of a unique conjugate group,
except for some cases where the result is an addition of two conjugate classes. That means
the result is not unique when we do multiplication.

Note that the multiplication of two defects is a path connecting two defects, and let
the two defects fuse to another defect along this path. The non-unique result is rooted in
the non-unique way of this path passing through other defects.

Example 1.1.13. Since

—(ioy) = (igy)(ioy)(ioy) 71,
the x defect can converted to its antidefect by passing through y defects. Hence, there
are two ways to multiply two x defects to obtain different results: the first is to multiply
them trivially; we obtain a nontrivial defect. The second is to multiply them by passing
through y defects; we obtain a trivial defect.

We stop the introduction to Mermin’s study here. Mermin’s work introduces homo-
topy theory into the classification of nodes in bands, and later, more and more topological
tools are applied in this problem [26, 27, 29-31].

Mermin’s work studies the topology of an ordered medium. In this article, we’ll focus

on the topology of the configuration of eigenvectors and eigenvalues of parametrized

Hamiltonians.
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1.2 Topology of energy bands

The topology of energy bands is the topology of the configuration of eigenvalues and

eigenspaces.

Figure 1-2 This is the swallowtail space in the parameter space, at which the eigenpolynomial
of matrix in (1-1) is zero.

Example 1.2.1. Consider the matrix

g3 g2
H= , 92,93 ER.

—92 —93
We divided the g3-g, plane into three regions: Let
Xo:={(0,0)}, X;:={(g393),(93—g3) 1 gz €R}, X;:=R>

Let A4 be two eigenvalues and E'(4) be the eigenspace. In X,, the dimension of eigenspace

1s 2 and
Ay =A_ = A
In X; — X,, the dimension of eigenspace is 1 and
Ay =A_ = A
In X, — X;, the dimension of eigenspace is 1 and 1, # A_.
It’s a stratified space with each stratum characterizing different behavior of eigenvalues

and eigenvectors.

Definition 1.2.2. If a point in parameterized space does not have n distinct eigenvalues,
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we say it is a singular point.

Example 1.2.3. (The swallowtail) Consider the parametrized matrix

—91—92+t1  —g1 —9>
H = 91 g1+93 —93 |, 91,9293 €R (I-1)
92 =93 92t 93

The singular points locally look like a swallowtail, see Figure 1-2. The swallowtail
has four singular lines, and one of them is an isolated singular line; there is one singular
point (meeting point) at the origin. Similarly to the previous example, the swallowtail is

also a stratified space, see [29].
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CHAPTER 2 2-BAND HERMITIAN HAMILTONIANS
OVER R

In this section we only consider Hermitian Hamiltonian over R. 2-band Hermitian
Hamiltonian over R is the most simple examples which is also significant. The following
ways we only consider loops in gapped region to detect singular points. In this section we
provide several ways of classifying singular points by considering loops not intersecting

with singular points.

2.1 Classifying I: Hopf bundles over R

This section will first review discussion in Section 5.1 in [32], and then apply it to
our problem.

Let Pring (S™) be a collection of all principal G-bundles over S™. Since
Pring(S™) = m,—1(G),
we have
Pringo(SY) = my(S°) = {£+1}.

So there are only two principal S°-bundles over S* (up to isomorphism). More precisely,
the two principal S°-bundles over S! are trivial bundles and Hopf bundles. The trivial

bundle is
59> 851 x50 > st
whose total space is disconnected. The Hopf bundle, whose total space is connected, is
50 _, ¢1 LR st
where
h:St -8t (x,x) » (2x1x5, x3 — x3).
Hence, show that a principal S°-bundle over S a Hopf bundle is equivalent to show that

the total space is connected.
Proposition 2.1.1 (Proposition 4.2 in [32]). Suppose that M is a smooth manifold, H (p)

is a complex Hermitian n X n matrix depending smoothly on the parameter p € M, and

10



CHAPTER 2 2-BAND HERMITIAN HAMILTONIANS OVER R

U c M is an open subset such that the eigenspace corresponding to the k-th eigenvalue
is one-dimensional on U. Then one can define a principal U(1)-bundle (or an S°-bundle)
consisting of normalized eigenvectors corresponding to the k-th eigenvalue of H(p) for
allp € U.

Remark 2.1.2. Let Y be a physical state, then ¥ and A, VA € U(1) corresponding to
the same state. This physical meaning motivates the existence of U(1)-bundle in above
theorem.

Every symmetric real 2 X 2 matrices is of the form

I+t S
A(lst) = ,
S -t

which has eigenvalues A4 = [ + Vt? + s2. Consider the eigenbundle corresponding to

eigenvalue A,. There is no global representation of normalized eigenvector of A,, so we

define two open sets: let
U; := R? — {(0,t)|t < 0} and U, := R? — {(0,t)|t > 0}.

In U, the normalized eigenvector of A, is

1 t +Vs? + t2
vl (lfo t) = )
2(s%2 +t2) + 2tVt2 + s2 s

and in U, the normalized eigenvector corresponding to A, is
1 s
—t + Vs? + t2
\[2 (s2 +t2) — 2tVt? + s2

We observe that v; (1, s, t) is independent of [ and only depends on s/t, i =1, 2.

vZ (l! S, t) =

Example 2.1.3. On the line s = 2t, we have

[ 1-v5 [ 145 |
(»b— = 2 ’ ¢+ = 2 T > Or
1 1
[ 14+v5 ] [ 1-v5 ]
¢— = 2 , ¢+ = 2 < 0!
1 1
Therefore, there is a change of base space
3 can change to 1
The base space R° — 0 RXRyg XS

The “coordinate” [ and r is redundancy, so the eigenbundle is of the form:

11



CHAPTER 2 2-BAND HERMITIAN HAMILTONIANS OVER R

To: RXRsgXE>RXRyo XS, (Lr,x) e (Ir,m(x)),

where w : E - S is a S%-bundle over S*. In the following, we only focus on S°-bundle

m:E — SL.

RE->RXxRxS?! l: same lin (I, s,t)
(s, t) » (,7,x) r: strech r > 0 times
(L7, %) x: apoint x in St
Y
L rl
o]
X

™

Figure 2-1 The coordinate system (I, 7,x) on R3 \ {0}. Here, [, r, and x denote the geometric
quantities indicated in the figure, providing an alternative parametrization of points in R3 \ {0}
besides the standard Cartesian coordinates.

Proposition 2.1.4. v, defines a local section of E over S,

Proof: We want to show v, |s1 = id, i.e., mv,(x) = x, Vx € St. It suffices to show
v1(x) € m1(x). Since m~1(x) is the fiber, and v, (x) is the first eigenvector at x, we
have v, (x) € m~1(x) by construction of eigenbundle.

Recall that
vi(l,s,t) = vj(l, S, t)tjl-(l,s, t),i,j =1,2,

where t;, and t,; are transition functions defined on U; N U, = R? — {(0,t)|t € R}.

Since eigenvectors only depends on s/t, it suffices to consider them on the circle

s2+t?2=1,
Us, D) 1 t+1
vi(l, s, t) =

' JE+1D2+s2| s
B 1 [s|(t + 1)
Vst + 12 + 54 s? ’

and
1 S
vy(l, s, t) =

Jt+1D2+s2 |-t +1

12
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_ 1 s(t+1)
2+ D2+ (1 -2 | 1—t2

_ 1 s(t+1)
JsEe+ D2 +s*| s? |
Hence,
1, s>0
t12(s,t) = tp1(s,t) = -
-1, s<0

Proposition 2.1.5. The total space is connected, and thus the bundle is isomorphic to the
Hopf bundle.
Proof. By Property 2.23 in [33]: If U is a connected covering of a topological space X
and X has a subset A with A U U; # @ for any U; € U, then X is connected.
Denote V; = S —{(0,—1)} and V, = ST — {(0, +1)}. Note that
171|V1 1V - v (V)

and

Ty, vy V1(V1) > Wy
are inverse, because v; are local sections of E over S'(meaning that v, is injective). So
as vy, and |y, (). m~ ' is continuous and ™' (V;) is connected, so {m ' (V;)} is a
connected covering of E. Then we have
iV un (V) =r"1(sY) = E.
Let
H = {(S,t)|S > 0} c Vl N VZ

be a connected subset. We’ve proved v;t;; = vj and t;; = 1 fors > 0. So vy(H) is
equal to v, (H) and we denote them as v(H). v(H) N~ 1(V;) # @, i = 1, 2. Using the

property above, E is connected. Thus E is a Hopf bundle.
Theorem 2.1.6. Let

I+t S
A(Z,S,t): )
S l—t

which has eigenvalues 14 = [ +Vt? + s2 be a symmetric real matrix where (1, s,t) € R3.
Then there is a S%-bundle over R® — {([,0,0)|l € R} with fiber being the eigenspace
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CHAPTER 2 2-BAND HERMITIAN HAMILTONIANS OVER R

corresponding to A,. Then this bundle over any loops enclose [-axis is a Hopf bundle
while over the loop not enclose [-axis is a trivial bundle, see Figure 2-2.

Replacing first eigenvalues tosecond eigenvalues, the statement is also true.

(g 2

S

Figure 2-2 A loop in the parameter space [-s-t enclosing the [-axis. The two eigenvectors
along the loop each form a Hopf bundle, represented in blue and yellow respectively.

It leads to that the eigenvector of first (resp. second ) eigenvector changes sign after the
parameter evolves along the whole round of the loop enclosing [-axis. A summary is in
T able2-1.

Loop Encloses { | Not encloses
Eigenbundle of the first/second eigenvector Hopf trivial
State of first/second eigenvector after rotation around the loop | changes sign initial

Table 2-1 Classification of loops around the degeneracy axis.

