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N EHE53#1 (Topological Data Analysis, TDA) H 21 {20 44 F7 4:[F R FL 8
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TVEEEZAE A EMAME N LS. S — ok @, ZRFERBEHEWNRAE
FE: FETINRHETUE ) “ T n B A TR FgE G004 N 28 S5
“CAI RS A AR TTIR T o PN 23 A SR — K X SR T )R A ST AR R E TR
BT TR MR 9 MR 5 2]

o H4ER, BLEER IV EZ 0B Transformer ZEFIMIIR AR IR FE 2 2]
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[FISSEIL T @ 8 IRAT VR, AR HARE S A0 T SN 0 5 S0 R 2 Il 1 e
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FHRE & FRAZIZE 7 2P0 MR T 2 2] el — LS B B A, DA Bhise o R 0 i%
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Abstract

Abstract

Topological Data Analysis (TDA) has developed into a research system with a rigor-
ous mathematical foundation in applied topology, driven by breakthrough advancements
in persistent homology theory since the early 21st century. Over the past two decades, it
has demonstrated unique advantages in interdisciplinary fields such as biomedical imag-
ing, materials microstructure analysis, and complex network modeling. One of the core
challenges currently faced by this field is extracting feature representations from persis-
tence diagrams suitable for deep learning architectures. As an algebraic structure that
characterizes the multi-scale topological features of data, persistence diagrams are essen-
tially multi-point sets in R? space, and their irregular geometric properties make them
unsuitable for direct input into neural networks. The academic community has primarily
developed two major vectorization paradigms to address this key issue: “predefined vec-
torization methods” based on topological features and “learnable vectorization methods”
that combine neural network parameter optimization. We generally refer to research in
topological feature extraction for deep learning in TDA as Topological deep Learning.

Over the past decade, the Transformer architecture, depending on the self-attention
mechanism, has completely transformed the deep learning paradigm. This architecture
dynamically establishes global dependencies among data elements, abandons traditional
recursive structures, and achieves efficient parallel computation, continually setting new
performance records in fields such as natural language processing and computer vision.

In this paper, we introduce the background of Topological Data Analysis, transi-
tioning from the algebraic object of persistence modules to persistence diagrams, which
summarize the topological information in the data and provide standard metrics on per-
sistence diagrams. We list essential works in the field of topological deep learning to help
the reader gain a basic understanding of this area. We introduce the current predefined
vectorization method Persistence Landscapes and its related theoretical work, the latest
learnable vectorization methods PLLay and PersLay, and some related theoretical results.

This paper’s novelty lies in using the powerful deep learning architecture Trans-
former to vectorize persistence diagrams, achieving good results that significantly out-
perform previous topological deep learning architectures on classical synthetic and graph

datasets. Furthermore, we prove that the vectorization of persistence diagrams using the

II



Abstract

Transformer architecture satisfies a universal approximation theorem, indicating that the
Transformer maintains robustness when processing persistence diagrams, which is a key
advantage of using topological methods for data analysis. Finally, we analyze the process
of using Transformer to vectorize persistence diagrams with Saliency Maps and draw
some conclusions, representing a successful attempt at neural network interpretability in

Topological Data Analysis.

Keywords: Topological Data Analysis; Transformer; Persistence Diagram; Topological

Deep Learning
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AN 28T (Topological Data Analysis, LA T i FX TDA) & H iRl 24—
PO R SRS, e R Al TR R IR A R N TV E IR LS 2] o U R
DB IR R A2 BT i IR 22 ], X Be R 3k — 20 F T #0284 20 A vb i 23 SR [
FAESs s HNHYERZ, W EMEEZEBLSI 2 ) KRG80, s Rl2EME01 e
A 25Y R R A S B R AR 283 DL J COVID-19 4445 1) 43 hr o1

FANEE I MR AR s 5N, B 8 W] IRR 2L B R BT B A
TR S S RE U, R 2SR R R, g T A58,

FReL 2 R? 14, H RO R T HOR £ T I FNRIE (i@ 5y 3. a3
TR, ALPRADRRAE /IS . e AT 5 A8 Bottleneck FH B9 5 Wasserstein
PR B EAT LUAR

YT, RN IR 2 S N R ERE A B, R KRR R HRE 45
WA ER—NEE. B, 23 RIS LR N 20 i ST AR H
W, TwHEWFEFFE S (Bottleneck BY Wasserstein) , #4225 Al AN GE S5 E
AR RIAFE . XE — N EEZRBER, FARZERE = ) EREH T
Ay SRARARE 2 T o ) ) B A

N7 vk B AR, YNGR A RN SO R T LR R 2T, DR RE
SIS S5 AR B ] B S REGE R . XRETVEFEAWMER., —
g E AL, S — N REE T2 (it msg) 2] E.

e E A, MR SRR R — A 3 AR 2 Transformer 22/ 5N,
HAEAS HIEREMLH] . 41105, Transformer ALK B B4R LN EE, 7 FH#0E oo
RZEPKIEERR, 4@ Fif)d. Transformer ZEH4 11X LoAR A5 & 7E %
FESS ESEIL T SR EMIPERE . 72 ARG S AL B, KA ZRiE 5 AL 40 BERT
A GPT-4 £ Fh B AR TE T A B AENNA P UG 7ot gs R . AT EAL AR
21, Vision Transformer 1% 8 7E fLFE ImageNet 73 2R FEHELE PN 119 ) LA FE 7048 5
T Ak A R .

FEA G R, KGR B HAE A Transformer ZERJ ¥4I, i Transformer
3R R DI REAN 2 FEEAE R AR SE = S P AR DU . AEHARSEER T, JRaK iR KF
LB HHAE N Transformer i A 2889 5 O A7 1E 1 FH T b B4 25 [ 1) 1 25 [ 2%
Zet4 (PersLay F1 PLLay) HEAT LLAR, #2045 R BB H B MR FE 5 2] i)
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B2 & MKRIAE

£285 MHEXIMHE

B F ok, AR A ERRR 2 — £ T, 77A Bottleneck FE B 5L
Wasserstein £ & 15522 B 2 A GRS FE IR A A RAAFRE 0] . T K2 BURE ¥ 2]
TNEB M ANB IR R A R AR B B T4, BRI EAIARE B RN H T 722 Bl
AR N T FUIRIEA AR, SHEAE T RN R T ORESS ), € LT R
B[ m A, B X — AN R H DL R — NS ¢ : D > H, H
H D 247 Bottleneck # 25 Wasserstein B 25 I HFEE B 25 0] . XL VAR EA W

FhRA,

Wi MBI ZITER WAL E SR KA R ) 7R — A 2
R IR BE 2 SRS R R SEMA ¢+ D - H o H 03548 U 25 ) A%

Persistence Landscapes. JIA S %5k Sliced Wasserstein Kernel 4%

W FENTTE R RN TR S — M, R Ems oy
[ 5 (A o AT AT 555 20 “ oot Jrik. SRR, (R IRATIEAE T A KA
R | H B —ANEE A SMESS (B 28 M—AH R ELBS ¢ : D > Ho
SRJE IR IRAAEIRYE A SUE S R b CEH S H T i K e
RIIRKED 2 ZH 0 EfEE.

B — T A AR SR AT 2 50 ) B A U V2 SC # & Hofer et al. 221, Jirh ¢ fid
Rl S VEAG 1 g ek B ORIEAIFRHEZE B 0 58 ) Z % . 7E Hofer et
alBl b, AEENG T H AR R B E NI 2 % 58K . JAh, fE
FIETEATE T R? P ESELT n DR RRSEEE LR SHE ST 2 RiES:
PR AT R] DA AT R

L (@ tn) = (Z ¢><xi>>,
i=1

Hr g :R* > RP il p: RP - R ZFLERE R MAT18 p A ¢ TIN THEE S5

FI BRI E, IX 86 R BB J5 7E Carriére et al.l'% Ari@id PersLay ZEM)15 5 79 &,
AR TTRRAE TR 47 282 B B 4E 4 Transformer ZE#4 ()% N\, ff Transformer [

SR TR Z AR E R INR R IR LA, IF HBUS T AR RIROR, LM
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E3IEFE B=EH

AT EE T A AR o T SRR, BRSNS T AR
X RFFEAE, FATUT NEE b Al S8 s PSR BUAROGE 3 B SE AR FF4E
B EMESRE; A2 aaHRINEE L& R E B,

3.1 FFER

PR o3 Hr o 32 BB G R

— PN HEEMEE ARSI M, TG aeR, HFHSFTHHa<<hb
HLPEBS M(a < b) : My, > My, 1875 M(a < a) RSB, I B0 Fof
a<b<c, AMMb<Lc)oMa<<b)=M@@<c).

IR S TAEE B TR Z MG R A T . o — N EE N N
E ARG T2 WOT T R? RS 4E X = {xq, -, x,} FUE, W 3-1 A LT FTR.
FAT CIME” FA R I H AN E AR r WAL By (r) = {y e M | d(x,y) < 1}
B x, RS 0N x. BEIMNEBAAE X, = Uiz, Br(x) WK 3-1
XA r BT R WA v, AT RE H(X,), BIF5 21 R # AR T
A R, H(=) Bos He(— F), &MU F 8RR k 48807 7 7 R
o Frbl, HX,) Z—NmEZE, & kIS5 F . fE r IG5
BV E AR AN BIE OC, AH ) B R A R A 2 (B 55 T L . SRR,
Br<s, WABEWH X, X BFT AW HE) : HIX,) > H(Xg)o X
LR KA A R RARE. MBS A] H(X,) &M H(E) MEEHZE —1
FrEfsi.

