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Inthe last few decades, topological phase’ ™ has emerged as a new classification of
matter states beyond the Ginzburg-Landau symmetry-breaking paradigm. The
underlying global invariantis usually well characterized by integers, such as Chern

numbers or winding numbers—the Abelian charges> ™. Very recently, researchers

proposed the notion of non-Abelian topological charges

1671 which possess

non-commutative and fruitful braiding structures with multiple (more than one)
bandgaps tangled together. Here we experimentally observe the non-Abelian
topological charges in a time-reversal and inversion-symmetric transmission line
network. The quaternion-valued non-Abelian topological charges are clearly mapped
onto an eigenstate-frame sphere. Moreover, we find anon-Abelian quotient relation
that provides a global perspective on the distribution of edge/domain-wall states. Our
work opens the door towards characterization and manipulation of non-Abelian
topological charges, which may lead to interesting observables such as
trajectory-dependent Dirac/Weyl node collisions in two-dimensional systems!*'"%,
admissible nodal line configurations in three dimensions'®**?*°, and may provide
insight into certain strongly correlated phases of twisted bilayer graphene?.

Topological band theory describes the global topological phases
underlying various physical systems. Previously, topological phases
areclassified into Z or Z, classes, which are the Abelian groups. They are
commutative and exhibit additive properties. The induced bulk-edge
correspondence'”** also inherits the Abelian nature, with the number
of domain-wall states being the difference between the two topologi-
cal invariants across the domain wall. Very recently, it is found that
symmetry-protected topological phases can go beyond the Abelian
classifications. With multiple bandgaps tangled together, the underly-
ing topological invariants are represented by non-Abelian groups'® ™,
which reveal the underlying braiding topological structures.

However, so far, the experimental observation of non-Abelian
topological charges describing band braiding remains elusive. Here
we experimentally demonstrate a three-band PT (inversion and
time-reversal) symmetric system and characterize the underlying
non-Abelian topological charges in the momentum space. We further
investigate the edge/domain-wall states, and show that their detailed
configurations cannot be entirely explained by the conventional
bulk-edge correspondence.

Non-Abelian topological charges

We start with a mathematical model to experimentally illustrate the
non-Abelian topological charges. Usually, the combination of P and

T operators can be represented by complex conjugation K when a suit-
ablebasisis chosen®. Under PT symmetry, the Hamiltonianis hence real
at allmomenta k, that is, H(k) = H*(k), where the asterisk denotes the
complex conjugate. Without loss of generality, athree-band Hamiltonian
with two complete bandgaps takes the form of H(k) = Y. _, nluf)u}|
where|u})is areal three-dimensional vector. The corresponding order-
parameter space of the Hamiltonian is then M;=0(3)/0(1)?, where O(N)
isthe orthogonal group (see details in Supplementary Information sec-
tionland Supplementary Figs. 1,2). The fundamental homotopy group
ofthe system canbe expressed as r;(M;) =@, where Q=(+1,£i,+ j, tk,-1)
forms the non-Abelian quaternion group'®?*%, consisting of three anti-
commuting imaginary unitssatisfyingij=k, jk=i,ki=j and #=/=k*=-1.
Figure 1a pictorially illustrates all the elements of @ and their group
multiplications are represented via coloured arrows.

For simplicity, we assume the initial eigenstates of the Hamiltonian
arethree orthogonal vectors, Hx =1x, Hy =2y and Hz =3z, which form
aright-handed Cartesian coordinate frame. The ‘toy’ Hamiltonian can
thenbe expressed as, H(k) = R(k)diag(1, 2, 3)R(k)" with R(k) = exp[B(k)-L],
where (L,);=—€;, € is the fully antisymmetric tensor, and B(k) = ¢nis
the product of the rotation axis n(k) and rotation angle ¢p(k) (see Supple-
mentary Information sectionI). The one-dimensional (1D) systems with
quaternion charges of +i, +j, +k, are realized viaR(k) = exp[(k + )L, /2],
respectively. The case of +i is shown in Fig. 1b, where the eigenstate
frame rotates ¢ = w around the x axis. The inset of Fig. 1b shows three
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Fig.1|Non-Abelian topological charges. a, Graphical representation of