We compare our construction with the Berry-phase formulation. Following the ap-
proach in [34], we recall that if an electron’s spin is guided adiabatically along an arbitrary
closed loop by a magnetic field, the resulting change in the geometric phase is equal to mi-
nus one-half of the solid angle () subtended by the area swept out by the tip of the magnetic

field vector. Specifically, for a system described by the parameterized Hamiltonian:

Al cos® sinfe P
H(9;¢)=E

)

sinfe'® —cosH

the Berry phase is given by y = —%Q.
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In this thesis, we utilize the matrix representation:

I+t s
A(l s, t) = .
s l-t
By mapping the parameters as follows:
(l +t =cosf
[=0
[—t=—cosf
] , = Jt=cosf
s = sinfe'?®
s =sinf
¢ =0

The following three cases provide evidence that our topological classification aligns with
this physical description:

The first case is the parameter 6 ranges from 0 to 2. The corresponding solid angle
is 0 = 2m, which yields a nontrivial Berry phase y = —%(Zn) = —m. In the [-s-t space,
the trajectory is a loop [0, 2] = R3 defined by 8 ~ (0, sin 8, cos 8). This loop encloses
the [-axis, characterizing a nontrivial bundle (Hopf bundle). This topological result is
consistent with the nontrivial Berry phase.

The second case is the parameter 6 ranges from 0 to w and then returns to 0. The
resulting solid angle is Q = 0, leading to a trivial Berry phase y = 0. The corresponding
path in [-s-t space is a semi-circle from (0,0, 1) to (0,0, —1) that is retraced. Since this
loop does not enclose the [-axis, it corresponds to a trivial bundle, matching the physical
prediction.

The third case is the parameter 6 ranges from 0 to 4m. The solid angle is Q) = 4,
giving a Berry phase of y = —2m. Physically, this is trivial as the phase factor e 72" = 1
leaves the state Y invariant. In [-s-t space, the loop encircles the [-axis twice. This
configuration represents a direct sum of two Hopf bundles, which is topologically trivial

in this context, aligning with the trivial Berry phase.

2.2 Classifying ll: Fundamental group of moduli space

In classifying I, we consider two eigenvectors separately, which is useful when two
eigenvectors have high symmetry. In this section, we provide the second classification
considering two eigenvectors simultaneously.

In order to more clearly represent the underlying physical meaning, we introduce a

different notation from that employed in the previous section. We denote eigenvetor asso-
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ciated to eigenvalue w4 by ¢, . Recall any Hermitian 2 X 2 matrix H can be represented

by Pauli matrix:

01 0 —i 1 0
7ol T oo B0 -1
ie., Hy = fol + fi01 + f,0, + f305. With PT-symmetry (to make H, real), f, = 0. So
the Hamiltonian takes the form

_ fot+f3 fi

H, .
i fo—1s

Its eigenvalues and eigenvectors are:

(fi# 0w =fo— /f +fh, @y =fo+ /f + £,
—f3+1’f12+f32 —f3_1’f12+f32

¢— = B f ) ¢+ = fi 4
1 1

(f1=0,f3 <0 w_=fo—Ifsl, wi=fo+Ifsl,

(fi=0,f3>0w_=fo—Ifsl, ws=fot+Ifsl,

¢_0 ¢y =
-=| | =

Since eigenvectors are independent on f;, so we assume f, = 0. We first depict

eigenspace spanned by ¢_(blue) and ¢, (red) in Figure 2-3, where the short sticks de-
notes 1-dimensional eigenspaces.

We have the following observation: Firstly, along the line f; = kf3, the system has
same eigenvectors. Secondly, this field is a good example for a system that should rotate
41 to return to initial, see Figure 2-4; the blue round is rotating 2, turning the vector to its
inverse; the red round is the second round of rotating 27, turning the vector to its initial.
Thirdly, this leads to an interesting phenomenon: eigenvectors swapping. Since rotating
7 along the loop corresponding to rotating /2 of eigenvectors and the angle between ¢,

is /2, we have the swapping of ¢, and ¢_ when we “passing through” the origin. See
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Figure 2-5. Here, the “swap” means the first eigenvector becomes the second eigenvector

and the second eigenvector becomes the first eigenvector.

fl A

KAARXX XX X X XX
FAAARXX XX X X X X
F A AAAXAXX X X X XX
F A AAARXXX X X X XX
X X & &+ +

FHrX XXX R N S S
A XX X X X K AAAA A
XX X X X X X KX AAAA
X X X X X X X KAKA
X X X X X X XKXAA

“fs

Figure 2-3 The eigenvector field over the parameter space f;-f5. To each point in parameter
space, we assign two 1-dimensional eigenspaces of the parametrized matrix, depicted in blue ¢_
and red ¢,..

Figure 2-4 Evolution of an eigenvector around a singular point in parameter space. After one
revolution, the eigenvector changes sign and does not return to its initial state. A second
revolution is required to recover the original eigenvector. The blue and red arrows represent the
first and second revolutions, respectively.

The eigenvalues do not matter; the order of corresponding eigenvectors matters. So
we focus on the ordered pair (¢_, ¢,). The moduli space is M, := {(f3, f;) € R?}/ ~,

where the relation ~ is

(f3. f1) ~ (fs, fi) = Hz(f3, f1) and Hy(f3, f7) have same ordered pair (¢—, ¢..).

We can reduce the problem to study the topology of M.
Proposition 2.2.1. M, ~ St
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fr
¢ changes to ¢_ — I_
L=
AR Js
I_I_ - ¢_ changes to ¢

Figure 2-5 Exchange of eigenvectors across the degeneracy point. As the parameter passes
through the origin in the f;-f5 plane, the eigenvector ¢, continuously changes into ¢_, while
¢_ changes into ¢, .

Proof. From observation we have (¢_, ¢, ) coincides on the line. Hence, we only need
to consider H, on the unit sphere S* in R2. The following will shows on each point in

St we have different (¢p_, ). On S, let f3 = cosO, f; = sinf. The eigenvalues and

normalized eigenvectors corresponding to 6 are as following:

w_.=-1, wy=1,
b = —sin(6/2) b, = cos (6/2)
| cos (6/2) ’ | sin (6/2)

We claim that {H, (f3, f1) | (f3, f1) € S} = (f3, f1) € M,. Indeed, there are two ways
to show it.

The first way is to considering H,(¢_). H, can be represented by ¢_:

cosf sinf
H, = fs f|_ 1200,
fi —f3 sinf —cosf

b €50 (2) =5 Hy(¢p-) =1—2¢_¢_",

since H,(¢_) = Hy(—¢_). Hence, M, = SO(2)/Z, = S*/Z, = S*.

The second way is to considering 0:
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1:1 |cos@ —sinf cosf sinf

i0 1 1:1 1:1 .
et €St — €S0(2) — 0 €[0,2m) — H,(0) = :
sin@ cos@ sin@ —cos@

fi

/

f3

Figure 2-6  Points lying on the same line through the origin determine the same eigenvector.
Hence eigenvectors are parametrized by directions, represented by points on S*.

The geometric view is as following: Each point in ST repesents an equivalence class in
M,. For example, a (resp. b,c) represents points (f3, f1) on the red (resp. yellow, blue)
line (See Figure 2-6). Hence, m; (M,) = m,(S!) = Z.

2.3 Classifying lll: 7;(S0(2)/0(1))

A two band Hamiltonian is
2
Hy= ) el {ud].
j=1

where |u{c> are eigenvectors by spectrum theorem. The Hamiltonian H, can be determined
by a set of “right hand” orthonormal vectors |ui> and unchanged for two of eigenvectors
flip:

ud) - — el
Note that H, remains unchanged for two eigenvectors flip, not one of them. This is be-

cause we require all eigenvectors to form a right-hand frame (Any odd number flip will
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change the determinant from 1 to —1). Therefore, H, can be describe by
SO(2)/0(1) = S'/Z, = RPL,

Then m4 (SO(Z) / 0(1)) = Z, characterize all nontrivial loops in this parametrized sys-
tem.

The visualizing of 74 (SO(Z)/O(l)) = 7, is as following: SO(2)/0(1) is S* identi-
fying antipodal points. The generator of 74 (SO(Z) / 0(1)) = 7, is depicted in Figure 2-7.

o N

oV "

Figure 2-7 A generator of 1, (SO(Z) / O(1)), represented as a nontrivial loop in S*/Z,. Each
point on the loop corresponds to an eigenframe, and traversing the loop describes the continuous
rotation of the eigenframe. The eigenframes at the two ends of the loop are illustrated above.

Along this loop, the eigenvectors evolves to their inverse.

2.4 Comparison of 3 classifying methods

Topological invariants obtained by classification I, II, and III have different mean-
ings.

In classification I the two eigenvectors are orthogonal, so we only consider one
eigenspace. We identify an normalized eigenvector with its inverse, since we use the
language of bundle and the fiber of the bundle is an eigenspace. In classification II, we
distinguish an eigenvector with its inverse. In classification III, the two eigenvectrs form
a right-hand frame, so we can only consider one eigenvector. Quotient O(1) means we
identify an normalized eigenvector with its inverse.

We can choose different topological invariants in different cases by physical mean-

ing.
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CHAPTER 3 3-BAND HERMITIAN HAMILTONIAN OVER
R

A three band Hamiltonian is
3
He= > j|ud) (uh]
j=1

The Hamiltonian Hj, can be determined by a set of “right hand” orthonormal vectors |uj >
and unchanged for two of eigenvectors flip. The Hamiltonian H;, remains unchanged for
two of the eigenvectors flip, not one or three of them, because we need all eigenvectors
to form a right-hand frame (Any odd number flips will change the determinant from 1 to
—1). The Hamiltonian H;, can be describe by SO(3)/D,. It’s some kind of eigenbundle
of Hy, see Figure 3-1.

D, fiber (different eigenvectors

° / determine same Hamiltonians)

S S

l -1 -1 l
d S|, | — ) )
S0(3) - H [t] L] [—t]
SO(3)/D2 T
- Hamiltonian | g
t

Figure 3-1 The D, fiber bundle structure for a 3-band Hamiltonian. Each fiber consists of four
eigenframes, each formed by three mutually orthogonal eigenvectors. All four points in the fiber
correspond to the same Hamiltonian.