R, XAIEEH TR R R A4, B0 8 — e, & AT s 2 (A
H AR

BRI E 1A X, B —MRIFA SR . Cech £, Cr(X), HBREE (B, (1)}
IR o I, HIG A N4 (), k-Baifext N A AESZLEN k+ 14
BROCWE 3-1) o« XWARAN P&, H—NEARGERE, WRBANTPrE 7R 262
R", M X, 51 Cech BIFEMEZEAN . XTiZIUF % M8 1K) 7] LL 5% Carlsson
et al.Bl, & —ARIEF IR IR W N T T EE . R, SN T 18 2IERIGECA 1
73 S, AT AT B Cech BIEHIBAAEFIE. BIE (C (X)) FEE Wt
Cr(X) € Co(X) MT 7 < s TR T — AN ILIERI AL G L. N B4 E (R R B AT 175
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Bl 3-1 AW R BRI A S X R 1-B 4l 1) Cech T . B BARMIBER, 4
iE—— @ s B — PR K. ERXE, BRI T =AML AEFSET, e
FETEHCN 1 IFIVEZE . ARRLA H AR -BE TR ] 4-1 e B3 oy il — 3 4 2
B AMFFEEAR

Cech B H THH AN, FHAETFHINP R TIF 2215,

—NERAE R R I Rips B

E TR R X, k-FRATERS BT A BN AR AR A k + 1 AR, HAh ]
REM AL witness SZTEIT, &I B0, DL S FIAZ 86 B il v @ I3RS 42
] ) = A 51 7 R ) ST

2R — DSBS ¢ S > R, 8 SCLRBRIIFFEERE M (), Hh M(f) (@) =
H(f~*((0,a])), M(f)(a < b) HEEBNTFET. K f POV — MR A X 15
NBRES, FRATAT LIS 58— R EER ] 1

3.2 #EE

FrEE2 TDA A FE N O RIS IR T . BT EZA AP RAL: Sk
SRR AR T I —E A BUEE TR 4, BOSER (1) 1 W] LAE Dey
et al. IR 3],

TR RF 2L EIERER AR INRHEAE IR B MR AN S BT 5 (BURAEETE) (X)) rer T
AR, XEEHER4EE N D (= 0 ’EoRIE@ESE, | =1 AL, @ =2 BT
B, Hi X, c X, BHM B a < b Bt € RFALIEME, BEMWEXNT
AR AE AR (O E) o AS R PR A MRRAE 1) BB R B T ¢, IX AR BT MR AR
FOEA BRAET . N RAE I JERIITA] b € R B —NERE R @ FIFRAMERIEIEA:, FE7E
If1F d € RU {400} B FET:, A WIS IEMIER | MRS = — AN A bRy
(b,d) Bl Ft, FEFSEEEANZEHE R UDEFEHNESR), XLk
JAE R X RU {+o0} FJF4 {(b,d) ERXRU {+o} | b < d}

P RRFFE M T @RS, R TIES f X > R ILF4EMR
R R /NRIZE RS . fESEER A, ¥ RRFSEELR N AT IE R 0 SaijE ki) SfE R
HOE K. X TRANYEE §, f AR | g INE AR ] b € R FISE



H3E ERMA

2R E) d € R 9whd, FFHJE T LA R 2 —: Ordinary, Relative, Extended+ 5§
Extended-["*. ¥ R RRE 2 Wl FRE I A%, BONE#HAETERT#EH . It
Ab, BHEAUE LR, FOVEMNEE B R R JATE ST
R HY RFFSA, W 5.2.1,

N7 RN, BAVEFSEEPONESMA S Z EE, IRAMRERZE T
FIFTA MR . B X < {(b,d) € R? | b < d}.
EX 3.1: HE5 X ENFSEERE N

PD(X):={D c X | VK c X B¥,D nK A}

E N € Lsgr BATEXBE n D RFFEEEN:

PD,(X):={D € PD(X) | D H n MIL&)}

33 HFEELWMES

FRE AT DO & A e B R LR, X L PR B S e SO AN FR AR P 2 [A] R
53 VCTC 1) @R ) e /N SAS o B IRULECHI . 228 — M, DU —4
B rE S S A EP R —— X N R ST, RFRFSEAZ
(B FRIER 20 BUR, ARULECE) RS EATEXN AL A = {(x,x) | x € R} ERHEZAHILAC
i Giotto-tda™®). GudhiB? 8, DionysusB 25 0] DA R SR s A 8 .

T peRyy, UK x = (xq,.. %) € R™, BATH |x|l, Fm x 1) p-I6 L, & X
Alxllp = (Zix?)%o XtF p = oo, FATE ||x||le = max; [|x;]| 435E D, D" € PDy(X)
Mo:D— D' — X, BATELIEHE—NMHF D =2y, ..,2,, EX c(0) € R,
FH1% c(0) = (121 — 62 loos o 120 — (@) lo0) o TEE, FATH (o) HIMEHEFAT
£ D FIRBUHET G
EX3.2:%n€Zsyp€R,1U{w} HD,D' € PD,(X).D 5 D' Z[A]f#] p-Wasserstein
PR 5E XN

WP(D,D’) := min [lc(a)llp,
o:D-D’'

Hrp o WA M D 2] D" (XU

W i85 #r A Hausdorff #H 25 ,
Wl 3.1: 4 n € Zso Hpq € Ryy U {0}, FIEFANEAGAETHEL m(p, q)
M(p,q), E#3XfTH D,D' € PD,(X) #H:



FIE RN

m(p,q) - W(D,D") < WP(D,D") < M(p,q) - W9(D,D").

MERR: 1K PRAESE [n) & 2% (] H B e EE M M B AR m

A N2 2 YNE S E N

Kk, B WP 1E PD,(X) ESlEMhING p K.

4 x € R?, BATH n(x) Bom x BN AL 4 LIERES. 5T D,D' €
PD,, (X),D 1 D" Z [a] {)#8 73 UL e 2 B s F AN AT Be N 2 T8 T c D AT < D', LA
=AW o I — I FATEEHIES (0,1,1') : D — D' 43 5% (0,1,I') : D — D',
Hp I MTI G eAnxR, BNEFE—NMHF D =2y,..2,, FFED =2, .2, HH
P THE i<t zel Mz el's BAE L c(o,1,1") € R 4R

Iz — 0(z) || ifi < ¢
c(o, 11N =1z —m(z)llw if ¢ +1 < i<
”Zl{—(n—{’) m(z;- (n— g))”oo fn+l1<<ig<2n-+7

EMN33: A n€lsy peERy; U LI D,D' € PDy(X)o X D FI D' Z A
fi-p-Wasserstein 25K

Wi D)= (g iy e L1

Hr (0,1,1) #8877 D F1 D' Z [8] {1 A 3043 VL AL »

WS 8% PR A Bottleneck FH 5171,
Rl 3.2: A n€Zsy Mp € Ry U)o WP FI W] TE PD,(X) b 5IREIIFHAME
FHIF ) o
MERA: [RONULHE 25543 ICEE, % T B D, D' € PD,(X),5 WF(D,D") < WP(D,D").
R, AR wP-FF A Wh-FF 746,

XIFHiH D € PD,(X), fE{Eep >0, HENTHAO0<e<ep

{D" € PD,(X) | W[ (D,D") <&} = {D’' € PD,(X) | WP(D,D") < €}.

4D € PD,(X). FAE XL ep := mingep ||[2—7(2)||o > 0, HE 0<e< ep. &

D’ € PD,(X) i /& WJ(D,D") < e < % (0,1,I'): D — D" &2 ||c(o, LI, =
WP(D,D"). KI5 I AT D, lﬁ S, RATLAK—A S z € D HHAEX
2 FIBGEILES, Bt e < ep < |lz — (2|l < llc(o, LI, = WE(D,D"). FHik,

FEENAE D IR, IVﬁE llc(@)ll, <& FEIWP(D,D") <e. KIEHTHIH

8



FIE RN

& RAR. m

3.4 &HE&LRNEIREE

[l — oG T 5 A E R — AN R4S
EIE 3.1 (Theorem 9 Zaheer et al.*l): ¥ X 2 R? (B T8, M 2 NIEEH.
L2y c2X FRAAIEF M A TGER X T4, M&EZENZRERE.

TR S 2 RIELRBL : 25 > R M e >0, FE—THRE e >0 M
A ESRE P : X > RP flp: RP - R, fiif5:

P(Z ¢(x>> - L(S)

XES

AR 3 FIREE T2 EAEWFEH .
I FH A 22 W) 2% 110388 FH 38 T 52 BE Haykin?!, s #3458 T LAY 8 N, X T R2

T EAEYSIERNARTE M (BN FEH2 RES R E L, #nrlEd b5

fEREIR

sup
se2%

<

L (X1, e Xg) = p (2 ¢>(xl->> (3-1)
i=1

Hrp ¢ M p 2 HAHREEZESNEZ0 50 REEME T Mg, Hos %
BOVAEREH. AR HAERRIELE KA, W1 ReLU. 18 (3-1) XA A MK N
Deep Setl*"],

EAL AL E g fd HEA 2 LB i) Transformer 84 (I
Vaswani et al. 11 [1] Section 6.1) [gmtlasilsr, 5 NMEEEMAEMKHE, &
/b 55 Deep Sets F 7 BA —FEHI R, W Lee et al.30, (K, IXFhZ8 )3 /2 set trans-
formers 4938 Mg w32, AL, IEWI Lee et al.BO RS A,  H RS L HE
B2 R, REE IR & S 2 ) 1) 2 A B DL B A B



54 & TUE AR S

E4E FEEENT AL

A EH T 1€ B &AL 77 75 5L 41 Persistence Landscapes LA A 5 Persistence
Landscapes AHIC ) —LE2 4,

4.1 Persistence Landscapes

TEIX—5, AT A 4H Persistence Landscapes. FATHE Jo /24— A RFEEHR
IR . BB B R WL 4-1,
A M E— N, B W31, ST a << b, M XTI Betti #2 B XN )26
PR AR R 4 FE 245 H . B,
B4 = dim(im(M(a < b))). (4-1)
I3 41: R a<gb <d, N gbe > pad,

HERA: BT M(a < ) M(c <d)oM(b < c)oM(a<b), AILLH 4-1) #HFH
*xo n
B R B, AR A rank &%, REHA:R2 >R, EXWF:

g4 Wb < d
A(b,d) =
0 HoAth 175150
BAE, ETRATHEAT AL PR ¥, 1SRRI R B A e F 2P . 3
b+d d—>b

—— M h=— (4-2)

m=
TG rank HFGEHREA: R2 > R, AHUT:
ﬁm—h,m+h ﬁu%h > 0
A(m, h) =
0 HAth 1.
AT I B KHE 0 N T X Lo B pR A, DA RRRAS, — PR A Persis-
tence Landscapes, B4 # 7] 2% Bubenik!4,
TG, AERATME RN TEER t e R, B B2 — AR . i,
§|E242: XﬂLa:O\ 1\h27

ﬁt_hlJt-l—hl > ﬁt—hz,t‘th.
MERR: HHT ¢t —hy; <t—hy <t+hy <t+hy, ¥ Lemma4.1, pi-hzt+hs ¢
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A TE R S
ﬁt_hl't'l'hl R [ |
E X 4.1: Persistence Landscapes /& — M EAEI A : N xR » R, Hi R ERY S
[—o0,00], B, AL EEZE —DNEHFI A : R> R, 4,0 = Ak, ).
5E X

A () =sup(m > 0 | pt—mHHm > ),

Persistence Landscapes ,EJQ DL AR -
538 4.3: (1) A(t) >
(2) 2 (t) = A1 ()5 %D
(3) Ay #& 1-Lipschitz 221
AT PRI B E PR3] JRATT4S 28 = AN BAE R :
HUERA Lemma 4.3( (3) ): FATPHIUEH A, & 1-Lipschitz . HELZ ¥, XFE
s,tERFA

|k (t) — A ()] < |t — 5.