the quaterniongroup Qand associated non-Abelian structures. The elements
areindicated by spheres, with coloured arrows defining their mutual
multiplications. Eachred, greenand blue arrow represents multiplication

by +i, +jand +k, respectively, for example, i-(red-) = i*=-1, whereasiits reverse
direction means multiplying by the corresponding conjugation partner —i,—jor
-k.b, Rotation of the eigenstate frame around thex axis through an angle

non-degenerate flatbands with the trivial band (the first band) marked
by dashed line. Similarly, the other two non-Abelian topological charges
+jand+karegiveninFig.1c,d, where the eigenstate frames rotate =1
aroundtheyorzaxes, resultinginthe second or third bands being triv-
ial, respectively. The conjugate partners —i,—jand —k correspond to the
inverse rotations. It isworth emphasizing that two conjugate elements
(for example, +i) can only be well defined when they share acommon
basepoint'. From these insets, one can see that the non-Abelian topo-
logical phase transitions require band re-ordering, such as the dashed
bandjumping up (down) when the charge alters from +jto +k (+i). The
process inevitably encounters gap closing and reopening (see Sup-
plementary Information section IV and Supplementary Figs. 8-10).
Theunitelement +1representsthe trivial case, where the trajectories of
the three-eigenstates can be continuously contractible to threeisolated
points(1,0,0),(0,1,0)and (0, 0,1) (see Supplementary Information sec-
tionlland Supplementary Fig.3g). Thisis very different from the nontrivial
case of charge -1illustrated by Fig. 1e. Taking R(k) =expl(k + )L, ], the
Hamiltonian carries charge of -1, corresponding torotating the eigenstate
frame through anangle ¢ =2maroundthex,y, or zaxes, respectively. One
cansmoothly transform R(k) between these three cases without closing
thebandgaps (see Supplementary Information sectionV, Supplementary
Fig.11), and as such they are classified as the same topological phase.

Tight-binding model
We consider a quasi-1D system with three meta-atoms (A, B, C) per
unit cell, with inter-cell couplings indicated in Fig. 2a. The real-space
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ofminduces the non-Abelian topological charge of +i. The eigenstate (red dot) of
thefirstband (red dashedlineininset) remainsfixed. ¢, d, Similar tobwith
respecttothe non-Abelian topological charges +j(c) and +k (d). e, Rotation of
eigenstate frame around the zaxis through 2minduces the non-Abelian
topological charge of -1.Red, green and blue colours indicate the real eigenstate
trajectory of the first, second and third bands, respectively. The arrow indicates
thedirectionwhen kruns from-tttomacrossthe first Brillouin zone.

Hamiltonian reads (see Supplementary Information section Il for more
general cases, Supplementary Fig. 4),

_ 1 T
H=)| X SaCkulxn* 2 UxChaCynnthe. ()
7 | X=AB,C X=AB,C
Y=AB,C

where c} ,and ¢, , denote the creation and annihilation operators,
respectively, onthe sublattices Xor Yand at site n. After Fourier trans-
formation, we obtain

Saat 20,4 cOSk 2u sink 2w sink
H(k) = 2u sink Sppt 2Upp COSK 2v sink i 2)
2w sink 2v sink Scet20cc cosk

where we have set v, = U, = iU, Ugc = Ucg =iv and v, = Uxc = i to make
the Bloch Hamiltonian explicitly real (u, v and w are all real). The
tight-binding model constructed here is PT symmetric, despite the
fact that it breaks both time-reversal and inversion symmetries. We
first choose parameters (Supplementary Table 1) that can mimic
the flatband cases as shown in Fig. 1b-e (note that Fig. 1e requires
next-nearest-neighbour hoppings, see Supplementary Information
section III).