3.1 Classifying I: Universal bundles of D, —» SO(3) —» SO(3)/D,
Consider the bundle
D, & SO(3) = SO(3)/D, =: X, 7(x) = .

The isomorphism classes of principal D,-bundles over X are denoted by Prinp, (X)

21



CHAPTER 3 3-BAND HERMITIAN HAMILTONIAN OVER R

and
Prinp, (X) = [X,BDy,],

where BD, is the classifying space of D,. The following will show which ¢ € [X, BD,]
corresponds to the principal D,-bundle we considered.
The classifying bundle of O(1) is

f+EOQ) =Vi(R*) = Gry (R®), f(v) = span(v).
Then the classifying bundle of
D, =27Z, XxZ, = 0(1) x O(1)
is the product of two morphisms
fXf:Vi(R®) X Vi(R®) = Gr (R®) X Gy (R®).

Remark 3.1.1. V;(R) is the Stiefel manifold. V;(R™) is the set of all orthonormal k-
frames in R™.

We need to find
¢: X - Gri(R*) X Gry(R™),

such that  : SO(3) — X appears in the pullback of ¢ and f X f:

SO(3) —— Vi(R®) x V1 (R®) = ED;

I I

X T GTl(]ROO) X GT‘l(ROO) = BDZ

where f : V;(R*) = Gry(R™) is defined by f(v;) = span(v4). We use the following
representation of SO(3):

SO(3) = {M € M3y3(R) | MTM =I,detM = 1},

Then D, is

D, =11 -1 | 1 | -1 c SO(3).
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l l
For any [s| € SO(3) with [, s,t € M;3, the orbital of | 5| is:
t t

We claim that ¢ : SO(3)/D, = Gr;(R®) X Gry(R®) is

l

¢||s||=(span([t 0 0 -]),span([s 0 0 -])).

t
Indeed, the pullback of ¢ and f X f is constructed as
S =X XBDZ EDZ
l l
= s| (v1,v2) s|€ X, (v1,v2) € V1 (R™) x V1 (R®),
t t
span([l 0 0 D = span(v;), span([s 0 0 D = span(vz)}.

Since v4, v, are orthonormal, we have v; = [£[,0,0,--:], v, = [£5,0,0,-::]. Then by

the follwoing correspondance, S = SO(3):

[ l [ —1

s [ ({(s)|~]s ‘, s (=Ls)|~=]| s |

t t t —t
l l l -1
s [ (,=s) |~]| —s \ s Lb(=L,=s) |~]| —s
t —t t t

3.2 Classifying ll: A ball equipped with information like a bundle

In [26], it is established that nl(SO(S) / Dz) =~ Q. In this section, we aim to provide
a visualization of SO(3)/D, and m; (SO(B) /Dz) to offer an intuitive understanding of

how eigenframes rotate.
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Definition 3.2.1. The space of Hamiltonians is defined as:
H = {H = vIv, + 2viv, + 3vivs|[vy, v2, v3] € SO(3)/D,}.

Remark 3.2.2. For any [v4, V5, v3] € SO(3), the following four configurations result in

the same Hamiltonian H in ', which explains why we quotient by

Dy : [, V5, V3] ~ [V, =V, V3] ~ [—V4, V2, —V3] ~ [V1, —V3, —V3].

3.2.1 Visualizasion of SO(3)/D,

Recall that SO(3) = {M € GL(3,R) | MTM = I,det M = 1}, representing rotations
that preserve orientation. Another way to describe SO(3) is by using rotation parameters-
any rotation can be described by a pair (7, 8), which means rotate along # by 6.

Definition 3.2.3. Let ¢(#,0) represent a rotation around the axis # € S? by an angle
0 € [0, 2rr]. Thus, we can describe SO(3) as:

SO(3) = {¢p(#,0)|F € S%,0 € [0, 2m]}.
Next, we aim to reduce the parametrization of SO(3) and visualize it. Note that
¢(+,0) = p(—7,2m — 0).

Specifically, ¢ (7, ) = ¢(—7, ). The first fact implies that we can always restrict the

parameter 6 to the interval [0, r]. For example,

P (%,31/2) = p(%, 21 — 31/2) = (%, 7/2).

This leads us to view SO(3) as a solid ball with radius . Any point £ in the ball repre-
sents the rotation ¢ (£/|£|, |£]). For instance, the bold point in Figure 3-2 corresponds to
¢ (y,m/2), representing a rotation by /2 along the y axis. The second fact implies that
one must identify antipodal points on the ball’s boundary (Figure 3-3).

Figure 3-2  Solid ball representation of SO(3). The bold point is ¢(y, w/2), representing a
rotation by /2 along the y axis.

Therefore, SO(3) can be described as a ball of radius = with antipodal points on the
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¢, —m) ¢0.m

Figure 3-3  Antipodal points in the solid-ball representation of SO(3).
boundary identified. In other words,
SO(3) = B3(m)/ ~,

where x equivalent to y if and only if x,y € dB3(m) and x = —y.
Next, we turn our attention to visualizing SO(3)/D,.

Fact 3.2.4. The dihedral group D, consists of the following elements:

DZ = {¢ (55' T[)' ¢(}71 7'[), ¢(ZA' T[)' ld}

These elements can be represented by the four points shown in Figure 3-4.

¢(2,m)

¢ (P, m)

Figure 3-4  Points in the solid-ball representation of SO(3) corresponding to elements of D,.

In summary, SO(3)/D, is a ball of radius 7, with two operations applied: glue an-
tipodal points and glue four points in Figure 3-4 to a point.

Fact 3.2.5. m; (SO(S) /D2) is isomorphic to the quaternion group Q, i.e.,
1(SO(3)/D;) = Q = {£1, %i, +j, +k}.

Proposition 3.2.6. There is a bijection between the following spaces:
SO(3)/D, < space of Hamiltonians < space of eigenframes

Proof. The bijection is established as follows:

SO(3)/D, < {space of Hamiltonians} < {spaces of eigenframes}

o, 0) » H=ulu; + 2ulu, + 3ulus » [ug, uy, us),
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where [ey, €,, €3] is the standard frame in R and

[uy, up, us] = (7, 0)[eq, e, e3].

Hence, any loop in SO(3)/D, represents the evolution of an eigenframe. Conse-
quently, any element in nl(SO(3) /DZ) can be interpreted as the evolution of an eigen-
frame.

Example 3.2.7. Consider loops L4, L5, and Lg in Figure 3-5, where X, ¥, and Z correspond
to the first, second, and third eigenvectors, respectively.

Evolution of eigenframe on loop Lq: The first eigenvector (%) remains fixed, while
the second (¥) and third (2) eigenvectors rotate by 7.

Evolution of eigenframe on loop Lg: The second eigenvector (y) stays fixed, with
the first (X) and third (2) eigenvectors rotating by .

Evolution of eigenframe on loop Ls: The third eigenvector (Z2) is fixed, and the first

(%) and second (y) eigenvectors rotate by 7.

a
L, Ly

b’ b b,b’ XLy e 3_‘/3(
VE vy

Figure 3-5 Loops in SO(3)/D, and the eigenframes at their endpoints.

Example 3.2.8. (Evolution on Loop L;) Parametrization shown in Figure 3-6.

The rotation matrix for a rotation by angle ¥ around the axis [a4, a,, as] is given by:
cosx + (1 —cosx)a;? (1 —cosx)aja, —sinxaz (1 —cosx)ayas + sinxa,
(1 —cosx)aja, +sinxa; cosx + (1 —cosx)a,? (1—cosx)a,as —sinxa, |-

(1 —cosx)ajas —sinxa, (1—cosx)a,as+sinxa; cosx+ (1 —cosx)as?
In this case, a; = 0, a, = cosf, a; = sinf, and Y = m. Therefore, the evolution of
the eigenframe on loop L; involves the first eigenvector () remaining fixed, while the

second (¥) and third (2) eigenvectors rotate by .
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e $((0,cos0,sind),m)

Figure 3-6  The loop L, parametrized by 6.

The eight points in Figure 3-7 represent a single point, and since loops must start and
end at the same point, we only need to consider the loops shown in Figure 3-7.
In summary, all non-trivial loops can be represented by the loops (yellow lines) in

Figure 3-7. (Arrows are omitted for simplicity.)

Figure 3-7 Primitive loops in SO(3)/D,.

Next, we aim to explain nl(SO(B) / DZ).
Proposition 3.2.9. L; = L,.
Proof. In Ly, ¥ and 2 rotate clockwise, while in Lz, § and 2 rotate counterclockwise.
Hence, Ly = (L; )™ = L,.
Corollary 3.2.10. L; = L, = L3 = Ly.
Proof- We have Ly = Ly and L, = Ly. With Ly = Ly, wehave L; = L, = L3 = Ly4.
Corollary 3.2.11. The order |L{| = 4.
Proof. LY = LyL,L3L, =trivial loop and obviously L?, L3 # trivial loop.
Corollary 3.2.12. L? = —1.
Proof. L} = 1s0L? = —1.
Similarly, L, = Lg, and |L;| = 4. Thus, we only need to focus on the 1/8 ball. Since
it’s known that 4 (SO(B)/DZ) =~ Q, the visualization of my (SO(S)/DZ) is shown in
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Figure 3-8.

Figure 3-8 Loops in SO(3)/D, labeled by their corresponding group elements in Q.

Remark 3.2.13. Note that [ have selected specific elements to illustrate properties. For
instance, if we prove that L; = L,, we also have Ls = Lg in Figure 3-5.

A conjecture is when two eigenvectors rotate by m, a degeneracy occurs between
these two bands. Furthermore, orientations should be taken into account. For example,

on L, (or L,), the eigenvectors y and Z rotate by m, so L, (or L,), being a loop of charge

znd 3Td

[, encloses a degeneracy occurs between the and bands with positive orientation.
In contrast, L7 encloses a degeneracy that occurs between those bands with negative
orientation.

Remark 3.2.14. For the loop —1, although the eigenframe evolution ends at its initial
state, this is not a trivial loop. It is similar to a spin in physics, which must rotate by 4m
to return to its initial state. A 2m rotation results in —1 # 1.

Compare our results with Relationship between Figure 3 A, B, C in [26]. This hy-
pothesis implies that L L, surrounds two like-oriented degeneracies arising from the sec-
ond and third bands. Therefore, L, L, has a charge of —1. A similar analysis shows that
L,Lg encloses two degeneracies with the same orientation formed by the first and second
bands. The transformation in Figure 3A to C [26] represents the deformation from L, Lg
to L, L, on our ball, i.e., from k? = —1 to i? = —1 (see Figure 3-6(b)).