BATE s, t € Ro AR, B A () = A (s) > 0. 5 A() < |t —s|, N
H () — () < () < |t —s|, BB @ERAL. Rk, & A () > |t —s|.
LO0O<h<A(t)—|t—s|o MEHt—A(t) <s—h<s+h<t+A(~). Fit,
R4 Lemma 4.1 1 Definition 4.1,
Bs—h,s+h > k.
MR LA HE A (8) = A (6) = |€ = s|o BRI, A (6) = Ak (s) < |t — 5| m
AT HIAHA A : NX R > R KETE, BATTLCHEY B — DR
R? » R, &XH:
_ A([x],t), W 0,
Toe6) = ([x],t), Wix > 4-3)
0, Wikx <0
PANEER], FFEE M 0 FEFREE Betti 20 {dim(M (¢t))} BT BAM rank B8 £ HIXT A
2. SHUEH rank REUE m B, DLK Persistence Landscapes 324545 1153,

4.2 Persistence Landscapes 55285

FE—MREE MR, T ERZEUSE—MIRA £HA N IX [ 2 E
b KRR X A ot 2 Mo i, FRATIAS BIFFEE, R BIVE AT [ 3.2

XL AN IATF 5 Persistence Landscapes BRI 02 ) AF7E XL [A) BT o X6F %6
FIRF S 2 TE AL A Persistence Landscapes 1741, WLE 4-1. £ AEIEHE S

11
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0 2 4 6 8 10 12
birth

2 \
7 N
/7 N
’
N
/, S
’
N A .

0 2
K 4-1 FEECN 1 IFIET Persistence Landscapes, &l 3-1 7R, % F rank A% (/2
) NS rank BREL CH B, 25l TN XN K REBUE . & EEIEEE T RRE
SEEI = e A BETN TR XM TGRS . RATEE R T AHM [ Persistence Landscapes
(ET) REZHRA G, HER, A, A 7TRA S0 E 5 F R 2.
&, KRR H rank AR AL BT k. ISR, Ab, d) THEFFEEE T (b, d)
e ERRP R SRS E. HAEERFE SRR, KU HSHE ) rank B
B “ =ML HEG U7 Rl “HESHERE =ML KR, HIE
1207 SR TG R X [A]
il tn, ééi\/‘\'_‘ég/l\j%éilgl {(bi, di)}?:l’

Ay (t) = kth largest value of min(t — b;, d; — t),,

Horb oy 78 max(c, 0)o SRIUMRIFEBN]— N o BALE, X—HLLXEEN
KERZO .

Frek B A gD Brig ) “ JUas iy A3 BARAMEAC 3. Bildn, FFZi e
AN—E B ME—) (Fréchet) #J{H. #HLZ R, Persistence Landscapes 7= [A] I 3E ¥ 4
Rltt, —%4H Persistence Landscapes F. A ME—FI1E. LK 4-2,

S5EsEML, FIRAEBINE S, U B X R a2 SN . RS
5 BAE rank BRI # rank BREHH AT UL, {HTE Persistence Landscapes
AT W o SR, HIRATAESS 4.3715 R AR BRI LP 25 (BN, X Ee(E B k.

4.3 Persistence Landscapes HISE 2L

UL~ AT MBI (S, 4,0, LB AME peJLT- AL S B A
f:8=>R, MT 1<p <o, |Ifll, = [[IfPdu]?, FH |Iflle = esssup f = inf{a |
us €SI1f(s)>a} =0} T 1<p<oo, EXLP(S) ={f:S > RI|fll, < oo},
HE L LP(S) = LP(S)/ ~, K f~gtR|f —gll, =0

12
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104 104
8 8
o o
6 [ ] [ ] 6
[ o A1
4 4 A
\\\)\2
2 2 N
N
> , S >
0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16
104 104
8 8
6 6
/\1 /\1
4 I'\ 4 I'\
WY A
2 e 2 AN

0 2 4 6 8 10 12 14 16 0 2 4 6 8 10 12 14 16

Kl 4-2 #5255 Persistence Landscapes 3ME. 75 b: ST HERLE {(6,6), (10, 6)}
1 {(8,4),(8,8)} HH™ (Fréchet) ¥MH: {(7,5),(9,7)} F1{(7,7),(9,5)}. #MlLZF, E
fITX} B[] Persistence Landscapes (457 EAIZE ) HAEME—IIME CGH).

£ R AR L, FATRA B DAIEZ . £ Nx R E, BAMEMEN LRI
B BEANAE R %) DS B fL. W 1<p<oo MA:NxR-R,

e}

A5 = > Il
k=1

Hrfh 2(t) = A(k, ). L Lemma 4.3( (2) )y |IAleo = [Mlleoo HIRFRATE £ 37
JENA:RZ >R, W @-3) PR, BATE 1A, = 1A, T 1<
IR A 2 5 55 TR0 B AR ART R 25, B2 A PR IX A A PR ﬂIV A€ LP(S)
WNF1<p oo, Hf § 5T NXRILR?.
ik Abd F Ay, 3327 Persistence Landscapes A X M ) rank R £5F1 2 5048 #r
() rank pR %L, JF Hib D 2 AHMAIRFEEE]. ik pers, (D) FR sk TEAS X (A FE 1~
T, FFHAL pers (D) AKX AIFKE .

W 4.1 (D 110l = WAmnlls = 51 Apall = 5 pers, (D), F
(2) Alle = A1lleo = 3 pers,, (D)o
JERR : (D) ZE AL = 1 Amell, BATEZZEATRIER A K)o AL PR

B Wil = 3 12palls - WD = {(by, d)}s WA A (by, ) B 1 Anly TR
h?, o hi—d‘zbl I 1 Amnlly = X hE e 55 pers, (D) = X, (2h)* = 4 X, hi.
(2) 51 43 (2 ) FZH IMlo = lIMlloe WHE D = {(b;,dD} MW Ao =

di—b;
sup; =5

13
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%5 AIF 3B IESES

i

AT a] % 2] W 84 7755245 PLLay A1 PersLay o

5.1 PLLay

AT B NRE 2= 2 AR 2 — 1) PLLay 284, J8EHR P33 A] DA
%7 Kim et al.[20]
51.1 NEEES (DTM) &3

WATE 40 PLLay ZEH9 00 20 22 F 30 1 W 2 80 B (DTM). I B2 3R 55
(DTM)U2DE R 3 R A — Fh E R AL RRAS . SERE R UL, X F— MR p, S
¥imye (0,1) Hr>1, DTM E XA dypm,: R? - R:

17 )
dymy, (%) = (m_o J(5M,m(x)) dm)
0

Hot, ¥ BCx, £) TRk x Rl Y ¢ HOITERAY,
8um(x) = inf{t > 0 : u(B(x, 1)) > m}.
o @, 9 BRI FERML T, TRATE X 25 DIM &%
zmmmwM&—m»”’

n

Fort N (%) 72 (X, -+, X} PR x S k DBERT5, H k2

n
S w<m3os Y w
i=1

Xi€Ng—1(x) XiENg(x)

HHIMREDE A X; BT Ne(x), W5EX

n
! f— — .
j=1

X]-ENk(x)

1/r

&mm=%mm=< (5-1)

TN @] = w;. Kk, 2% DTM KRR IT k-4, K k = Imen]. X T
A7 [F /A (independent and identically distributed J& [H & 7% 4 i.1.d. ) BTSN, FAT
W @y = 1, (X EEAE AT U Eh 3K 5 1) 77 R IE I E « 28 my U T

14
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RiR el 4 R g o BSR4 LT 2 . 9% DTM S 40& % Al LA{E Chazal
etal. ') R FI. d1 T P AORFEE I A RS A R BUR B BA RAFIIARETE,
S AV T3 6 A6 ) 156 F DTM AR it D e84

512 EmITE: X - Dy

AT TN BAE PLLay 2244 ] WA ANBORTHERFSE . O T AN N EE
iSRS, B SeTEEE G (filtration), X ESRAH — N4 E R K L
K= f: K-> R KT KM fAZMESE. 8RS 8T VA E L bR
AT BAR IS, 353 D80T LS % Otter et al.3ol,

IEWIFESS 5.1 T R, f I — AR RE 2 DTM R4 BT HAL R
PEBR, DTM RECH:) 2 R T TDAR,  HAEEREE =) R v B BRI 7.

o WG NEAE X VA HHRE L WITE o; 45 DTM @15k (5-1) &

N

1/r
2y, @y |1X; — x|I"
X;ENk(x) ¥i 14 ’ (5_2)

A (%) = -
O(x) ( mo Zi=1 w;
Hr k DL o] #08 (5-1) #iE

o WIS E NS X A0 R 8 A (Y, e, Y ) BIBCER, A B L Y

FIALE X; 45 DTM = (5-1) 28N

r\ 1/7
ZXiENk(x) Xl{ ”Yl - x” >

7
my Zi=1 Xi

Ay, () = ( (5-3)

Hrb k UL @] FIREZ K (5-1) W€

5.1.3 PlLLay Htis

PLLay ZEM W 4NER T — DS EALYT, %S5 F]H Persistence Landscapes
WRrsE D B2 R . 5 Hofer et al.??! $& Hi {0 Fr e B it FEAH EL, PLLay 4244
FIPE AR ILAE B S T i AN T2 i Cartificial bending) 7R AIFEM, [RIBSATDRE CRAEFF
SRR RO E B R R IR (IS 51579 X TREERKMAREE S, &
Gt Z g EAIA S 5 NN TS 500

4 RO IR [0,0). 45 EFFEEE D € D, FAITHHE k B Persistence Landscapes
Le(®) (B4, Ho k=1, Knpexo &, BATHEIMBUIE:

Kmax

Zo® = ) wehe(®)

k=1
HFNEZH 0 = {oghe, 2 0 > 0,3, w0 = 1. 2RJF, HAIBE—XIH

15
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B35 5-1 SEPl PLLay ISR EEM G R
1 BN FREEEI D e D
(D HHE A (t) (4. 1) Hrrt E [0,T], k=1,",Knax
(2) l‘fﬁﬂlﬂﬂyﬂﬁ A (t) = kaax a)k/lk(t), /ﬁ\:qj wy > O,Zk Wy = 1
(3) WEvV=— }JFV}‘ﬁ A = (Aw(Tmm) Im(Tmln + V) _w(Tmax))T € R™
(4) ¥ XHE’%%MJC—IME%ET go: RM > R, & X Spe = gg° Ay
#ih: Sp: D> R

T s HVSHE ¥ = T/ = 19, FHE [T Tl PEISIRRE m A58, 350
Ay = (iw(Tmin),I,,,(Tmin +7), Zw(Tmax))T e (R*)".
PRI, FRATTE ST — A di
Ay D= (R¥)",

‘B — ML Persistence Landscapes 7730 #55 v 401 (RIEALI)D A RAEAITAL,
a, BATEE AN SHA AT gg (RH)) >R, EEZHA A, HH
Xt @ HRFRI. HA, LhSge = gg oAy & XHIME, URERMIEINANZ K
A LE . Bk gins-1

WL Sp o TEFEAS ¢ € [Tinin, Trax] EEBRZIESENT . HEAL, BT w F1 0 72 AT HLE,
59y #% v oK. PLLay HIEHSEIA — LA AT 15 -

KT 0 NESH o FJUNIE NS 04, Bl g = 1/Kpay FENZRS
FErd I softmax JZHE TR, {5450 EHEE B B A SR E. —fk
IR 91850 W = =151 = .M S N (B = &7/ 3" ST s A PR L R A