Figure 2b-e presents the edge states localized at the hard boundaries
ofthe quasi-1D lattices with different values of non-Abelian topological
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Fig.2|Realizingnon-Abelian topological chargesinatight-binding model.
a,Schematic view of the tight-binding configuration, where only the
nearest-neighbour hoppings are considered. The directional hoppings are
Upg=Upa=iu (blue), vgc =vz=iv (red) and v, =v = iw (green). b-e, Edge states
(red dots) at hard boundaries for systems with charges of +i (b), +j (c), +k (d) and
-1(e). The normalized eigenstate distributions (||, in arbitrary units)asa
function of lattice position (left panels) areillustrated, accompanied by the

charges'. The usual Abelian topological charges are used to character-
ize the topology of asingle bandgap, the value of which counts the num-
ber of edge states inside that bandgap. However, from the non-Abelian
perspective, the non-Abelian charges describe the topology of all band-
gaps, and can hence predict both the distribution and number of edge
statesinall bandgaps. As shownin Fig.2b, the charge of +iindicates the
second gap is nontrivial and supports one edge state on each end of a
finite-length lattice. The eigenstate of the first band is fixed, whereas
the eigenstates of the second and third bands rotate through m for
k running from -1 to +1, and the bandgap sandwiched by these two
rotating states carries edge states. Similar arguments also apply to
chargesof +jand +k, asshownin Fig. 2c, d, respectively. Itisinteresting
to note from Fig. 2c for a charge of +j that the edge states merge into
the second continuum band, forming bound-states-in-continuum
(BICs). It is worth emphasizing that the BICs are not enforced by the
non-Abeliantopology but accidentally achieved by pertaining to some
specific parameters. By contrast, the quaternion charge of -1supports
two edge states on each edge as shown in Fig. 2e. Nevertheless, the
locations of the edge states of charge —1are fickle and can vary accord-
ing to the details of bulk states'® (Supplementary Fig. 11, see details
in Supplementary Information section V).

Braiding network realization

In the experiment, a network consisting of 13 periods was designed
to characterize the non-Abelian topological charges. There are three
meta-atoms A, B and Cin one unit cell, and Fig. 3a is the photo of the
network for the specific configuration of charge -1. The inset shows
thatthere are four nodes represented by the cable connectors, labelled
1,2,3,4ineachmeta-atom. Assuch, there are four allowed subspaces.
Eachsubspace canbe characterized by a pseudo-angular momentum
with exp(i4g,) =1(n=1,2,3,4) (ref. ®), with ¢, =0, ¢, =11/2, p, = and
¢,=-1/2.Inthe experiment, we work with the subspace ¢,=1/2 toreal-
ize our 3 x3real Hamiltonian (equation (2), wherein the eigenfunctions

- sﬁiﬁ}%}aﬂfs

Lt hﬂaiam“

)\ﬁﬁizhglkﬂm) | |

1

eigenenergy profiles (right panels). A tiny modulation (1%) isimposed on vy
(X=A,B,C)toavoid ahuge degeneracy. The quasi-1D lattice has 21 periods here.
The case ofbwith anon-Abelian charge of +icanberealized by setting s,,=1,
Spg=Scc=5/2, Vg =~Ucc=1/4and v=1/4 (the other parameters are zero unless
otherwise specified). The parameters for the other cases (c-e) are shown
inSupplementary Table1(see Supplementary Information section I1I).