Quansheng Wu et al. proposed an experimental plan to verify the non-abelian charge
experimentally [26]. The authors propose utilizing angle-resolved photoemission spec-
troscopy (ARPES) to observe the momentum-space nodal line (NL) configurations in
elemental scandium (Sc) under various strain conditions. Scandium is identified as an

ideal candidate because it possesses a hexagonal close-packed structure and exhibits weak

spin-orbit coupling (SOC); the SOC-induced band splitting is less than 10 meV, which is
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negligible relative to the resolution limit of contemporary ARPES instrumentation, thus
validating the SOC-free approximation. The authors propose that the non-Abelian topo-
logical constraints can be verified by using ARPES to observe the strain-induced evolu-
tion of nodal line configurations in scandium, specifically the characteristic transfer and
detachment of crossing points.

This visualization is valuable because the SO(3) /D, ball captures the rotational be-
haviors of frames within a loop, functioning similarly to a bundle. It presents a compelling
image.

In the non-Hermitian case, if we could identify a group whose loop encompasses
both the evolution of Hermitian and the evolution of eigenframes, we could apply the

same approach. However, finding such a group appears to be quite challenging.
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CHAPTER 4 REDUCTION

4.1 2-band real pseudo-Hermitian

In this section, we give a different way to recover results in [31], and this method
can generalize to the discussion for 3-band real pseudo-Hermitian.
Definition 4.1.1. Letn = diag[—1, 1]. A 2-band real pseudo-Hermitian Hamiltonian is
a 2 X 2 real matrix H satisfying nHn = HT.

Any 2-band real pseudo-Hermitian H has the form

a b
H = , ab,c€eR
-b ¢

The parametrized eigenpolynomial is A2 — (a + ¢)A + ac + b? = 0. The eigenvalues are

a+c+\/(a—c—2b)(a—c+2b)
2

Ay =

For b # 0, the eigenvector vy to A4 is

c—a¥/(a—c- 2b)(a c+2b)

N
I

For b = 0, A, = max{a,c}, A_ = min{a, c}.

When a > c,
S 0
v, = , VU_ = , S, t are real numbers.
0 t
When ¢ > aq,
0 t
v, = , VU_ = , S, t are real numbers.
S 0

When a = c, eigenspace to the eigenvector has dimension 2.
From the computation, the degeneracy surfaces (surfaces that have only one eigenvalue)
area —c —2b =0,and a — ¢ + 2b = 0. The two planes meet along the line [ given by
y=0and z = x.

We want to compute the configuration of the eigenvectors. Let’s consider the eigen-

vector v, first. The main idea is to find points that have the same v, ..
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We compute how parameter c affects eigenvectors. Let c = s where s € R is fixed.
Then, we find that:

For b not equals to 0,

s—(a+s)$\/(a+s—s—2b)(a+s—s+2b)
vy(a+s,b,s) = 2b
1

—a¥F(a— 2b)(a+2b
=v,(a,b,0).

For b equals to 0 and a + s > c, this leads to a greater than 0. Hence,
vy(a+s,0,5) =v,(a0,0).

For b equals to 0 and ¢ > a + s, this leads to a < 0. Hence,
vy(a+s,0,5) =v,(a0,0).

In summary, the equality
vy(a+s,b,s) =v.(ab,0)

holds, that means, the configuration of v, has symmetry of translation ¢ = s plane along

the singular line
[ ={(x,0,x)|x € R}

By symmetry of translation, we reduce the case to the ¢ = 0 plane.

C
[ ={(x0,x) | x € R}

a

Figure 4-1 Translating the origin of the plane ¢ = 0 along the line ! produces a new plane with
the same eigenvector distribution as the original one. The corresponding eigenvectors, depicted
in red, remain unchanged under the translation.
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We compute the configuration on the line a = kb for a fixed k € R. By the above

conclusion, we only consider ¢ equals to 0.

When b > 0
[ cavezoap? | [k (k2]
1 | | 1
When b < 0
[ caVezoapz | [k (k2
v+= 2b = 2 4
1 1
Whenb =0,a >0
X
vy = , x€ER
Whenb =0,0>a
0
vy = , x€ER
X

{—k/Z—\/m}

1

{—k/2+\/m}
1

0
T
Figure 4-2 Parameter space (a, b) and the corresponding analytic expressions of the

eigenvectors for different rays, where eigenvectors remain constant along each ray.

We compute limit at a-axis

When b > 0,
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When b > 0,
When b < 0,
k 2
k1—1>r-|l:loo_z+ 7_1:0
When b < 0,
1 k+ k> 1=+
—_— _ — o0
e 27 4

{_1 } {—k/z—\/m}

1
I

[—k/Z—FW}
1

o+
o Mis
— s [:LJ
Figure 4-3 Limiting behavior of eigenvectors in the (a, b) parameter space as the rays
approach the a-axis.

By computation of the limit at a-axis, we have conclusions: The eigenvector v, varies
continuously on R? — {(a,0,0)|a > 0}. Configuration near a-axis (first component is
real) can be seen in Figure 4-3 and configuration in the region where the first component
is complex can be seen in Figure 4-4.

In summary, the configuration of eigenvectors is S* identifies A; ~ A,, B; ~ B, in
Figure 4-5, which is the space ST v S v ST,

Som (ST v StvSY) = Zx* 7 = Z classifies the singularity, coinciding with the result
in [31].
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Figure 4-4 Eigenvectors in the complex regime, which remain constant along each ray.

a
P N\ /
1 B,
Sl
b
A,
/BZ\

Figure 4-5 Points A; and A, on S* correspond to the same eigenvector, and similarly for B,
and B,.
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4.2 Reducing number of parameters in 3-band real pseudo-
Hermitian

In this section, we reduce the parameter space R® of a 3-band real pseudo-Hermitian
matrix to R* by symmetry of eigenpolynomials.
Definition 4.2.1. Letn = diag[—1, 1, 1]. The 3-band real pseudo Hermitian H isa 3 X 3
matrix H satisfying nHn = HT.

The 3-band real pseudo Hermitian H is of the form

a b c

—b d el|, ab,cdefE€ER

—c e f
We show the eigenvectors have translation symmetry. The characteristic polynomial of
H is
(a=DA=-DF-D+b*(f =) +c*(d—-2)—e*(a—A)—2bce =0 (D

The eigenvector is the solution to

a—A7A b c X1 0
-b d—1 e X, |=10
—C e [f—A|l x3 0

Consider the transformation (a, b, c,d, e, f) shifta, d, f by sandleta’ = a+s,d" =
d+s, f' = f +s. Then the eigenfunction becomes

(@+s—A)d+s—A)F +s—A)+D2(f +5—A)+c2(d+s—2)
—e?(a+s—21") — 2bce
=@-@=sNA-@ =sNUF -~ A =) +b*(f — A —s)) +c*(d—- @A —5))
—e?(a— (X —5s)) — 2bce
~0 )

Comparison with (1) and (2), we have ' — s = A. Therefore, the equation

a+s—A b c X4 0
—b d+s—2A e X |=10
—c e f+s—=2|| x3 0
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a—A7A b c X1
-b d—1 e X, | =
—C e [f—=A|| x3

That means, translation preserves eigenspace.

is equal to the equation

o o ©O©

We show that the eigenvectors have strech symmetry. Consider the transformation:
each coordinate of (a, b, c,d, e, f) is multiplied by k when k # 0.

The eigen function becomes
(ka—2A")(kd=2A")(kf—A)+k?b?(kf—2")+k?*c?(kd—A1")—k?e?(ka—1")—2k3bce = 0
Devide it by k3, we obtain
(a=A'/k)([d=A'Jk)(f =2 Jk)+b*>(f =X k) +c*(d—2A' k) —e*(a—2' [k)—2bce = 0

Comparison with (1), we have ' /k = A. Therefore,

ka—-2A kb kc X4 0
—kb kd - ke X, |=10
—kc ke kf —2A"|| x5 0

has the same solution as

a—A b c X1 0
-b d—21 e x, |=10
—C e =2l x3 0

by primary row transformation.

Hence, the stretch transformation preserves the eigenspace, i.e., we have:
vi(a+s,b,c,d+s,e, f+s)=v;(ab,c,d,ef), =123,
and
v;(ka, kb, kc,kd, ke, kf) =v;(a,b,c,d,e,f), k+0, i=1,273.

By above discussion, we can always set one of a,d, f to 0 and one of the other

elements to 1. This reduces parameters from R® to R*, which is helpful for further work.
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CHAPTER 5 INTERSECTION HOMOLOGY OF THE
BASE SPACE

5.1 Intersection homology

In recent years, intersection homology has become an indispensable tool for study-
ing the topology of singular spaces. While the main results of usual homology theories
often fail for singular spaces, intersection homology effectively recovers these properties,
bridging this critical gap. Appropriate reference for intersection homology/homotopy are
[35-41].

Definition 5.1.1. A filtration is a sequence of closed subsets of X:
Xn QXn—l 2 QXZ 2X1 QXO QX_]_

The connected component of X; — X;_; is called a stratum.

In application, X; is always i-dimensional singularities of X A stratum in X; — X;_4
can be viewed as i-dimensional spaces without lower dimensional singularities.

Let X be a filtered simplicial complex. We say i-simplex o is in general position
with respect to a stratum S if dim(o N S) < dim(o) + dim(S) — n for every stratum S
of X. It is always possible for us to move an i-simplex to be in a general position with
stratum S in manifolds. However, this is not true in singular spaces.

Definition 5.1.2. Let X be a filtered space of formal dimension n. Let F denote the set of
strata of X. A perversity on X isa functionp : F — Zsuchthatp(S) = 0if S € X,,—X,,_1.

Definition 5.1.3. i-simplex o is called p-allowable if
dim(o N S) < dim(o) + dim(S) —n + p(S)

for every stratum S of X.