KT 0,gp: FEHEFET-NF (birth-death pairs) 7E 508 BR EUH A5 B30 IME B
LU Ad o S E S IX W DABRAR N, JEEESOU AR “lig” B LR XSS ROk
. R, ge NIZEENS X — ri —MORUL, BT DL I 28 1 AR R 4 14 1)
ARSI, BUR 2 P MAT RE Bk

o i1 (Affine transformation): & LBISHE o AN ESE u; € R™, E
X

ge,(A,) = o7 (A, — py),
Hrr 6; = (o, wi)-
o XTEAFH (Logarithmic transformation): % 0; = (0, ;) T X

96,(A) = exp (=01l Ay — pill2) D

HAMKT go, 0, w HIMIIEMZTTRER), REEA L LRI, TR 45
TEHEM N T RZFE— DAL, AT A G ZDNRXFENITR, SR A AR

16



5 E AR s T A
25, N e B R = .
EX 5.1 (BT Persistence Landscapes 89#$ME (PLLay) ): #% n, € N, &
0 = (0;, w) Tnes i MEMTTRENBHE, Hikn= @), AERHEE D A
NHiFE v, X PLLay N

n
higp: D = (Sp,(D;v)) . [ (5-4)

51.4 TAI{4E

AN T A0 PLLay ST RSN (AT — 20D BT, BILF5E
FH e, T
Oho, Ohg, 9Dy

X 9Dy, oX'

Ohy, FS
XAl LAE s g SN T4 B;JXX il a};p K5E . PLLay [ L/F{E Poulenard et al.3®]
X

M TAEREAL EREAT T . FATKAEZERE 1 hEiA PLLay 45

EIE 1 2 f N IERE. 4 & N MR RAESET A (b, d;) € Dy WL —
XTI (B, 6;) WIS . R & 75 X RERERAZ, H f(B) 1 f(8) RT X; +2&7]
WM. WA, hey KT X WK, JFEA

aahtop Zaf B Zaai? Z alk(lv) Zaf (5)l gi(; i 5/1k(“’)_

SERR: ﬁ%ﬁﬁ”%,@%zmuﬂ%%ﬁHM@%ﬁ
J
ahmp ORyep Ob; Ohyop 0d; .
db; ax ad; OX

PRk, AR E A

oDy _ {<6b ad; )}
0X 0X;" 0X; (bi,d;)EDx, X jEX
LR
plfE g Lo

Ohip _ {<ahmp ahmp>}
9Dy ob; " 9d; )]y asen,’
oX

BAIE et E ==X aDX o X K NRAEE I, BRI IEd b i Al 12 1
JREEISEE0) llﬁfﬁFﬁJ BIan R ¢ I © 200, WA f(o) < f(n). HR, WA
HAE-SET 5 (by, d;) € Dy Bl —XTRAE (B, 8;) WIS & Sh2brifE R4 Carlsson
et al.OV SR [EI XS o By NXTRLTF (by, dy) BIEVAERE, WA R 5 £

17
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Ky, = f2(=o0, by] HIGIR y HUBLETY, TIPET- 46T 5, WAL Ky, = £~ (~o0, ]
LA y HRI AT, B, Wy R— A, T B R K, B
SRAIL, T 8 WA Ky, "PEESER RS ML= HTE

BUE, A FEMD) = F(B) = b R FE@D) = F(8) = dp FLT & 6 X b
WA,

ob; _ of(§(by) _ of(B) 9d; _ 9f(§(dy)) _ 9f (&)
ox;  oX;,  ox; ' ox; o9x;  o0X;

PRIk, AR RN SET AR 5 2000 A LR AR DL B A AR T S A e v R 25 3 5 T

0Dy {<6bi adi>}
0X aX] aX] (b;,d;)EDx, XjEX

HOE XL FHHIES, | (5-6) 53]

9Dx _ {(% %)} _ {(W(ﬂi) af(5i)>}
X an an (bi,di)EDx, XjEX an an §~1(B1,6)€EDx, X jEX

(5-6)

(5-7)
BTk, BADTH
Oy _ {(ahmp ahtop>}
9Dy 0b; " 9d; )f 4 4en,
P57 S T DRI BE RS hiop = Sg.0 = g © A HEATIETF:
_ o _
Oy _ 050 _ 000°Re) o Ry 0090 ) o
ab, _ ab, _ ab, _ '90° gy, ~Liax ob
Hr x; #& go MEIAMIfC. B, FIH
Kmax
A, () = Z Wl (W),
k=1
¥ b3 (5-8) B4 3
Oy i dge X 9a.(Iv) o
ob,  Liox, Ls % an, (5-9)
=1 k=1
Felih, S mIiE R
Oy i dge X aa,(Iv) 10
od, ~ Liox, Lu % ad; (5-10)



COR I N G E Ay p e X
E, "’“w B (5-9) 1 (5-10) I SR R4S, B

ahtop dg¢ al a,lk (lv) Ogg 1550 aﬂk(lv)
- Z Z ’ Z ) (5- 1 1)
axl axl
= (b;,d;)EDx

BRI, AT BARIH R (5-7) A (5-11) xF 2 (5-5) BEATsR A, 153
ah'top ahtop 0 b ah'top ad
ab; ax ad; 0X;

Z of (ﬁl Z (;i(; Z ka(lV) z af (6 )l Zi]c? i a/’lk(l")_

i

PERG, ST SR RAMBRAL IR AT LILE A SIS k. Y,

%Ejj‘ T EHINIHELE (U tensorflow Bk pytorch) B SzEl. K, #H
i€ X 5.1, PLLay 7 LLZE 26 b AT s o B Jd it e [l A FR idE AT Il 5o

515 TREMSHT

PLLay {)—/NRBENE AR E ME, T 0 501 A N2 0E F 2R e 1 e 7= mlidan A\ 2K
PE PN RIFRSE IIBE 1. FEAT T, AR 4T PLLay J2 Fa € VIR i) B iR 45
Ko B, BAMEEH 2 el 74 TRANEITTR R T RS B RRE T
TEIE 2: W gg 72 || - llo-Lipschitz i), RIFFAER %L Ly > 0 455 T-Frf x,y € R™
&l

|960) — 9o )| < Ly lIx = yll,,
Mo, SFHAHSED MDD,
56,0 (D; V) = Sg,w(D’;v)| < Ly dp(D, D).

MERR : VEANE ISR )2 AT BLS % Kim et al.126] m
ZEHRW], Sg, W T Bottleneck R £§3. 3l & () HF 2 B s R AR E . &
BN, IR ge [ Lipschitz 4RI A 370X —45 3
R, AT AR (5-2) A (5-3) THREET DTM BB R iEn, @
H 2 AT IR THIN X DL IR E RS R
EIE 3: B DTM RECKH r = 2. G —NAREL go FIDHER v, DLE—1
IIAT Po 3T X v R RO, BEEAET AR (5-2) fE08 X B DTM R, 4 B,

19
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T X ARCEREN, B4 (5-3) 28 X 1) DTM R, 4 B, W&
P, = Z?:; Xiayi_
Yi-1 Xi
4 Dp A P 11 DTM I JER RIEFSE], Dy v X 11 DTM W 3EA RIS WA
[S6.0(Dx; V) = Sp.0(Dp; V)| < Ly mg /2 Wy (P, P).

MERR: VEAHAIE 35 7T LAS 3% Kim et al.1d] n

EH 3R, WRHGEHA X iFSFNERK 1 P, /& Wasserstein FF & R
T HIE T LS oA PRI Wy (By, P) IR/IN), IR T WL 4 #1851 PLLay 5 2%
TR P G 25 FAHIE .

EH 2 5 3 R, BRI RIEIME BN B . dE ek
Fe R B

AT FEEA 4 PLLay ZERI BB AR, S8 T SRI0 3B 40 BOS IR ()52 % 7T LL S 2%

Kim et al.[2¢],

5.2 PersLay

AT B — AT 53] w5 VRS2 PersLay 2244, JEGER 1 15235 7]
PLZZ# Carriére et al.l'0]

521 ¥ RHFEE

W, WIERFEAR T AW X KRIMEE . B, FHE—NEG = (V,E),
Hep v BUAS4E, E & CERD %, % f:V > R EZENET A LR —DK
B, HHEE TKFEG, = (VpBy) HPaeR, Vy=veV,,f(v)<a, E, =
(v1,v3) EE,:,v1,v, €E Vo

TEEANFA (G Ty b (loop) S7KIEFFEAFAE, PINTHIASTE FAKFE
FEAIHE R CEAMIASE “HA . I, BANENEE S EBASHEE. i,
] B S X T f SR 7, 2 WL 5-1) Al 2], 10w~ 14 3¢
SRR E], A EATE ARG BN A S QR EE o &, #1558
Fre ok kil B EA .

NTfERIEA S, RS ESWRMEN ERkFE X* =

20
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Bl 5-1 fERE EFSE MY RS R BRI ANMRELE B M 2R KN KA RSP B
FU PR R IR o S L) X TA) R AEZ T4 R 7 R IXE) SR B el 7y B, 2L f0 X (]
FRHM NS, WEXERRER ERSE, SGEXERRER. HiXEX S H
M R R TE T 7.

X €E€X,:, f(x) > a kditbsHr.

KT E RN T AP ERAL B, i a N +oo BRIE] —oo A2 Bl — > LI 1%
WA, Hogr T DOt a5 1421

BN LT DA — R R B 7 S, ERATEIAE X = 6 NEIR)
(R

FEI M, AT AP AIEEAN I 7y B e AU TN IA], B e B S8R AIE P ¢ H T
) EAKFEL, FREHX R o (AR X SRR AR TN A . AR AN IE LT, 1) |
(13 3 AT AFEIXAS EKF B Fi iR i 31, 5 R 7K-F B s il 1) R 43 30 7 =X
e AHIA

Z WL 5-1 LLSRAT B R

WE . BTN [ap, ag] B TA] K DX A i VR AR AR, 45 9k L B A5 F
[ R* ER—N2EE, ZZHEERARE f 15 EFEE, 121F Dg(G, f) c R?.