inthe four nodes have relative phases of1,i,—1and —i). The meta-atoms
were connected to the next unit cell by 2-m-long coaxial cables (model
RG58C/U, Belden) torealize the complex hoppings by braiding (Fig. 3b,
see Supplementary Information section 1X)?%°, Both the amplitude and
phase of the voltage of each meta-atom are monitored by an oscillo-
scope (see detailed experiment methodsin Supplementary Information
section IX and Supplementary Fig. 25). After Fourier transformation,
we obtain the eigenstate distributions in the momentum space. The
bandstructure and eigenstates corresponding to each non-Abelian
topological charge can then be mapped experimentally. Figure 3c-j
shows the experiment results (right panels), which agree well with
the tight-binding model results on the left panels. The experiment
parameters for each case are summarized in Supplementary Table 2
(seeSupplementary Fig. 24 for corresponding network connectivity).
Theinsets in Fig. 3c—j show the measured edge state distributionsin
the corresponding bandgaps with the theoretical results shown on
the left for comparison. Taking the charge +i configuration for exam-
ple, a peak is observed in the bandgap between the second and third
bands. The theoretical field distributions of the edge states are shown
inSupplementary Fig. 5for reference (see Supplementary Information
section Ill). Most edge statesin Fig. 3c—j can be well understood accord-
ing to the analysis in Fig. 2. We note that the edge states of charge +jin
Fig.3edonotappear asBICs, asshownin Fig.2c. As mentioned above,
the presence of BICs is special to the flatband situation where the sec-
ond band states are decoupled from the two winding states, whereas
in general cases (as in the experiment), the edge states are located
bothinthe first and second bandgaps for the charge of +j (see details
in Supplementary Information section Illl and Supplementary Fig. 6).
Inaddition, the edge states for the charge of -1are fickle, as expected.
The formation of edge states can be visualized by extending the 1D
Hamiltonian onto a two-dimensional (2D) extended plane, where the
edge states of the 1D system are inherently related to the topological
degeneracy points encircled by the 1D Hamiltonian (see detailsin Sup-
plementary Information section VIl and Supplementary Figs. 15-19).
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Fig.3|Experimental characterization of non-Abelian topological charges
and hard boundary edge states. a, Asample photo of transmission line
network, where 13 periods are used in the construction. Theinset shows each
meta-atom, consisting of four nodes stacked perpendicularly. b, Realization of
complex-number hoppings between meta-atoms X,,and Y,.,; with Xor Y=A,B, C.
c,e, g, i, Theoretically simulated (left panels) and experimentally mapped
(right panels) bulk states for +i (c), +j (e), +k (g) and -1 (i). The projected edge

Here the edge states in Fig. 3i are due to alinear triple degeneracy in
the 2D extended plane (Supplementary Fig. 16d).

Non-Abelian quotient relation

When two semi-infinite lattices carrying different non-Abelian topo-
logical charges meet atadomain wall—for example, forming the charge
pair of (+i, +j)—some domain-wall states should emerge. The well known
Abelian bulk-edge correspondence, given by the difference of two
integers (Fig. 4a, AN=N, - N, e Z) becomes inadequate for describing
theglobal edge-state configurationin non-Abelian topological systems.
Here, we find anon-Abelian quotient relation as schematically shownin
Fig. 4a, which states that the topology of the domain-wall isindicated
by AQ=Q,/Qx (Q.r, AQ € @), also dubbed the ‘domain-wall charge’.
Here we emphasize that a domain wall can be characterized by AQin
the presented models only thanks to the existence of ajoint basepoint.
Fromthe perspective of group theory, the corresponding domain-wall
topology of the Abelian (AN =N, - Ny) and non-Abelian (AQ =Q,/Qg)
systems is consistent, because both can be unified by multiplying the
left charge by theinverse of the right charge. Our non-Abelian quotient
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e
Edge state

statesareshowninthe correspondinginsets.d, f, h,j, Theoretically simulated
(left panels) and experimentally mapped (right panels) eigenstate frame
spheres for +i (d), +j (f), +k (h) and -1 (j). Thefirst, second and third bands are
colouredasred, greenandblue, respectively. The direction of decreasing line
widthindicates k=-1t/a > t/a, where a=1. The parameters for all cases (c—j) are
showninSupplementary Table 2 (see Supplementary Information section I1I).

relation is hence an extension of the Abelian case. The domain-wall
charge AQ canberelated to the number as well as to the arrangement
of edge states in each bandgap (see Fig. 4b).