This condition controls how far a simplex is allowed to deviate from general position.
If it is too strange, we do not acknowledge it as an allowed i-chain, but if it is not too
strange, we accept it as an allowable i-simplex.

Definition 5.1.4. Let X be a filtered simplicial complex with filtration
Xp 2 Xpnp 22X,

An i-chain { is called p-allowable if every simplex in { and d¢ is p-allowable. Define the
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group IP C;(X) be the subset of C;(X) consisting of p-allowable i-chains.
It can be shown that the chain complex (C,(X),d) restricts to a chain complex
(I°C.(X), 0).
Definition 5.1.5. The intersection homology groups are given by IPH;(X) = H;(IPC.(X))
For a topological space, we require that PL intersection homology is independent of
triangulation. Let’s define PL homology first.
Definition 5.1.6. By a triangulation of a topological space X, we mean a pair T = (K, h)
such that: K is a simplicial complex that is locally finite and h : |K| — X is a homeomor-
phism.
Remark 5.1.7. Local finiteness means: every point x € |K| admits a neighborhood U
that intersects only finitely many simplices.
Definition 5.1.8. Two triangulations T = (K, h) and S = (L, j) are said to be equivalent
precisely when j~1h is a simplicial isomorphism.
Definition 5.1.9. A subdivision of a triangulation T = (K, h) is a triangulation T’ =
(K', h), where K' is a subdivision of K.
Remark 5.1.10. Two triangulations T = (K, h) and S = (L, j) are said to admit a common
refinement if one can find a subdivision T’ = (K', k) of T and a subdivision S’ = (L', )
of S for which the induced map f : K’ — L' is a simplicial isomorphism.
Fact 5.1.11. (T, <) is a directed set (i.e., the relationship < satisfying (1) transitive, (2)
reflexive, (3) forany T, S € 7, AW € T such that T < W and S < W).
Definition 5.1.12. Let (X,T) be a PL space. For T = (K,k) € T, define CI'(X) =
C.(IKD.
Definition 5.1.13. Let

T=(Kk)ST =(K'"k"
in J'. We define a map

CT(X) = C.(K)) = C(K') =T (X), o& T,

For £ = }; a;o;, the map is

szai z g,
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0,
o
@
03
®
¢ a ¢ a, a,
K| K|

Figure 5-1 An example for subdivision chain map.
o+2aw 01 +0,+2(a; +ay).

It is straightforward to verify that with the above data, we can define a direct limit

as follows:

Definition 5.1.14. C/ (X) := lii>nC*T(X), where CT'(X) = C,(|K]|) for T = (K, k).
TeT
Actually, we do not need all triangulations in 7. We only need a subset of 7 con-

taining all subdivisions of a fixed triangulation Ty,.

Proposition 5.1.15. Let X be a PL space with admissible triangulation 7. Let
To=(K,k)eT
and let J; be the subset of T consisting of subdivision of T;,. Then

¢7 (x) = limCT (x) = lim T (X).
TeT TET,

Definition 5.1.16. X is a PL space. Define PL homology of PL space (X,T) as
H.(X) = H.(CT (X))

Proposition 5.1.17. Let X be a PL space. Then H,(X) = H,(X), where H,(X) can be
singular or simplicial homology with respect to any triangulation.

Remark 5.1.18. PL intersection homology (defined later) may not be isomorphic to H, (X)
in general.

Definition 5.1.19. Let X be a PL filtered space for which each skeleton X; is a subcomplex

in every admissible triangulation.

Define IPCY (X) := h‘_r)nIﬁC*T (X), where IPCT (X) := IPC,(|K]).
TET
Remark 5.1.20. Filtration and perversity of X can “move to” |K| by homeomorphism k.

Definition 5.1.21. We define the PL intersection homology of PL space (X,7") as

IPH,(X) = H(IPCT (X)) = lim H.(IPCI (X)) = limIPHI (X),
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where
IPHT (X) = IPH,(|K])

forT = (K, k).

Definition 5.1.22. Let L be a subcomplex of K. Then L is termed a full subcomplex if
whenever a simplex o € K has all its vertices lying in L, it follows that o € L.
Definition 5.1.23. An admissible triangulation T of a PL filtered space X with filtration
{X;} is called a full triangulation if all X; are full subcomplexes of X.

Theorem 5.1.24. Let X be a PL filtered space. Let T be a full triangulation and T’ be an
arbitrary subdivision of T. Then

IPCT(X) — IPCT (X)
1s an isomorphism.

Corollary 5.1.25. We have

H.(X) = lim H,(I°cT' (X)) = H, lim I°cT(X) | = H.(1PcT (X)) = IPHT (X).
T'eT, T'eT,

5.2 Computation of R? with two degeneracy lines

In this section, we compute the example in Figure 5-2. It is R? with two degeneracy

lines L, and L.

]RZ

Figure 5-2 R? with two degeneracy lines L, and L,.

We haVe ﬁltration XZ 2 Xl 2 XO 2 X—l’ Where XZ - RZ, X1 - Ll U Lz, XO - L1 N Lz.
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The strata are shown in Figure 5-3. We only need to choose a full triangulation to compute
PL intersection homology. We choose a triangulation in Figure 5-4. The computation

proceeds by classifying i-simplices into several types (see Figure 5-5).

y
Ly

Figure 5-3  Strata of X. There are four strata in X, — X, depicted in blue; There are four strata
in X; — X,, depicted in red, pink, yellow and green; There is one stratum in X,,, depicted in

purple.

Figure 5-4 A full triangulation of X.

We assume perversity are same on 04, 05, O3, Oy:

p : {Strata of X} — Z

R; = 0,0; »p(l),ifrom1to4, and T = p(2)

The following steps compute the allowability condition for simplices of dimension 0, 1,

2. Let n be any 2-simplex. It is allowable if

dim(n NXy) <2—-2+p(2) and dim(n N (X; — Xy)) <2—-1+p().
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0-simplex:
type I,. Intersects with X,
type . Intersects with X; — X,

1-simplex:

type /. Only intersects with X; — X, of dim 1
type /1, Only intersects with X; — X, of dim 0
type . Intersects with X; — X, X,

type /', . Only intersects with X,

2-simplex:

type [, . Intersects with X; — X, X,

type /1, Only intersects with X; — X, of dim 1
type I11,: Only intersects with X; — X, of dim 0
type IV, Only intersects with X

Figure 5-5 Types of simplices: we ignore the intersection with X, — X; since we can always
ignore the allowability condition on regular strata. The sub-index of a type denotes the
dimension of the simplex, and the corresponding examples are depicted in the same color in
Figure 5-4.

Let e be any 1-simplex. It is allowable if
dim(e N Xy) <1—=2+p(2) and dim(e N (X; — X)) <1 -1+ p().
Let v be any 0-simplex. It is allowable if
dim(v N Xy) < =2+ p(2) and dim(v N (X1 — Xp) < =1+ p(1)).

These allowability conditions suggest that we need to discuss the problem in 16 cases
based on the value ranges of p(1) and p(2). In each of the 16 cases, we have labeled the
allowable simplices for that case; see Figure 5-6.

Remark 5.2.1. Figure 5-6 is obtained by combining three figures in Figure 5-7.
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p(2) o lo, s
,1‘3 Ion I, 1vy I, 11y, 11, 1V,
1
IV, 111, 1V, Iy 112, 1T, IV 1, 10y, 111, 1V
My Vi | mm 1”011 11, V.
1112,IV2 I;II,III,IV 1,11, iV
V2 2 T2 L, I1,, 111, 1V,
1 i 11,
v, 11, IV. 1 I, 11
v o, 112, 1115, 1V, L, 11, 1115, 1V,
-1 0 1 _
I 11 p(1)
None 11, I T
11,111, 1l
11,111,

Figure 5-6 The allowable simplex type in each case. Note that all cases contain points on the
line. e.g., the bottom right box is p(2) < 0, p(1) > 1.

I Io 11,
_ 1V, 11,1V, I, 11,111, 1V
p(2) =2 ‘
11, p(2) =1
‘ 11 I, 11,
p(1) =1 p(1) =0 (1) =1

(a) Allowable 0-simplices for different (b) Allowable 1-simplices for different

perversities. perversities.
v, 11,1V, Iy, 115,111, 1V,
p(2) =0
111, 11,111,
p(1) =-1 p(1) =0

(c) Allowable 2-simplices for different
perversities.

Figure 5-7 Allowability conditions for simplices of different dimensions.

Example 5.2.2. Consider the case 1 > p(2) < 2,p(1) < —1. In this case, we can see in
Figure 5-6 that types IV; and IV, are allowable. With IV;, any allowable 0-simplex can
be homologous to each other, so IPH, = Z. The allowable 1-cycles lie in regular strata,
so all 1-cycles are trivial, thus IPH; = 0. There is no 2-cycle, so IPH, = 0.

The other cases are obtained similarly. The computation results are shown in Fig-
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ure 5-8.
p(2) 4
2
ZOZDZDTL Z@Z@Z@Zl
0 0
0 0
-1 0 "p(1
ZOZRZLDZ | ZOZDZDL 7 7 p( )
0 0
0 0 Z Z
0 0
Figure 5-8  Intersection homology of R? with two singular lines. From top to bottom is IP H,,,
IPH,, IPH,.

Example 5.2.3. We provide some example loops in Figure 5-9. Forp(1) < 0,p(2) > 1,

loops in Figure 5-9 (a) are trivial, i.e., they are bounded by allowable 2-chains. For

p(1) < 0, p(2) < 1, the only allowable loops in (b) are trivial loops in regular stratum.

Consider the case p(1) > 1, p(2) < 01in (c), the loop 1, 2, 3 are trivial and loop 4 is

nontrivial, generated I°PH; = Z.
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><><

O

0

O

(b)

y4

-
<
S

In Figure 5-8, from yellow region to green region, we “see” the two singular lines;

(c)
Figure 5-9 Examples of loops.