T EEAVUMHEEE (0 5-1), BIm s, a3, AERE
gy, DRI R e B A 0 B s AT BA 3 9 DU AR AN R R SR T . X 2628 R0 7 il 1y
Ordy Rely. Exty Al Exty, AR R4z A B3, B s,

BT RFFEE IS IS B BIr s 2, HEHR 7T R RAERK
Aebre AHECZ TR, MO T @ R S 0 T iR L AT T T TR R AR B B AT o R A
PR BOCE TR EAT, MR KRG R B, ¥R v A
i FH 2R R i AN 52 [F R 4E RO PR . SREG S5 RN, AT AAE i s, ¥R
Froz etk e Bf o2 oot

1EsEBRA, AL A C++/Python [ Gudhi J& Maria et al.B? S 3Gt Hy @
FrozfE, Fro R s KBTS I Bottleneck BE S 3T ELHE, & X [AlJEi 3.3,

21
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5.2.2 HRIZFHERE

PAZRFIE BR 2L (HKS) A2 3% ERHE bR 20— /M7, a2, EAT2E MK
RS o il h R, R TR AL T A S B RRRE. BATE LS —
BFEAE o BE—ANE G, ETUAEERNV = (v, v}, EIRABEIERE A & SN

A= (Aevper)i

ol 1,0 yer ATRRBRE BRI BEHERE D A2 — X MAERE, Ho o SO Dy =
X Aije AR R L, = L, (G) RAEMTEE XAE G T ke e 7 L
LMHE T, HAERERRN

1

L,=1-D 2AD 3
ZHMEA —HIEZ T — IR R W = (g, -, Pn ), SRR 2
0< A < <A €2

H T IEZ H— AR IR W AN ME— T 1Y), A B8 B4R AR B 50 o SR ELER
Kl Nk, PersLay ZEMgZ5 & | #AZ4FAE L # (HKS):

FAAZARFAIE BRI 3 A FF A T UC TR ) 38 PO AR A R 424, P - g 2 38 55 A
B, X SRR pR B T HKS BUE R /04, AR H T H A R n b4t (4
R SR g Y R RR ). S TR WL, FRATH Dg(G, t) RanFIHY
S HON ¢ 1) HKS WS EATE 2K ¢ M9 RRFEEE, B Dg(G, hksg () -

N E BEUE R T X Sy R RS X T Bottleneck PR S dp HUFRE M.

EIE 4: RTERIIPREE. % >0, 26 A n ADNTAME, HfHh
HFEN Lyo 2 G NA—BA n AWSE, Kb ik f:

L,=L,+W.

WAFAE—NEE C(G, 6) > 0 (UKHT ¢ A1 L, B93%), 152 ||W||r (Frobenius
WHO BN, H

dp(Dg(G,t),Dg(G',t)) < C(G,O)||W]|E. (5-12)
WERA . JEOMER K3 ] LLE 2% Carriére et al.[1?] m

RTFTESHE ¢ gm. 7EF ¢ FETHAXRHE R IE Y e RF ok B R 2R i —
AMMEEER . Fenlth, FREY HZE ¢ 1520 DL AT £ ¢ X TG vt s >
AR EE, B, FATUERBL ¢t » Dg(G,t) & Lipschitz 41 .

22
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EE5: RTSH ¢t MRREM. w6 h—1E, W ¢t » Dg(G,t) & 2-Lipschitz
HEaeny, RIXTEE ¢t € R,

dp(Dg(G,t),Dg(G,t")) < 2|t —t'|. (5-13)
WERA . JEOMER K3 ] LLE 2% Carriére et al.[1?] m

HIEEE 5 ATAN, FFER BT ¢ BRI Bk,

5.2.3 PersLay Ry#i&

FEATH, FRATN4H PersLay HIM9IE, FF H ] SRR i A 8 () AR 35

N TSR FREE I Z, PersLay 18IS L SEIL— R AT I B AL S,
X} Deep Set 444 Zaheer et al. 4 BEATAE L, MTTRESS VK 5 12 A 30 FR R 20 7 Hh £
FH AR [F] 24 T7 7%

PersLay(Dg) := op ({w(p) - ¢(@)}peng) » (5-14)

Hrf op BRI E B WAL IEAE (PlanE/ME. KM SRR, 358 kK KIES),
w: R? > R ZHX RS A ERE, 1 ¢ : R? » R ZRATIRA “ miAs#i”
MR, RS E AP S (ap, ag) BTN — R,

ELFRRIHH, w il ¢ DI RA we, F dg,, HHBE 6, o wy, 5
0, = o, MBREER TSI, LMERHT RINEHE, HS406,,0, WAL itk
1T, FEER], (EFTHEMZEEER p #RT LAY PersLay &, HEmAiE Bk AT
R P (A 22 P 48 280

T, AV HA=FHTIE AR (5-14) HSE ¢ WA R 2

c ZHAREB P, R2 5 R W TEA A p, EX

T
$a(0) = [4p(t2), 4y(t2), +, Ap(t)]
Hb 5 p = (x,y) € R KW =ARE A, &N
Ap: t » max{0, y — |t — x|},

HtgeNH ¢, t; €R.
« BRS¢ R2 5> R X TR p, EX

T
r(p) = L0, T(E), -+, L(ty)|

Kb 5 p = (x,y) € REMRMmHREL L, E LA
X

s o exp( 121Uy

Hrh4iE 0> 0, geN Hty, -, t, € RZ

23



S I n[EE ] EA TS
« EREE¥ ¢, : R2 5> RI: TR p, EX
b 0) = [Loy @), Loy @), Lo, )]
HAS L 4 AT AR eq € R2 AREL by € R) AISEHIBL LML Ly 5 53U

Ly:pm(p,es)+ by,

HrfgeNH Ay, -, 4, 2 FHTH g 5k HZ.

A (5-14) FRBEFBA: REBAFE T, ERe 5 E ML K2 e i
RF: I BT, R —/NH R H R EL ¢, WM LUR ¢ B HEMA—Fh
EZH . AT 7R B ] 5 SCRR AT R 4R 22 B ) A AR T iR A R

« M =g HUFER ty, -, t; € R)\ op BUR k KMEHAERH w =1
CHBBERED I, HATAE ¢y, -, t; € R EVFMES k B Persistence Landscapes,
W, 4.1,

o M ¢ =y Rty t; € R)\ op BURM H R AT EAERE w
I, A TAE ty, -, t, € R EVEAEINALN 4 3 # Chazal etall3),

« UfEH ¢ = pr RFES ty, .ty € R®). op BORFIHRHAERAE R w
I, AU TAE t, -, t, € R? BV INALY) # 4% @ Adams etallll. Ub4h, FIH &
17 R R 2 R B I A, R 2 R R I 5 TR ERAB B0 Le et al.?l,

« Y ¢ = ¢y, HP T RIS SRR E MR A, HE SO X TR
HEp=00y) ERY, 2p=pHy<v WFEANSv >0 K, TN =
(xv+10g(2)), A op BURFI. HEKw =1, WK T 30Kk Hofer et al. 2
Hge TV

« UfEH ¢ = ¢, (HZ Ay, 45 € R\ op B k KIEHMERH w =1
i), HJ7i%5 Carriere et al ' ArRAB I 1EZRAL, BIS0K S EERE RN E L LHEP, B
EHR | - |1 ek tb AT 4R, &R Eb G H BB I Sliced Wasserstein

Kernel.

524 REMSH
X T HRF S ] ) A S Sl M AR M ) A, R PR B 43 A I S e A R
W EEL, {F Hofer et al.[23 Remark 8] oy - (= i 22 5| /A X, (5-14) (% op = sum Hf) 7
— BT R ARES: GEX T8 ARSI E ) . 58Fr I, Divol et al.l8: Prop- 311
R, XTI s > 1, B
Dgr > ()

peDg
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S E ORAE SRR 1S
X TR dg AESEN, ZJHAH ¢ BN
@) =o®@llp —A4l°,

Hp—A|| BrRApeR?BFFTMAL A= {(x,x):x e R} IS, HoE—N&E
SHARMEE. th4h, s =1 H ¢ A 1-Lipschitz ZE4ERF, AT LUIE B 12 B 52
b b JEfa 2 (30 Hofer et al.[23: Thm- 121 5 Dol et al 18- Prop-5.21) - HAKER R N

D e - ) o) <diDe,Dey).

peDg, p'eDg,

o]

FEAHh, XM EOR A ) B R EALESE (U0 Hofer et al!23] il 5t ik b
INZ) AN B bR B0 FE 0 M AR ) VBB IME . R, T O IR 7o 7 B
WAFEIT R A 26 1) R B oAt sAE A 2 SIS R AN 2L

AT FEA 4 PersLay ZRMIFLW ) LAE, KT BEAKASLR & 1 LS%
Carriére et al 'OVRIAS S 2 156.5
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2 6 & Transformer 4554

2 6= Transformer FIZE#

XN E T T4 Transformer 2244, B4R AT EEE 7] PLIE 12 Vaswani et
al. PRI S A5 1 B A= IR A4 .

6.1 Transformer ZEfgpiig &

Layer Norm Class

Predictions
Feed
Forward

Multi-Head Pooling
Layer

Position-Wise Feed
Forward

Layer Norm

Self-Attention Layer

Multi-Head
Attention

A
\

Input Embedding

Persistence
Diagrams

6-1 Transformer ZEFH) 7~

Transformer 22011 6-1 Fin. BERIE —MRAE, K& —PMIIZRNAE
SEELZEOR? » R, JFHRMEZNEEENE, GIF2 L B EZ M A R
WiE. &la, ZRERMERME TSR ERR, JFH - aeiEmEmns
W 25 TS BRI S TII o A B AN R A HURE A DA T 3570 Hh PR RS

BERAHR BEREINH BRI T IR T RK RN B, ik, WKEAN
(¥ d RS X € RV il s =AM A&k Q K,V € RV, X i) &R AR
N query key M value |75 . "EATZIEL AT NZHHEE Wo, W, Wy € RELEPOE PN

O fr BAaEEM S — N AR ERM MBS AE R, EHTFH PR AR,
26



2 6 & Transformer 4554
FA X AT R HAS R . X TR query M & Q;, W TFHEBIFTE key M=
kR EA (BRLL 1/Vd), SRJE1E FH softmax R ECH FTE AHABUE 75 7333547 4 —1k, LA
PRAFFTIEVE R 1703

. QiKT N
AttentionScore(Q;, K) = softmax € R".
“ /dl

HVEZE IR Attention(Q, K, V) 2 —MNKEA N /741, W d' 4Em 245K,
HA % i ANEEH value [ ERNHESA

Attention(Q, K, V); = z AttentionScore(Q;, K) ;V;.
j=1

ZRERTT ZREBNIGEE T 2T BERE Y, RBEE ERMAT
BB EES 4 Vaswani et al.[#%],

N, query. key Al value [A] EA4% 20 B H AN EF4 QW KW, vy, H A/
AR, Fo R RGOSR, h= 1, H. XERAVEE H TR . I
4k, query Ml key [ ERIARERTRLL—ANH T JH/d - STk, HHEEH

1=

==A

head,, = Attention(Q(, KM, y()) ¢ RN*(d'/H)

MY h=1,,H, RIGAE A7
MultiHead(Q, K, V) = Concat(head, ---, head; )W° € RV*4
Horft WO e REX4 Jt— AT ZRIKZE AL e

A B AR (B EERM T N RAPE R EERME ML, NMAHTF
LI DRSS

ZREBAMM 2 REE MR R Z JGER R, BA BT

query [ Q € R4 % AJFF[1) key Al value [l & {125 M 254 Lee et al.30, %
H

MultiHead(Q, K, V) € R¢
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2 6 & Transformer 4554

F AT H N P ST F) B — 7]

BREEE hTREEFB SRR L, i al fext LUK ST, X R
PR M 5 3500 7 D R BR FE AR T AR A /N, XA Uz 2E AR 2 2%, el &
A KE EERE N E RS R,
N T ERZAE, BEEEZ N TR ZEER . XA R DA RUE
VBBV M) L, JF U FEHES T 2 10 B R 1 E R B2 ol grs .
bk 2% (Residual Connections) A& — F7E IR FE# 48 X 25 A |32 A FH I 2544,
HAZO BB “H27 5 “BRER”, 155 B DLEEE N ZE 2 6
538, MIMRFRIRE P28 ZxAr i — S8 L iml i,  Gn ks BV SR ANBR BE IR IE . fE 4R
L ) 25 B 32 2 o1 M N 3% ORI H (x), T FR ZE B AL Y 28 2 5] — ANk 22
F(x) = H(x) — x.
PRIt , X2 % H AT AR 7R N
H(x) = F(x) + x.