In order to substantiate the non-Abelian quotient relation, we start
from an Abelian perspective. As shown in Fig. 4c, two bandgaps are
individually labelled by the corresponding Zak phases for each qua-
ternion charge. The Zak phase for a single bandgap takes the value of
0 or tas the homotopy mapping m,[0(3)/(0(2) x 0(1))] = m,(RP?) = Z,,
which means one cannot distinguish +1 from —-mt. Here in the multiple
bandgap system, we use +1 and -1t to make the distinction between
two conjugate elements in one conjugacy class. For example, we label
the first (second) bandgap of charge +iwith O (+mt) (as shownin Fig. 4c).
Thisisbecausein each conjugacy class the two elements (for example,
+iand -i) have arelative meaning, that s, representing the two opposite
rotations of the eigenstate frame when kruns across the first Brillouin
zone (k=-1~> ). Between two different classes, the Zak phases +mand
-mtare topologically equivalent, consistent with the usualargumentin
the Abeliantopological phases. As the class—-1goes beyond the Zak phase
description'®, we label it as 21 to make the distinction between it and
thetrivial class +1(see descriptionlabelled by *“ inthe legend of Fig.4).
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Fig.4|Non-Abelian quotientrelation. a, Schematically illustrating the
Abelian bulk-edge correspondence and non-Abelian quotient relation
(domain-wallcharge).L, left; R, right. The black traces represent the edge/
domain-wall states. b, Eachbandgapis labelled by the corresponding Zak
phase. Thefirstbandgap carrying different Zak phases across the domain wall
supports domain-wallstates, as shaded inred. The domain-wall states are
characterized by AQ = (+i)/(+)) = (-k)/(+1). The domain-wall states of the charge
pair (-k, +1) canberegarded as hard boundary edge states of charge -k.c,
Non-Abelian topological charges are related to the Zak phases of both

We next consider the existence of domain-wall states for each band-
gap fromaZak phase perspective. AsshowninFig.4b for the bandgap
shaded in red, the Zak phases change across the domain wall, which
implies the emergence of topological edge states in the first bandgap.
Inthe second bandgap, there is no Zak phase change, and hence noedge
state. Sucha domain-wall state distributionis exactly the same as that
when asystemwith charge of +k (Fig. 2d) meets ahard boundary (charge
+1). On the other hand, the global analysis based on the non-Abelian
quotientrelation shownin Fig. 4a, predicts that the number and posi-
tion of domain-wall states for the charge pairs of (+i, +j) and (-k, +1)
should be the same. This illustrates the non-Abelian quotient relation.
One canapply similar arguments exhaustively for all other cases, which
are all consistent with AQ = Q,/Qx. As one can not specify the orienta-
tion of the domain wall, that means that the charge pairs of (+i, +j) and
(+j, +i) share the same domain-wall state distributions. In total, there
are five types of domain-wall state distributions, homomorphically
corresponding to the five classes (+1, +i, +j, +k, -1) in the quaternion
group Q. Going beyond this, we also provide ageneral argument of the
non-Abelian quotient relationin Supplementary Information section
VI (Supplementary Figs. 12-14).

Inthe experiment, we constructed several different types of domain
walls (Supplementary Table 3 and Supplementary Fig. 21) and mapped

bandgaps sandwiched by the three bands. *The charge -1 corresponds to the
casethat the eigenstate frame undergoes arotation of 2mabout an axis
through the origin with anarbitrary orientation. The winding trajectories of
the three eigenstates cannot be contractible simultaneously. d-h, Bulk states
and domain-wall states between the two different non-Abelian topological
chargeslabelled at the top of each panel. Left panels are simulations, right
panels show experimental results. The domain-wall constructions are given
inSupplementary Fig. 21. Colourful trianglesingindicate the results probed at
the corresponding positions asshown in Supplementary Figs. 21, 22.

their domain-wall states accordingly, as shownin Fig.4d-h. The experi-
mental results agree with the theoretical predictions, further confirm-
ing the proposed non-Abelian quotient relation. Inthe domain wall of
charge pair (+i, -i), as shown in Fig. 4g, the domain-wall states share
similar features with the hard boundary edge states of charge -1 (Sup-
plementary Fig. 11d with 8,~ 0).

Discussion and outlook

In this work we avoid using the phrase ‘non-Abelian bulk-edge cor-
respondence’ because the non-Abelian quotient relation AQ=Q,/Qy
inherently depends on the existence of abasepoint. A robust bulk—-
edge correspondence that is meaningful even in the absence of
a basepoint remains an open question for future investigations,
such as only considering the conjugacy classes in the fundamental
homotopy group or equivalently free homotopy classes of free
loops.

The proposedideas canbeimplemented inthe optical regime, where
coupled waveguides®**? can support non-Abelian photonic states and
evenrealize non-Abelian photon pumpingin charge -1by introducing
spatial modulations along the waveguides®. Other systems including
dynamic optical lattices are also of interest>.
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