From yellow region to red region, we “see” the singular point at the origin. It’s equal
to regular homology H, (R?) for nonnegative perversity. More discussion can be seen in
Conjecture 3.4. We divide the results in Figure 5-8 into four parts: 4, B, C, D, see Figure 5-
10. In part A, type IV, are allowable so IPH, = Z. The only allowable 1-simplex is IV,
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so any 1-cycle lies in regular strata or touches X,. Hence IPH; = 0. In part B, all 2-
simplex are allowable, so IPH; = 0. Since type II; is allowable in any case, IPH, = Z.
In part C, four types of 1-simplices are not allowable, so there are four path components,
and thus IPHy, = Z @ Z @ Z @ Z. All allowable 1-cycle lie in the regular stratum, so
IPH; = 0. In part D, the type 11, is allowed, so IPH, = Z. There is a nontrivial 1-cycle

that encloses the origin.

p(2) ‘
; I I Iy, I,
A ”31 v, 11,1V I, 11y, 111, 1V,
- v, I1L,, 1V, L, 11, 111, IVy | I, 11, 11,1V,
Z
0 Iv. 11,1V, 11
vy ! v Iy, Iy, 111, IV
11, 1V. vy, 1, IV
IVZ 2 2 12,112,1112,1V2 12’112,1112’1[/2
I 11,
1V. 1 1,11
c 2 M Vo VL 1w, |00
VACYASYA:YA I, 11,5,111,,1V,
0
0 p(1)
None 111, 1 Io p
I, 11, Z
11,111, D
11,111, g

Figure 5-10 Division of the results into four parts: A, B, C, and D.
Conjecture 5.2.4. With nonnegative perversity, the intersection homology of a smooth

2-manifold is the same as the general homology.

Sketch of the proof. Let n be any 2-simplex. It’s allowable if
dm(nNXy) <2—2+p(2)and dim(n N (X; —Xp)) <2 —1+p(1).
When perversity is nonnegative, all 2-simplices are allowable up to homology, i.e.,
Cf (X) = C,(X) up to homology.
Let e be any 1-simplex. It is allowable if
dim(enXy) < 1-2+p(2) =p(2)—1and dim(en(X;—Xp)) < 1—-1+p(1) = p(1).

From the condition, we find that all 1-simples intersect with X; — X, of 0-dimension,
and not containing X, is allowable. Since all 2-simplices are allowable and it is a smooth
manifold, we can always (need to be proved) homologously add a 1-simplex to intersect
with X; — X, of 0-dimension and do not contain X,. Hence all 1-simplex is allowable up

to homology, i.c., Cf (X) = C1(X) up to homology.
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Let v be any 0-simplex. It is allowable if
dim(v N X,) < —2 + p(2) and dim(v N (X; — Xp) < —1 + p(1)).

We find that all 0-simplex not intersecting X; are allowable from the condition. Since
all 1-simplices are allowable and we are in a smooth manifold, we can always homolo-
gize a 0-simplex to a 0-simplex not intersecting X;. So, all 0-simplex is allowable up to
homology, Cg (X) = Cy(X) up to homology.

Hence, IPH,(X) = H.(X).

5.3 Compute R? with one singular point

The parametrization space of a 2-band Hermitian system is R? with a single singu-
larity at the origin, see Figure 5-11. The types of simplices are in Figure 5-12, and the

allowable simplices in each case are in Figure 5-13. By a similar calculation, the results

y
b

are in Figure 5-30.

singular point SN\
— o >

Figure 5-11 R? with a singular point.

0-simplex: )
type [,  Intersects with X,
I-simplex: type Intersects with X,
2-simplex:

type I,  Intersects with X,

Figure 5-12  Types of simplices.
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I L Iy
& h 5(2)
I, _
0 1 2

Figure 5-13  Allowable simplices in each case.

p(2)

o N

0 1 2

Figure 5-14 Intersection homology of R? with one singular point. From top to bottom is IP H,,,
IPH,, IPH,.

From the yellow region to the green region, the IP H; (R?) varies from 0 to Z, meaning

that we detect the singular point at the origin.

5.4 Intersection homology of swallowtail

We consider the filtered space R3 with filtration X3 D X, D X; DX, 2 X_; =0
where X3 = R3, X, is the yellow surface, X; is the red and purple intersection lines and
X, is the origin point, see Figure 5-15. Since there is no nontrivial 3-cycle in C3(R3), so
is IPC3(R3). Thus I H;(R3) = 0.

Type of 0-simplex and 1-simplex is shown in Figure 5-16. The allowable 1 and
0-simplex for different perversity is shown in Figure 5-17.

Method to obtain Figure 5-17: Here we take type I11; for example. The allowable 1-

simplex e satisfies the inequality
dim(e N Xy) < p(3) —2
dim(e N (X1 — Xo)) <p(2) -1
dim(e N (X2 — X;)) <p(1)

We check Figure 5-16 that the type I11; intersects X, at 0 and intersects X; — X,y at dimen-
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Figure 5-15 Filtration of swallowtail. X; = R3, X, is the yellow surface, X; is the red and

purple intersection lines and X, is the origin point.

0-simplex:

1-simplex:

type I, Only intersects with X,
type I, Only intersects with X; — X,

type 111, Only intersects with X, — X;

type I;

type [I;  Only intersects with X, — X; at dim 1
type I11; Intersects with X, at dim 0 and with X; — X, at dim 1
type IV, Intersects with X; — X, at dim 1 and with X; — X, at dim 0
type V Intersects with X, — X, at dim 1 and with X; — X, atdim 0
type VI, Intersects with X, at dim 0 and with X, — X; atdim 1
type VII; Intersects with X3 — X, at dim 1 and with X, — X; atdim 0

type V111, Intersects with X, at dim 0 and with X3 — X, atdim 1

Figure 5-16 Types of simplices.
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sion 1. Taking the left hand side be 0 and 1 in the first and second equation, respectively,
we have the type I11; is allowable when 0 < p(3) —2and p(2) —1 > 1,ie.,p(3) > 2
and p(2) > 2, which is shown in Figure 5-17. Also, note that we omit the intersection at
X3 — X, since it’s a regular stratum.
Iy, 1, 5(2)110, Iy 1L, Iy, I,

L, 1v,, L, IV, VII,, L, IL, IV, Vy, VII,,

I, 20 111, 1,

v, v, ViI,, i, 1v,, v,, VI,

I, I 111, 1,

vIl,, 11, VII,,

0 1 _
1
1(, 11) III()! 1(] p( )

VI, 11, VII,,

Figure 5-17 Regions corresponding to different allowable simplices under varying perversities.
The yellow types are allowable when p(3) > 2 and the blue ones are allowable when p(3) > 3.

The computation is as following: To illustrate more explicitly, we divide the
p(1)p(2)p(3)-space into three regions. In the region A4, the type IV; simplices are allow-
able, which means we can have path across singular lines X; to connect three connected
components of X3 — X,; In the region B, the type VII; simplices are allowable, which
means we can have path across singular surface X, — X; to connect three connected com-
ponents of X3 —X5; In the region C with p(3) > 2, the type VII1I; simplices are allowable,
which means we can have path across X, to connects the three connected components of
X3—X5; Inthe region C with p(3) < 2, no simplices hitting singular part X, are allowable,
hence we could see the three connected components of X3 — X,.

The degree-0 intersection homology=
ZOZDZ ifp(3)<2,p(2)<1, andp(l) <0

Z otherwise

0-degree intersection homology depict connected components. By regulating the three
parameters, the degree 0 intersection group changes from Z to Z @ Z @ Z, during which
we detect the three regions Reg I, II, II1, which are the three connected components of the

complementary space of the swallowtail in R3, see Figure 5-15.
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/i
p(2)
I, 1y Iy, I, I, Iy, I,
lo Iy, 1, IV, VIL,, I, IL, IV, Vy, VII,, A
lo 2 I, 1, I,
W, v, VII,, L, Iv,, vy, VII,,
I, 1 I, 11, I,
VI, I, VII,,
1l il
fo y fo 111, 1, p(1)
Vil,, 11, viI,,
|

Figure 5-18 Division of the p(1)p(2)p(3)-space into three parts.

NN N
NN N
NNN

NNN|NNN
NNN| NN

N
NN
NNN

Figure 5-19 The degree-0 intersection homology of the swallowtail. Red corresponds to
p(3) < 2, greento 2 < p(3) < 3, and purple to p(3) > 3.
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The type of 2-simplex is in Table 5-1. The allowable 2 and 1-simplex for different
perversity is shown in Figure 5-20. The computation is as following: Some important
loops potentially could be generators of intersection homology groups; see Figure 5-21.
Besides those loops, we also need to consider some loops that hit (not enclose) the singular

spaces X, — X1, X1 — Xj, or Xj.

Table 5-1 Types of simplices

type I, Only intersects with X, — X; at dim 2
type 11, Intersects with X; — X, at dim 2 and with X, at dim 0
type 111, Intersects with X, — X, at dim 2 and with X, at dim 0
type IV, Intersects with X3 — X, at dim 2 and with X; — X, atdim 1
type V, Intersects with X; — X, at dim 2 and with X; — X, at dim 0
type VI, Intersects with X, — X, at dim 2 and with X; — X, at dim 1
type VII, Intersects with X, — X, at dim 2 and with X; — X, at dim 0
type VIII, Intersects with X5 — X, at dim 2 and with X, — X; atdim 1
type 1X, Intersects with X; — X, at dim 2 and with X, — X; at dim 0
type X, Intersects with X, — X, at dim 2, with X; — X, at dim 1, and with X, at dim 0
type X1, Intersects with X3 — X, at dim 2, with X, — X; at dim 1, and with X, at dim 0
type X1I, Intersects with X; — X, at dim 2, with X; — X, at dim 1, and with X, at dim 0

type X111, Intersects with X3 — X, at dim 2, with X, — X, at dim 1, and with X; — X, at dim 0