XA SR BB B 0 A P e SE AL TR AR, BRI R AR 2 S N 5 SR 2
B2 5. AEHZE F(x) A 21%F (AR, W LR ERE A

6.2 EBEMATMH

MR EE 5, Transformer ZEHHZH 5 (). & (p) MBS R (p) H
B THE R AT . B NI, FRATTR A Rk B ) R R R G b ) [ R
YEfE

G as HHES T E ) ZH K. BMNEREZE R E P WU 2 &5, IF
HABEDYE, X TAERAETI xq, -, x, FES 1, n NEH o, RATAE

d{xoy - Xemy}) = a(@{xy, -+, xn})),

Hrh o B ¢(xq, -, x,) FHIREINT. 3= St A5 17 & 51 it 2]
—AH—aE, DB, B A E KT AT . 85 S midds
B # AR R R E AT, TAEH—NEBRABFIS pop o ¢,
W ) B B L AR AN R e
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2 6 & Transformer 4554
6.3 Transformer I8 AiEiF EIE

DL AR 51 2 13IF B & Heine 6T 5 SRR 52 bR 501 ¥ 513 BV 1) e BRIV 485
®,
51 6.1: X cR* NETHE. T k>0, 2, d:X— R NELMG, fif
13K := U X)) U p(X) NELE, HHL p,p: K — R NIESMY . R

sup [l () = p(Il >0 and supllpx(x) —pIl 2O,
xXEX XEK

—+00

WA TN > 1:

sup
(x1 ..... xn)EXn

Pk <zn: ¢k(xi)> —p (i ¢(xi)>
i=1 i=1

EIE 6.1 (Transformer FUEAIEILEIE): 4 X c RZ N &, HA PD,(X) #r
HF X BRZE n AN AERZEN, WP R T —EES we st w) (p e Ryy)
Frifs S 4 .

MEFANELLREL f + PD,(X) —» R #AT LI HEA ReLU 0 ek 4 H 2w 45 )2 [E
ERREYEE N 2n + 1 ) Transformer #7 —FUE T .
WERR: AREEAT 3.2, HIEEE WP 5 W) BTE SRR 2. Bk, FATr AME
f:PD,(X) > Rs2&W* (B Hausdorff) ZELMIEE. £ e>0. NHEH31, 7
TEIE S WL

_) .
k—+o0

d) . RZ N R2n+1, p: R2n+1 >R

fi?%l‘xvj‘/ff%}i xl, "‘,xn E X’ %Kﬁ

p(Z $0D) ~ F(rs, 1) < 5

PREE E— RS, ATEIAE € L —%] Transformer £/
Fr: (RH" > R
T
Fie (X1, Xn) = Pr © Pk © ((pk(xl)""ld)k(xn))-
TEVERIE, MIERE SRR 0 i, R SIEEM T AN S E Tt
o L, BN RANES B FEE IR Sk 2 R IAR 21 ¢, fERIERETT L
PR T2 AR Z A 2n 4+ 1 BRS MEear 4% . MRIE SCERI], FRATT
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2 6 & Transformer 4554

A LLIZEL ¢y, 1815
sup [lpi () = $@Il = 0.
xX€EX

FIEE, R & EE RN 0 I, ERAMBATE ¢p(x) KIFIE, FATAH
HANAERTBUZ pr VA2 RS AR S ARARTT R ISR AT . A A5 2]

Fi(xy, 1) = pk(z ().

e, RIS EERE KB ADEIT R B, BATATLOER oy 15
sup [Pk () = pQIIl =2 O

HolE 6.1, W13

sup ||Fk(x1 ) Xn) = P(Zd)(xz))” o400

(X1, %n)EXT

R, fAAEBMN, XA k> N &4

sup_ [P, -, x0) = o) S| < 5
i=1

(21, %n)€X

PRI

sup n”FN(xli""xn) _f({xl'"'lxn})” <€

(xlr' ! "xn)EX

6.4 Transformer BYi)llZk

Training specification -5 H At 28 0 2 J444 AR ALAN[F], % T Transformer 22445k
U, 2] BT B BN T B R 47 340 22 2 Popel et al. P71, SEEGIERH, 1X
— B B A Transformer A28 M HERG 58 = 1 R 2 N E R, AR SCEMAH T
AdamW HRALEE, HANEZIRBE N le-4, BRI HEN le-3, HLREAINNA 32, I
KA E S R SRR, WE T 10 MHIZR epochy 3 AN, &Ik
1,000 4~ epoch. it AR, FATR I Y Transformer DS 0 0.2 11
dropout, 15285 A8 H dropout B, BEHE AT B AERR -

Model specification A< S E A T — /N A 5R 25 & B2 1K) Transformer #5184, 1245
AL S M miLes =, BosdiE N d = 128, FERG 8 MEE 1k, XA
GREH— . Z3RIER Ik P GELU BuS R%L, RIS EH 17—/ Misas,
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2 6 & Transformer 4554

IR 2E N — A 2%, HZEER) N [128,256,256,64,5].

6.5 HIEE
6.5.1 ORBIT5k #iE&E

N ERERIITERE, AR U RE T ORBITSk B4, %342 —AH
TSt RR B 1 A 7 VR AT SE AR R BR v 2R 2 Adams et al.lll, Carriére et al.!?),
Kim et al.?%l, iZ¥EEHKE TS5 p > 0 FI30 1RG4 R 347 1E 5T [0,1)2
HR/NN 1,000 I FEEM R . N T AES Sz, B 2ETE [0, 1]2 HRENLER: — 146 A
(X0, Vo)» RJFHVAHA K — RFNA (X, ), HAFn=0,1,---,999, HiHHEARXA

Xn1 = Xn + pYn(1 — ) mod 1, Yn41 = Yn + PXpe1(1 — Xpy1) mod 1.

ST NS H p = 2.5,3.5,4.0,4.1 Al 4.3, SHEARAER T A5 1,000 MUER
IR, AR T 5,000 MUE . p=FITARIER KFEE AR T 240 p. i@t
B0 4ERT 1 41 alpha & 3L 3E (alpha complex filtration) Carriére et al.l'%, ¥4 1E 4%
BN FREE Bl 2RI R R NG E RS RIS S8 p € 2.5,3.5,4.0,4.1,4.3.

¥ 7 ORBITSk ## %, AR X FIL% & I ORBIT100k ##a%E, i+
FANSHAE 20,000 ME AN 1,000 4, =3t 100,000 ANUE. A B
ERIHZ IR 70:30 B LLAIRI 2 I SREE AN SE o

bR TSI T IEZ A, AR SCEIRN Transformer A5 78 (114 B85 24 A i S itk
MR ——PersLay B8 Al PLLay #843EAT 1 L. BT PLLay [AIR {5 A RF 42
ARG S aERN, Ao SCEREING T —AKLT Transformer (AL, AXE AR
HElERRIN, 18T 99.1% WM S, L PLLay 385 7 4.1 NME DS A
o CEE N R AERI B G 7 RTA L0 Tk, R TR R BN EE LTy
PERe AR HEZ . PITA BRI TEGE EL A AR 6-2.

6.5.2 MUTAG E#IE&E

A L FEILAE ] MUTAG 308 82 R VP RS 7E 1 40 R AE 55 B gtERe, PR H
5 PersLay BT L0 . MUTAG HlEE A S 188 ML G, XAl & P8 b
N E R ARE ., FANRES 17 8 28 AN . SEIRE O BN TS
WHIE, 2B RS IR HERAR R . A T S80I R e AT B, R
fHE S R T 5 Carriére et al.l'% i AH R fR) % & .

TERITIE R AL BATRAH 7@ XKW 6 3 & v ERHERIE RS (Heat
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2 6 & Transformer 4554

®6-1  7E 10 22 XIGUE P TH P BRI HERG 2 AR w22 o IX MR AE 3 15 48
BB AT 25

Model MUTAG

PersLay 85.8%(%1.3)
Transformer 89.9%(+2.1)

Kernel Signature):

ks, (v) = )" exp(~tAi) @i (v)?,
k=1
HpL =1, - D_%AD% VA B B R T A RE (normalized graph Laplacian) ,
HAFEREBON @1, -+, @ny FHEEFZ 0 < A < - < Ay < 2, I, NRALFERE, A
FEIW AR, AT AR 5.2.2. Y #ZE ¢ = 10.0 DL e Fr8: A
Ordy, Rely, Extg, Exty , A5 SCAT LARII 5.2.1 A5 215 4N ml i, S bl
Y AR TRIAIBE T 18], J5 PU4EN one-hot 4w i) [F] 2844 .

T MUTAG £ MR BN, (CEWE, BE RN d =32 HEEAIY
MER Ik AR ICERH GELU Bu& R B T ISR Z 3 —4k,  [EINHE FH —A
EIERAN MBS, FR AN [64,32,2], I SRIGHAIL, RiEE ik
5 RABALEE SR G ARl = D) BekAS B aF A At ge . B
faHh, AR SCER gAY A i e — 2 BN UHE 7SR E R A, IR
g5 WPt ik,

Ao SCE N 10 #7538 XIRIEX R AT VEAG, RS T AEOR B SR E4R I~
B A SRS R E ISR PersLay FAYEAT T ELEL, DARTIGAR
BNY R FE AN B 2 S R IAERHIE R RE ) . SRIR S5 SR LK 6-1,
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2 6 & Transformer 4554

#* 6-2  Transformer BERIE LS 5 (pe), FFEEE (pd), fis + FrEEE (petpd) 73 5iI1E
¥, ORBITSk #1 ORBIT100k 73 A E N EAREERITE LT, BUAS 1 b 2w £ S ik gAY

LT HIROR
ORBIT5k ORBIT100k
Model
pc pd pd+pc pd

PointNet Qi et al.3”] 70.8%
CNN Kim et al.l®! 91.5%
PLLay + CNN Kim et al.[?¢] 94.5%
PLLay + CNN Kim et al.[?%] 95.0%
Persistence Scale Space Kernel 72.38%
Reininghaus et al.[*!]
Persistence Weighted Gaussian 76.63%
Kernel Kusano et al.?”]
Sliced Wasserstein Kernel Carriére 83.6%
etal.l!ll
Persistence Fisher Kernel Le et 85.9%
al.[?]
PersLay Carriére et al.[%) 87.7% 89.2%
Transformer w/o layer-norm 97.8% 90.4%  98.2% 91.0%
Transformer w/ layer-norm 96.4% - 96.1% -
Transformer w/ layer-norm 99.1% 91.2%  99.1% 92.0%

+ residual connections (£0.3) (£0.8) (£0.3) (£0.4)
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73 N Transformer 1) 7] fEE R 5 1

T 7E  £% Transformer B AT fRFR M 75 3%

55715 Carriere et al.l'%, Kim et al. POIAH LY, A s 0 &5 (R TR 7E #1252 X 2%
56— EEA AN G R E s 7 3, X 45 Transformer 7E55 3.4 4
() SO 2 8 FE T P o - X458 I W 2 4 1] (Saliency Maps) 1X —VREE2% )
A R RTARRE I T, AT DA A 43 AR S B . EARTT Y, KaEnt
HAKK) %45 (ORBITSk. ORBIT100k LA K — A~ il %44 48 Bubenik et al.l’)) aiiF
E53@ W AR B, “9H 457 (small bars), BIfE Bottleneck 2 & 5§ Wasserstein 2 25
AR E B RF SRR, A8 2 R[] U5 ) 0 [R] R 2 E PN A, X — R AE
Bubenik et al.l’l H1 O 2 4 g e d .

7.1 EZEME (Saliency Maps)

XF A3 2K 08, Transformer A2 — AN LF ALK B3 F : D - R™,
Hrhm Z2EANBEE, D RFREEIN R BORRFS: BN 2 20 B2 10 4. 1)
d AEHEBIRKRIFALERE, ¥ x = (0dker,n € RO N PR, JFE XL
i(x) = argmax;F (x);- Hr, x € R2YE (R F7 i N2 AR 2 tH AR B R RIBE T2 IR), f
J& d AMAARRSE one-hot Zwbd i [ HAERE . 2% M B (saliency map) 7E x FH F &
SR

S0 (x) 1= (H OF;(x) (%)

6xk

) € RE,.
2/ ke{1,n}

Bk, Sp ARFEE RS R T — S, SRR Z R 7 RAE S5 I B B

7.2 S£IG
7.2.1 ORBIT5k #iE&E

X4 6.5 BTiR #) ORBITSk 432K 7] /8, FRATTWLEE BIAL S 40 dh 804 70 Ar (TDA)
AU A, R JRR 2 1] A A B B IR S B FF A B AE . AR TR EL WA AT, &2 X
AL L EAZEEMME (Saliency value); WK 7-1.

HEBIZ, FE2RENEEREARENE SRS, XM T Egn el
TERRIFRI . AR, ERFEP AR AL S, HEEERES KR
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73 N Transformer 1) 7] fEE R 5 1

0.10 50 025 120 0175 80
100 0150 °
0.08 . ° %0 0.20 .
ol 0.125 .
015 8
0.06 30 0.100 X .
. 60 0.075 Y " o o 40
1
004 20 010 o fal o o® L0t O
L1 N o 40 0.050 b
0.02 oo 0.05 20
10 2 0025
0.00 0.00 0.000
0.00 0.02 004 006 0.08 000 002 004 006 0.08 000 002 004 006 008 010 012

K 7-1  FrsE R (Saliency map), K H ORBITSk 4, 7 Axt N (A R4
p =3.5,4.1,4.3, Ha& Hy Al Hy BEFAE. Hy BRI AR 9 0 B9, 10 Hy %F
TEXS BT A A KT 0 B B L9 3R o B AR SCRE IR (1 3 2K 0] R ) 5% 2 1 PR A5

1, BEATIR R T “E2% 7 (short bars), {HX AT EZMIIR . [RlIH, 1% L6 56
TR B REE, XWMMEE 1 e R 2 BRI PR AT 55+ ] Transformer B4 T
DAL T IbAh, RREE B B AR o s 2 A B ) 2 1 A543, 1 Ho RRAE ) 2.3
MBS 73 FEH K.

T B UE 2 AR 0 X AT S5 B v FEAR G, AT ST B X 4 4 B AT i
i, REREEES S & TRERTE A A 5, (ARG
X 3% 5 W AR AT VEAL . SR B EIAR S m T 80 L B e, 7R
ORBITSk £ s 4E L343 Ml 28 91.1%, X —45 R 58 FHFTA Fra & A
JR a5 Y R AR 26 91.2% AR 2 . IX R AR 25 [& I BT A R AR 7 2R AT
FZHREE, A, XWRAAR CEWITER U TImE RS . flan, % E
2RI T 80 A Ar U L, AR AT AFE MR R 4R EARFF R IFINEE R . 2L
¥&%E ORBITSk fEANFIBIAE T Il HERf R SR e 7-2

0.9 1

0.8 1

accuracy
o o o
w o ~
1

o
~
1

0.3 1

0 20 40 60 80
saliency quantile

K 7-2  ORBITSk B EEAEAN % FE B 2 1 B A5 40 i T A T 405 B0 A7 149 s v 3k e
Wi, MBME N 80 i, SR H MR LR A B s S, AR
K ST S B RA R I PE R

A R AETE G Rre (BEMEERE S & T 80 i ED Bl T —14
Transformer #2844, ARG T 91.2% HIMAAER K., XEH, LiEREAKES
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73 N Transformer 1) 7] fEE R 5 1

Ve 1 R, BB IR RENS 5 IR AR R R B — 8. R, X4 1 Transformer
BB THECR, ROV IZAE R T 5 R 2% B Rl R 8 B O B kI

BEAh, ARRSCERIIGR T DNRUNIRR, HEEE R R A =
JIERBUA NI — 2, JFHRI T 2R B E RS . RE, FEHR
INEETAG B ) R E RS b, IR 80 LB A B R, IR T SR AR R R AE i ik
JE IR AR BT IZR, RASRIF T 91.0% MNAHER . IXZWREE, W LUH)
FH A B T B RS R AR U SR v RO R RS A, R T R DR B R P

7.2.2 HHERHIEE

1F. Bubenik etal.l o, FEEFZRE T LR EIAAE: £ — N EAEEE DR K
HAPEAN 1 IR EBENLRFE 1,000 4S5, SR SR O T WAE R S A 22 Vietoris-
Rips FFE:EITI Ko ARAT145 H 7 E2 IR, RBIXERFLE R “J%7 N4 2
2R 0 RIFTON A 1, HF HEe 2t B RIF R? 42 B ARINLES 5 I B,
LIS ESICIE i EVER

R L FES I T Bubenik et al.”) (RS, JHEH Hy FReEETMEE, I
25 | —~[B1V3 Transformer B4, J@i 377 R 22 R 10 mi = I 3 . 45 R 3R15 10 R?
JrH0h 0.94, T SRR R B R 43 2 R? 3 %04 0.78 Bubenik et al.l’],

A X ER AT — N R P R AR T B K45 9 (Saliency map
score) , Z UL 7-3. FERFSLEh, e T RISk B EAEARE m
YEET345r, IX980E T Bubenik etal. [l fZ5 R . —MHBIMEE, &M EE 5L
- Bt A H A B TR] )3 T 4

FERX PRGOS, “RE%”7 WT 0 845 R H Z M EUAE ORBITSk & iy
B WA, EEFTLIUEY], B30 RIS 50 A 2rh B I N AL, 20
K 7-4 FE 7-5.

R T EMEREEEEG 550 A2 E AR EIOC R, KRR CERE
ARSI TR i DL AR 25 RIS 0 A — A B IX TR [0, 1], 2R)E, FRATIRAE 73 it
Fr A B A S e B X E [0,0.1],--+,[0.9, 1.0] BISAST X [EI A, FH43 i A
AT X E A RS S s KA ALE AT, B, RN s 45 ook
AT IXIA A5 0 BT 38 R th R, 3 R4S 2 BEE 5000 M 2 R B )
RIMPEAS, IXZEHT “HRSE” Tl vH 2 46 i h 2 5HA B 205 3
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73 N Transformer 1) 7] fEE R 5 1

] " 0.12 ¢ 14 016 . o o
0.10 . © o o £ .
a0 % J ° oo 0.14 e @ © .
: e » 0.10 S50 @ 12 o oo, %08 1
FoRwy RN SR U e
> o O
\ 12 0.08 ‘.‘ 4“’.‘ 10 0.10 . » 12
0.06 . »
K 10 0.06 1} s 0.08 . % > 10
o
0.06
0.04 .o N 008 = s
K 6 0.04
0.02 o 6 6
0.02 " B 0.02
4 0.00 0.00 4
002 004 006 008 010 002 004 006 008 010 0.00 002 004 006 008 010 012

K 7-3 K H Bubenik et al.”) i R AR FFSL T E B (Saliency map), X R iR
5 (WEFIA) N —1.50,—-1.92, 0.54 Al H, .

1.0
704
v 0.9 o 60

S S
o o
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ffs A 4D

ik A KA

FHZAFH Transformer AbFEFEREE K FIACAESZHL

from typing import Callable, Dict
from gdeep.utility.enum types import AttentionType

from .attention import AttentionBase, InducedAttention,
ScaledDotProductAttention

from .transformer config import transformerConfig

class AttentionFactory:

mwirwwn

Factory for creating attention modules.

mwirwn

attention modules: Dict]|
AttentionType, Callable[[transformerConfig],
AttentionBase]

1 ={}

def init (self):
# Register the attention layers here:
self.register attention builder(
AttentionType.DOT PRODUCT, lambda config:
ScaledDotProductAttention (confiqg)
)
self.register attention builder (
AttentionType.INDUCED ATTENTION, lambda config:
InducedAttention (config)

def register attention builder(

self,
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attention type: AttentionType,
attention module builder: Callable[[transformerConfig],

AttentionBase],

) —> None:

def

mwowwn

Register an attention module.

mwowwn

self.attention modules[attention type] =

attention module builder

build(self, config: transformerConfig) -> AttentionBase

mwn

Create an attention module.

mwnn

return self.attention modules[config.attention type] (

configqg)

from typing import Optional

import torch

from torch.nn import Dropout, Linear, Module, Modulelist,

Sequential
from .attention factory import AttentionFactory
from .transformer block import transformerBlock
from .transformer config import transformerConfig
from .utility import get activation function, get pooling layer

# Type aliases

from gdeep.utility.custom types import Tensor

class transformer (Module) :

"""transformer model as described in the paper: https://

arxiv.org/abs/2112.15210

Examples::
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ffs A 4D

from gdeep.topology layers import transformerConfig,
transformerModel

# Initialize the configuration object

config = transformerConfig()

# Initialize the model

model = transformer (config)

mwrwnn

config: transformerConfig
embedding layer: Module
transformer blocks: ModuleList
classifier layer: Module

pooling layer: Module

def init (self, config: transformerConfigqg):
super () . _init ()
self.config = config

self.build model ()

def build model (self):

mmn

Build the model.

mwn

self.embedding layer = self. get embedding layer()
self.transformer blocks = ModuleList (

[

self. get transformer block()

for in range(self.config.num attention layers

)

)
self.pooling layer = self. get pooling layer ()

self.classifier layer = self. get classifier layer()

def get embedding layer(self) -> Module:

return Sequential (
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Linear (self.config.input size, self.config.
hidden size),

get activation function(self.config.hidden act),

def get classifier layer (self) -> Module:

return Sequential (
Linear (self.config.hidden size, self.config.
hidden size),
get activation function(self.config.hidden act),
Dropout (self.config.classifier dropout prob),

Linear (self.config.hidden size, self.config.

output size),

def get transformer block(self) -> Module:

return transformerBlock(self.config) # type:

def get pooling layer (self) -> Module:

return get pooling layer (self.config)

def forward(

self, input batch: Tensor, attention mask: Optional]|

Tensor] = None

) —> Tensor:

mwn

Forward pass of the model.