To illustrte more explicitly, we divide the p(1)p(2)p(3)-space into five regions, see
Figure 5-22. In the region A, the allowable 1-cycle cannot traverse the singular surface
at X, — X; but can hit X;. Since the type V, and IV, the 1-cycle e is bounded. Hence,
the intersection homology group is trivial. In the region B, no 1-cycles could hit X,.
However, the type V, is allowable, so the 1-cycle e is trivial. Hence, the intersection
homology group is trivial. In the region C, no 1-cycles are allowed to transverse X,. The
1-cycle e is allowed, but the type V, is not allowable, making e a generator of intersection
homology. Hence, the intersection homology here is all Z. In the region D, 1-cycles are
allowed to transverse the singular surface X,. The types V,, VIII,, I1X,, XI1I, are allowed,
and the 1-cycles a, b, ¢, d, e, f are all bounded, so the intersection homology group is
trivial. In the region E with p(3) < 1, the three 1-cycles a, b, c are all allowed and they
are none trivial. Since types VIII, and I X, are allowed, e = d = a+ b + ¢, which is also
nontrivial. In the region E with p(3) > 1, the type I, and X1, are allowable, making d
(also e) being bounded. Hence the intersection hereisZ @ Z @ Z/a + b + c.
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p(2),
I, 11, 1V, Vy, VI,
L, 17y, L, 1V, b, IV, V1L, I, IVy, Vo, VI, Vi, VIIL, [X,, XII1
Vo, Vy, 115, X11 IV, Vy, IX. [V, Vo, VILI, 125, X1y | "7 720 T B 720 Tz e 22
22 V2,112, 2 2, V2, 2 ”2,X12,X”2 IIZJHIZ:XZ'X]Z'XHZ
1L, XI1,
v, v, 2| I, IV, VI, 11,1V, Vy, VI,
IV, Vy, 11, X11, IV, Vs, IX, Vo, Vo, VI, X, X1 | 1, 1V,, V,, VI, VI, VI, 1X,, X1,
1L, XI1, 115, X1, XI1, 11,1115, X5, X1, XI1,
1 v, 1, VI,
Vo, 11, Va, 1X; Vo, VI, 1X,, X111, 1, Vo, VI, VI, 1X,, X111,
11, 115, X1, 11,111, X1,
-1 0 1 —
vil,, 11, Vil p(1)
112 IXZ VIIIz,IXZ Iz,Vlllz,IXz
1L, I1,, X1, 1L, 1115, X1,

Figure 5-20 Regions corresponding to different allowable simplices under varying perversities.
The blue is allowable when p(3) > 1 and the yellow is allowable when p(3) > 2.

Figure 5-21

Some important loops. Loops a, b, and ¢ enclose the singular lines on the surface,

while loop e encloses the isolated singularity. Loop d is the composition of a, b, and c,
surrounding the singular point at the origin. Loop f does not enclose any singular line.
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A p(2)
I, 11, 1V, Vy, VI,
b, vy, I, 1, 111[',”/‘}"/1%}’1 X X111 112,11;2,Vzl,V112,V1112,V1112,1X2,X1112
1V, Vo, 11, XI1, 1V,,V,, 1X, 2 T2t A2 AT
- 11,,X1,,XII, 11,,111,,X,,X1,, X1,
1L, XI1, 42 2002
v, v, 2| 1, 1vy,vin, 11,1V, vy, VII,,
1V, Vy, 11, X11, V5, Vy, IX, Vo, Vo, VI [ X, XTI | 1, 1V,, Vo, VI, VI, VI, 1X,, X1,
- I1,, XII, | 11, X1, X1, 11,1115, X,,X1,, XI1,
c Hff v, 11, VIl,,
V11, Vo, IX, Vo, VI, Xy, X111, I, Vo, Vi, VI, 1Xy, X111,
11, I, X1, 11,1115, X1,
—1 0 1 ~
Vil 11, Vil p(1)
I, X, VI, IX, I, VI, 1X,
1, I, X1, I, 111, X1, E

Figure 5-22  Division of the p(1)p(2)p(3)-space into five parts.

The degree 1 intersection homology is shown in Figure 5-23, which can be formu-
lated as: The degree-1 intersection homology=

(Ze if VH(3) € Z, $(2) <0, and p(1) < 0

Za D Zb P Zc if p(3) <1, p(2)<0,andp(1) >0

Za@®Ib D Ic/a+b+c if p(3) > 1, p(2) <0, and p(1) > 0

kO otherwise

where a, b, c are generators, shown in Figure 5-21.

Loops in Figure 5-21 satisfies conditions that d = e = a+b+c in intersection groups
containing a, b, ¢, d, e. These equations mean the three singular lines can fuse to the iso-
lated singular lines. The group Ze detects the isolated singular line in the swallowtail but
does not detect the three singular lines on the surface. The group Za@Zb@PZc/a + b + ¢
detects three singular lines on the surface but does not detect the isolated singular line
since loop e = d = 0. The group Za @ Zb @ Zc detects both the three singular lines on
the surface and the isolated singular line since loop e equals d and a + b + ¢, which are
nonzero. All the above shows that the isolated singular line strongly relates to the three
singular lines on the surface.

The intersection cases of a 3-simplex can be classified by intersection dimension.
The equivalence condition for those 3-simpleces being allowable is shown in Figure 5-24.

The computation is as following: The possible nontrivial 2-cycles are the ones enclosing
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 p(2)
0 0 0 0
0 0 0 0
0 0 0 0
0 0o 2 0 0
0 0 0 0
0 0 0 0
0 0 1 0 0
0 0 0 0
0 0 0 0
- —
_1 0 _
Z % R YAV VR YAY p(1)
Z ) Za@®Ib D Zc/a+b+c =0 Za@®Ib @ Zc/a+b+c =0
“ Za@®Ib @ Zc/a+b+c=0 Za@® Zb ® Zc/a+b +c =0

Figure 5-23 The degree-1 intersection homology of the swallowtail. The red region
corresponds to p(3) < 1, the green region to 1 < p(3) < 2, and the purple region to p(3) > 2.
the origin, which need the type of 2-simplices that intersect with X; — X, at > 0 dimension
and X, — X; at > 1 dimension. Therefore, for p(3) > 0, the 3-simplex intersecting X, is
allowed, so the intersection homology for p(3) > 0 is all trivial, i.e., the green and purple
ones in Figure 5-26 are all zero. To illustrte more explicitly, we divide the p(1)p(2)p(3)-
space into three regions, see Figure 5-25.

In the region A with p(3) < 0, type V,, VIII,, 1X, are allowable, so the 2-cycle
enclose the origin are allowed. However, any 3-chain bounding it would have to intersect
Xy, which is not allowed. Therefore, this cycle is nontrivial in intersection homology.
Hence, the intersection group is Z. In the region B, no allowable 2-cycles can transverse
the singular surface X,; thus, no 2-cycles can enclose the origin. Hence, the intersection
homology here is zero. In the region C, no allowable 2-cycles can hit the singular line
X;1 — Xy, so no 2-cycles can enclose the origin. Hence, the intersection homology here is
ZEero.

The degree 2 intersection homology is shown in Figure 5-26, which can be formu-

lated as: The degree-2 intersection homology=

Z ifp(3) <0, p(2) >0, and p(1) >0

0 otherwise

The Z group is generated by a sphere enclosing the origin. Hence, during the degree

2 intersection group changing from 0 to Z by tuning parameters, we detect the singular
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b
— I, WV, 1V, V) I, Vo, Vo, VIl 1Xp, X111y | 121 1V2rVar VI VID VI, 1Xg, X1
11, XI1, I, X11, 1L, X1, 11y, X1, XI1, 115, 1115, X5, XI5, XI1,
1
Nx—Xo=1
v, v, Vy, IX, Vo, VI, 1X5, X111, 15, Vy, VI, VI, 1X5, X111,
i, i, I 1L, X1, Iy, 1115, X1,
L -2 —1 0 2
IX, VIII,, 1X, L, VIIL, IX, p(1)
X — Xo=0— I 11, 11, 115, X1, I1,,111,, X1,
L -1
11, I, 1X; VIII,, X, [, VIl 1X;
X X,=0 I, I, XI, 11,111, X1,
L . T . ) . )\ Y J
NX:—X,=0 NX.—X,=0 NX.—Xx,<1 NX.—x,<2

Figure 5-24 Allowable 2 and 3-simpleces for different perversity conditions. The blue ones
are allowable when p(3) > 1. The allowable 3-simplex with different intersection dimension
condition are shown in the picture, e.g., the 3-simplex that does not intersect X, — X, is for
p(1) < —2. Note that the condition corresponds to whether 3-simplex could intersect the X, is
not denoted in the picture. The 3-simplex intersect with X, is allowed only when p(3) > 0.

p(2) A
| .
— o, 1V, V, 1V, Vs, IX, IVy, Vo, VI, 1X5, XLy | 122 1V2: Vo, Vo, VID, VIH, 1X5, X111
1L, XI1, 11, XI1, I, X1, I, X1, XI1, [Ty, 113, Xa, X1p, X1
1
NX—Xo=1
v, v, Vy, IX, Vo, VI, 1X, X111, L5, Vo, VI, VI, 1X5, X1,
11 11, I, 113, X1, 11, 111, XT
L -2 —1 0 2. _
IX; VI, IX, L, VIIL,, IX, p(1)
X~ Xo=0 11, 11, 11, 11, X1, I, 111y, X1,
L —1
I I 1X; VIl 1X, Lo, VI, 1X,
(X— X~ 0 “ I, 11, X1, 11,1115, X1,
C
L . ) 1 L . ,- [l Y )\ Y J
NxX.—x,=0 NX.—X=0 Nx.—x =1 Nx.— X, <2
Figure 5-25 Division of the p(1)p(2)p(3)-space into three parts.
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p(2)
y
— 0 0 0 Z Z
0 0 0 0 0
0 0 0 0 0
1
Nx-x=1 <
0 0 0 7 7
0 0 0 0 0
0 0 0 0 0
L -2 -1 0 2
0 0 0 0 0 p(1)
NX—X=0 0 0 0 0 0
L -1
0 0 0 8 8
N Xi—X,=0 0 0 0
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L . T . ;oL » )\ \ J
Nx.—x=0 NX.—X=0  (X.—X <1 Nx.—xi=<2

Figure 5-26 The degree-2 intersection homology of the swallowtail. The red region
corresponds to p(3) < 0, the green region to 0 < p(3) < 1, and the purple region to p(3) > 1.
point MP (meeting point) at the origin.