Args:

input batch: The input batch. Of shape (batch size,
sequence length, 2 + num homology types)

attention mask: The attention mask. Of shape

batch size, sequence length)

Returns:

The logits of the model. Of shape (batch size,

sequence length, 1)

mwn
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# Initialize the output tensor

output = input batch

# Apply the embedding layer

output = self.embedding layer (output)

# Apply the attention layers

for transformer block in self.transformer blocks:
output = transformer block(output, attention mask)

output = self.pooling layer (output, attention mask)

# Apply the classifier layer

output = self.classifier layer (output)

return output

from typing import Optional

import torch
from gdeep.utility.enum types import LayerNormStyle

from torch.nn import LayerNorm, Module, Modulelist

from .transformer config import transformerConfig
from .utility import get attention layer,

get feed forward layer

# Type aliases

from gdeep.utility.custom types import Tensor

class transformerBlock (Module) :

mwwn

A transformer block.

mwirwn

config: transformerConfig
attention layer: Module
feed forward layer: Module
dropout layer: Module

layer norms: Optional[ModuleList]

def init (self, config: transformerConfigqg):
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192
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195

196

ffs A 4D

super () . init ()
self.config = config

self.build model ()

def build model (self):

def

mwiowwn

Build the model.
self.attention layer = get attention layer(self.config)
if not self.config.use attention only:

self.feed forward layer = get feed forward layer(

self.confiqg)

if |
self.config.layer norm style == LayerNormStyle.
PRE LAYER NORMALIZATION
or self.config.layer norm style == LayerNormStyle.

POST LAYER NORMALIZATION

self.layer norms = ModuleList (
[
LayerNorm(self.config.hidden size, eps=self
.config.layer norm eps)

for in range(2)

forward (
self, # type: ignore
input batch: Tensor,

attention mask: Optional[Tensor] = None,

) —> Tensor:

mwrwn

Forward pass of the model. We implement different layer
normalizations in the forward pass,

see the paper https://arxiv.org/pdf/2002.04745.pdf for
details.
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ffs A 4D

Args:
input batch:
The input batch. Of shape (batch size,
sequence length, 2 + num homology types)
attention mask:
The attention mask. Of shape (batch size,

sequence length)

Returns:
The logits of the model. Of shape (batch size,
sequence length, 1)
if self.config.layer norm style == LayerNormStyle.
NO LAYER NORMALIZATION:
return self. forward no layer norm(input batch,
attention mask)
elif self.config.layer norm style == LayerNormStyle.
PRE LAYER NORMALIZATION:
return self. forward pre layer norm(input batch,
attention mask)
elif self.config.layer norm style == LayerNormStyle.
POST LAYER NORMALIZATION:
return self. forward post layer norm(input batch,
attention mask)
else:
raise ValueError (f"Unknown layer norm style {self.

config.layer norm style}")

def forward no layer norm(
self, input batch: Tensor, attention mask: Optional]|
Tensor] = None
) —> Tensor:

mwrwn

Forward pass of the model without layer normalization.

Args:
input batch:
The input batch. Of shape (batch size,
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def

sequence length, 2 + num homology types)
attention mask:
The attention mask. Of shape (batch size,

sequence length)

Returns:
The logits of the model. Of shape (batch size,
sequence length, 1)
output = self.attention layer (input batch,
attention mask) + input batch # type: ignore
if not self.config.use attention only:
output = self.feed forward layer (output) + output

return output

_forward pre layer norm/(
self, input batch: Tensor, attention mask: Optional]l

Tensor] = None

) —> Tensor:

mmn

Forward pass of the model with pre-layer normalization.

Args:
input batch:
The input batch. Of shape (batch size,
sequence length, 2 + num homology types)
attention mask:
The attention mask. Of shape (batch size,

sequence length)

Returns:
The logits of the model. Of shape (batch size,
sequence length, 1)
assert self.layer norms is not None
normalized = self.layer norms[0] (input batch)
output = self.attention layer (normalized,

attention mask) + input batch
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if not self.config.use attention only:

normalized = self.layer norms[1l] (output)
output = self.feed forward layer (normalized) +
output

return output

def forward post layer norm(
self, input batch: Tensor, attention mask: Optional]
Tensor] = None
) —-> Tensor:

mmn

Forward pass of the model with post-layer normalization

Args:
input batch:
The input batch. Of shape (batch size,
sequence length, 2 + num homology types)
attention mask:
The attention mask. Of shape (batch size,

sequence length)

Returns:
The logits of the model. Of shape (batch size,
sequence length, 1)
assert self.layer norms is not None
output = self.attention layer (input batch,
attention mask) + input batch
output = self.layer norms[0] (output)
if not self.config.use attention only:

output = self.feed forward layer (output) + output

output = self.layer norms[1l] (output)

return output
from abc import ABC, abstractmethod
from typing import Callable, Dict, Optional

from transformers.configuration utils import PretrainedConfig
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import torch

import torch.nn as nn

from torch.nn import (
Module,
MultiheadAttention,
Linear,
Sequential,
LayerNorm,
Dropout,
Modulelist,

from gdeep.utility.enum types import (
ActivationFunction,
PoolerType,
AttentionType,
LayerNormStyle,

# Type aliases

from gdeep.utility.custom types import Tensor

class transformerConfig (PretrainedConfigqg) :

mwn

Configuration class to define a transformer model.

Examples::

from gdeep.topological layers import transformerConfig,
transformerModel

# Initialize the configuration object

config = transformerConfig()

# Initialize the model

model = transformer (config)

# Access the configuration object

config = model.config
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339

340
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mwn

input size: int # input size of the model
output size: int

hidden size: int

num attention layers: int

num attention heads: int
intermediate size: int

hidden act: ActivationFunction
hidden dropout prob: float
attention probs dropout prob: float
layer norm eps: float

classifier dropout prob: float
layer norm style: LayerNormStyle
attention type: AttentionType
activation fn: ActivationFunction
pooler type: PoolerType

use attention only: bool

use_ skip connections for transformer blocks: bool

def init (
self,
input size: int = 2 + 4,
output size: int = 2,
hidden size: int = 32,
num attention layers: int = 2,
num attention heads: int = 4,
intermediate size: int = 32,

hidden act: ActivationFunction = ActivationFunction.

GELU,
hidden dropout prob: fleocat = 0.1,
attention probs dropout prob: float = 0.1,

layer norm eps: float = le-12,

classifier dropout prob: float 0.1,

use layer norm: LayerNormStyle = LayerNormStyle.

NO LAYER NORMALIZATION,

attention type: AttentionType = AttentionType.

DOT PRODUCT,
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363

364

366
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369
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pooler type: PoolerType = PoolerType.ATTENTION,
use attention only: bool = False,

use skip connections for transformer blocks=False,

**kwargs

)t
super (). 1init (**kwargs)
self.input size = input size

self.output size

self.hidden size = hidden size

self.num attention layers =

self.num attention heads = num attention heads

self.intermediate size = intermediate size

self.hidden act = hidden act

output size

num attention layers

self.hidden dropout prob = hidden dropout prob

self.attention probs dropout prob =
attention probs dropout prob

self.layer norm eps = layer norm eps

self.classifier dropout prob = classifier dropout prob

self.layer norm style = use layer norm

self.attention type = attention type

self.pooler type = pooler type

self.use attention only = use attention only

self.use skip connections for transformer blocks = (

use skip connections for transformer blocks

379

380

381

382

383

384

385

386

388

389

390

391

392

from typing import Optional

import torch

from gdeep.utility.enum types import
ActivationFunction,
AttentionType,
LayerNormStyle,
PoolerType,

)

from torch.nn import Module

from .transformer import transformer
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33 from .transformer config import transformerConfig
394

35 from gdeep.utility.custom types import Tensor

396

397

38 class transformerWrapper (Module) :

399 """The wrapper for transformer to allow compatibility

400 with the HPO classes.

401 roen

402

403 config: transformerConfig

404 model: Module

405

406 def init (self, **kwargs):

407 super (). init ()

408 self.config = transformerConfig (**kwargs)

409 self.model = transformer (self.confiqg)

410

411 def forward(self, input: Tensor, attention mask: Optionall
Tensor] = None):

412 return self.model (input, attention mask)

413

414 import torch.nn as nn

415 from torch.nn import Dropout, Linear, Module, Sequential
416

417 from gdeep.topology layers.pooling layers import (

418 AttentionPoolinglLayer,
419 MaxPoolinglayer,
420 MeanPoolinglayer,
421 SumPoolinglLayer,

422 )

23 from gdeep.utility.enum types import ActivationFunction,
PoolerType

424 from .attention factory import AttentionFactory

425 from .transformer config import transformerConfig

426

427

28 def get pooling layer(config: transformerConfig) -> Module:
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def

mwn

Get the pooling layer.

Args:

config: The configuration of the model.

Returns:
The pooling layer.
if config.pooler type is PoolerType.ATTENTION:
return AttentionPoolinglLayer (config) # type: ignore
elif config.pooler type is PoolerType.MAX:
return MaxPoolingLayer (config) # type: ignore
elif config.pooler type is PoolerType.MEAN:
return MeanPoolingLayer (config) # type: ignore
elif config.pooler type is PoolerType.SUM:
return SumPoolinglLayer (config) # type: ignore
else:
raise ValueError (f"Pooler type {config.pooler type} is

not supported.")

get feed forward layer (config: transformerConfig) -> Module

mwn

Get the feed forward layer.
feed forward layer = Sequential()
feed forward layer.add module (
"intermediate", Linear (config.hidden size, config.
intermediate size)
)
feed forward layer.add module (
"activation", get activation function(config.hidden act
)
)

feed forward layer.add module ("dropout", Dropout (config.

hidden dropout prob))
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def

def

feed forward layer.add module (
"output", Linear (config.intermediate size, config.
hidden size)
)
feed forward layer.add module ("dropout", Dropout (config.
hidden dropout prob))

return feed forward layer

get attention layer (config: transformerConfig) -> Module:

mmn

Get the attention layer.

mwn

return AttentionFactory () .build(config) # type: ignore

get activation function(activation function:
ActivationFunction) -> Module:

mwrwn

Get the activation function.

if activation function is ActivationFunction.RELU:
return nn.RelU()

elif activation function is ActivationFunction.GELU:
return nn.GELU ()

elif activation function is ActivationFunction.SELU:
return nn.SELU ()

elif activation function is ActivationFunction.MISH:
return nn.Mish ()

else:

raise ValueError ("Unknown activation function.")
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