Jing Hu et al. found that loop [, can transition to lg, that is, a pair of EL3s can trans-
form into a NIL and an NL [29], see Figure 5-27. Our computation does not contradict
this result. This is because, in intersection homology, the loops [, and lg belong to the
same homology class. This phenomenon has also been verified experimentally. The au-
thors built a special electric circuit to simulate a non-Hermitian system. By tuning control
parameters, they measured how the energy levels evolve. They observed where energy
levels meet and split, and found that two types of singular lines can transform into others,
see Figure 5-28. They also tracked the evolution of states along a loop and found that
the behavior remains the same. This shows that different singular lines are topologically

connected.

5.5 An interesting phenomenon

By the results of intersection homology of R? with a singular point at the origin,
R? with two singular lines, and swallowtail in R3, we find the following interesting
phenomenon: It seems that the degree n intersection homology could only detect the
3 — (n + 1) dimensional singularities.

Firstly, we need to describe “detect” more explicitly. It is clear that if an n-chain

encloses (not intersects with) a r-dimensional singularity and no n + 1-chain with n-
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EL3

Figure 5-27 Transition of double EL3s to NIL and NL. (adapted from [29], Figure 4(c))

chain could intersect with a r-dimensional singularity for some perversity, we detect this
singularity. For example, a sphere encloses the origin in the swallowtail example. These
are all the cases in the above computations. Since an n-chain encloses an r-dimensional
singularity, which means r = 3—(n+1), it seems we describe the phenomenon. However,
are there any other cases? For example, in Figure 5-29, the yellow surface is a singular
surface, and the black 1-chain a intersects with these singular surfaces. If there is no
allowable 2-chain with 1-chain a being a boundary, then this 1-chain is nontrivial and
can detect the singular surface. However, it is impossible by the following property.

Proposition 5.5.1. For an allowable n-chain y, if it intersects with a singular stratum S;,

where S; has codimension i, and there exists (n + 1)-chain  with dn = y and
dim(y N S;) >dim(n nS;) — 1,

then y is trivial.
Proof. Consider an allowable n-chain y and (n + 1)-chain 1 in C,, 1 (R3) with dn = y.

71 may not be allowable, but we want to show 7 is allowable, i.e.,
dim(m; NnS) <n+1—i+p()

for each (n + 1)-simplex n;. Clearly, as a subspace, dim(n; N S;) < dim(n N S;) for each
J. Consider the (n+ 1)-simplex n;, with dim(n;, NS;) = dim(nNS;). Ifn;, is allowable,
then

dim(n; N S;) < dim(n N'S;) = dim(®n;, NS;) <n+1—i+pQ)

for each j, complete the proof. Then we will show 7;, is allowable.
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Figure 5-28 Experimental observation of the swallowtail catastrophe with the circuit system.
(adapted from [29], Figure 3)
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Figure 5-29 A possible nontrivial chain that does not enclose any singular lines.
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Since y is allowable, so for each n-simplex y;, in y, we have
dim(yx N'S;) <n—i+p(D).

As a subspace, we also have dim(y, N S;) < dim(y N §;) for each k. Let y,, be the
n-simplex in y with dim(y,, N S;) = dim(y N S;). Hence, we have

dim(y N $;) = dim(yg, NS;) <n—i+p(i).
Then we obtain that p(i) > dim(y N S;) —n +i. Since dim(y N S;) > dim(n N S;) — 1,

p()) >dim(nNS;)—n—1+i=dim(n; NS;)—n—-1+1i.

, meaning that n;_ is allowable.

Hence y is bounded by 7 in the intersection homology, and thus y is trivial.

Example 5.5.2. The 1-chain y in Figure 5-29 must be trivial, since
dm(ynS;))=0>dm(nnS)=1-1=0.

Remark 5.5.3. The condition dim(y N S;) > dim(n N S;) — 1 holds for the most cases.
Otherwise, dim(y NS;) < dim(nNS;)—2, which is ridiculous since dim(n) = dim(y)+1.

Note that we discuss the cases where y intersects with only one stratum. It can also
be generalized to the case where y intersects with finitely many strata.

Corollary 5.5.4. Let y be an allowable n-chain intersecting with
(s},-, 8 i€ln; €N}

where [ is some index set. Ifthere exists an (n+1)-chainn with dn = y and dim(y ﬂSL-l) >
dim(n N Sl-l) —1foralli € I and 1 < I < ny, then y is trivial.
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CONCLUSION

The problem contains 2-band Hermitian/pseudo-Hermitian and 3-band
Hermitian/pseudo-Hermitian.

A 2-band Hermitian has three ways of classifying. A 2-band Hermitian matrix is

I+t s
A(l, s, t) = ,
S l—t

The eigenbundle is the Hopf bundle S° - S — S [32]. The result is that any loops
enclosing [-axis are a Hopf bundle, while loops not enclosing [-axis are trivial. Following
[34], the Berry phase of a spin in a magnetic field is y = —%Q. In this work, we use
the matrix A(l, s, t) to study this effect. We show that different loops in parameter space
match the physics: a loop that goes around [ once gives a nontrivial phase, a loop that
does not go around [ gives zero phase, and a loop that goes around [ twice is again trivial.
This means our topological classification agrees with the physical result. The second way
is that we can classify it by computing the fundamental group of the order parameter [28],
the fundamental group m; (S1) = Z. The third way is that we can classify it by computing
m1(SO(2)/0(1)). We can visualize the evolution of eigenvectors on a loop by the ball
method.

For the 2-band pseudo-Hermitian, it has the form

a b
H= ) albICERl
-b ¢

and H has the following symmetries:
vy(a+s,b,c+s)=vi(ab,c)
and
vy (ka, kb, kc) = vy(a,b,c), k # 0.

So we can always reduce three parameters to 1 parameter. Hence, we can visualize
the evolution of two eigenvectors in the particular case when a = —c.

3-band Hermitian has two ways to classify. The eigenbundles can be described by
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the bundle
D, — SO(3) — SO(3)/D,.
The classifying map
¢ : SO(3)/D; — Gr (R®) X Gry (R*)
is given by

l

o|f|s =(span(l 00 ---),span(s 00 ))
t

The second way is that we can classify by the fundamental group m{(SO(3)/D,). We
can visualize the evolution of eigenvectors on a loop by the ball method.
The other main result of this paper is the computation of intersection homology.
Intersection homology of R? with a singular point at the origin is shown in Figure 5-
30. From the yellow region to the green region, the I? H; (R?) varies from 0 to Z, meaning

that we detect the singular point at the origin.

p(2)

o N

0 1 2
Figure 5-30 Intersection homology of R? with one singular point:from top to bottom is I PH,,
IPH,, IPH,.

Intersection homology of R? with two singular lines is shown in Figure 5-31. In
Figure 5-31, from yellow region to green region, we “see” the two singular lines; From
yellow region to red region, we “see” the singular point at the origin. It’s equal to regular
homology H, (R?) for nonnegative perversity.

The following is the intersection homology of a swallowtail in R3.

The degree-0 intersection homology=
ZOZDZLZ ifp(1) <0, p(2) <1, andp(3) <2

Z otherwise

0-degree intersection homology depict connected components. By tuning the three pa-

rameters, the degree 0 intersection group changes from Z to Z @ Z @ Z, during which
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p(2) &
0 0 0 0
0 0 0 0
Z Z 2 Z 7
0 0 0 0
0 0 0 0
Y YL YA Y Y YA 7 »
0 0 0 0
0 0
0 0 ‘
_1 0 1 > _ 1
IOIOIOL | ZOLZOLDL 7 7 p(1)
8 8 Z 7
0 0

Figure 5-31 Intersection homology of R? with two singular lines. From top to bottom is IP Hy,
IPH,, IPH,.

Figure 5-32 Three connected components, Reg I, II, III of the complementary space of the
swallowtail in R3, adapted from [29], Figure S7.
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we detect the three regions Reg I, II, II1, which are the three connected components of the
complementary space of the swallowtail in R3, see Figure 5-32.
The degree-1 intersection homology=

(Ze if5(1) <0, 5(2) < 0, and Vj(3) € Z

Za @ Zb @ Zc if p(1) >0, p(2) <0, andp(3) < 1

Za@®Zb D Zc/a+b+c ifp(1)>0,p(2)<0,andp(3) >1

LO otherwise

where a, b, c are generators, shown in Figure 5-33.

Figure 5-33 Some important loops. Loops a, b, and ¢ enclose the singular lines on the surface,
while loop e encloses the isolated singularity. Loop d is the composition of a, b, and c,
surrounding the singular point at the origin. Loop f does not enclose any singular line.

Loops in Figure 5-33 are satisfyinga + b + ¢ = d, d = e in intersection groups con-
taining a, b, ¢, d, e. These equations mean the three singular lines can fuse to the isolated
singular lines. The group Ze detects the isolated singular line in the swallowtail but does
not detect the three singular lines on the surface. The group Za@ZbDZc/(a+b+c = 0)
detects three singular lines on the surface but does not detect the isolated singular line
since loop e = d = 0. The group Za @ Zb @ Zc detects both the three singular lines
on the surface and the isolated singular line since loope =d = a+ b + ¢ # 0. All the
above shows that the isolated singular line strongly relates to the three singular lines on

the surface.
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The degree-2 intersection homology=
Z ifp(1) >0, p(2) >0, and p(3) <0

0 otherwise

The Z group is generated by a sphere enclosing the origin. Hence, during the degree 2
intersection group changing from 0 to Z by tuning parameters, we detect the singular point
MP (meeting point) at the origin.

During the computation, I proved the following useful tools to judge whether an
allowable chain is trivial or not. For an allowable n-chain y, if it intersects with a singular
stratum S;, where S; has codimension i, and there exists (n + 1)-chain  with dn = y and
dim(y Nn'S;) > dim(n N S;) — 1, then y is trivial. This can be generalized to: Let y be an
allowable n-chain intersecting with {Sil, ,Sin "li€eln; € N}, where I is some index
set. If there exists an (n + 1)-chain  with 9n = y and dim(y N S}) > dim(n N S}H) — 1
foralli € I and 1 < I < ny, then y is trivial.
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