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Rational homotopy theory

Theorem (Quillen '69)

There are equivalences of homotopy categories

Ho( ) >~ Ho( ) =~ Ho( )
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Rational homotopy theory

Theorem (Quillen '69)

There are equivalences of homotopy categories

Ho(Topz?) ~ Ho(DGCoalgZ?) ~ Ho(DGLic '
Q Q Q

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over @, and
connected differential graded Lie algebras over Q.

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Rational homotopy theory

Theorem (Quillen '69)

There are equivalences of homotopy categories

Ho(Topz?) ~ Ho(DGCoalgZ?) ~ Ho(DGLieZ!
Q Q Q

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over @, and
connected differential graded Lie algebras over Q.

simply-connected X
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Rational homotopy theory

Theorem (Quillen '69)

There are equivalences of homotopy categories
Ho(Topf;) ~ Ho(DGCoalgéQ) ~ Ho(DGLieél)

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over @, and
connected differential graded Lie algebras over Q.

simply-connected X ~» Cg(X) € DGCoalgg

H,(Co(X)) = H.(X;Q)
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Rational homotopy theory

Theorem (Quillen '69)

There are equivalences of homotopy categories
Ho(Topf;) ~ Ho(DGCoalgéQ) ~ Ho(DGLieél)

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over @, and
connected differential graded Lie algebras over Q.

simply-connected X ~» Lg(X) € DGLieg

H,(Lg(X)) 2 m(X)®Q
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Rational homotopy theory

Theorem (Quillen '69)

There are equivalences of homotopy categories
Ho(Topf;) ~ Ho(DGCoalgéQ) ~ Ho(DGLieél)

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over @, and
connected differential graded Lie algebras over Q.

simply-connected X ~~ AQ(X) S DGAng, Sullivan '77, minimal models
finite type
H*(Ag(X)) = H*(X;Q)
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Rational homotopy theory

Theorem (Quillen '69)

There are equivalences of homotopy categories
Ho(Topf;) ~ Ho(DGCoalgéQ) ~ Ho(DGLieél)

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over @, and
connected differential graded Lie algebras over Q.

simply-connected X ~» models for the Q-homotopy type of X
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vp,-self maps

gd 2y gd for any d
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vp,-self maps

542 54 5 84/p for any d
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vp,-self maps

g4 2y gd for any d

induces an isomorphism in H.(—; Q).
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vp,-self maps

542 54 5 84/p  for any d

induces an isomorphism in H,(—; Q).

S admits vg-self maps, with vg = p a prime.
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vp,-self maps

Example (Adams '66)

2p — 2 if pis odd

v: 298%/p — 84/p forq:{8 ifp—2
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vp,-self maps

Example (Adams '66)

2p — 2 if pis odd

v: 298%/p — 84/p forq:{8 ifp—2

induces an isomorphism in K-theory.
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vp,-self maps

Example (Adams '66)

2p — 2 if pis odd

v: 298%p = 84/p  for g = { 3 ifp—2

induces an isomorphism in K-theory.
S?/p admits v;-self maps (with d large enough).
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vp,-self maps

Example (Adams '66)

The stable composite
»8%/p 5 8%/p
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vp,-self maps

Example (Adams '66)

The stable composite
S%p — st
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vp,-self maps

Example (Adams '66)

The stable composite
S7 — »18%/p
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vp,-self maps

Example (Adams '66)

The stable composite
87— x18%/p 5 8%/p — St

is a1 (the first element of order p in 7¥) for p odd,
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vp,-self maps

Example (Adams '66)
The stable composite
87— x18%/p 5 8%/p — St

is a1 (the first element of order p in 7¥) for p odd,
and 8¢ (where o is the generator of 77) for p = 2.
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vp,-self maps

@ The vg-self map S¢ 2, 54 induces an isomorphism in

o The vi-self map £95%/p % S%/p induces an isomorphism in
K. (-).
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vp,-self maps

@ The vg-self map S¢ 2, 54 induces an isomorphism in

o The vi-self map £95%/p % S%/p induces an isomorphism in
K. (-).

Theorem (Hopkins-Smith '98)

Let V' be a p-local finite complex of type n, i.e. K(n)«(V) # 0 but
K(i)«(V) =0 for i < n.
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vp,-self maps

@ The vg-self map S¢ 2, 54 induces an isomorphism in
H*<*; Q) chromatic height 0

o The vi-self map £95%/p % S%/p induces an isomorphism in
K*(—) chromatic height 1

Theorem (Hopkins-Smith '98)

Let V' be a p-local finite complex of type n, i.e. K(n).(V) # 0 but
K(i)«(V) =0 for i < n.
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vp,-self maps

@ The vg-self map S¢ 2, 54 induces an isomorphism in

o The vi-self map £95%/p % S%/p induces an isomorphism in
K. (-).

Theorem (Hopkins-Smith '98)

Let V' be a p-local finite complex of type n, i.e. K(n)«(V) # 0 but
K(i)«(V) =0 for i <n. Then V admits a v,-self map

v: 2PV SV

which induces an isomorphism in K (n).(—).
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now v,,-periodic homology K (n).(—)
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Recall rational homology H.(—;Q)
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Now vn—periodic homology K(n)*(—) There is an underlying prime p.
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy 7
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy Invert v,,-self maps!
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy v, 1m.(—; V) = v [S*V, -]
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—) @ Q

Now v,,-periodic homology K (n).(—)

There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] @ Z[v*!]
Z[v]
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now v,,-periodic homology K (n).(—)

There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] ® Z[vH!]
Z[v]

Observe (Bousfield '01, Kuhn '08) v, tm(X; V) =& 7,0y (X)
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now v,,-periodic homology K (n).(—)

There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] ® Z[vH!]
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] ® Z[vH!]
Zlv]

n

Observe (Bousfield '01, Kuhn '08) v, 'm.(X; V) =2 1 ®xooy (X)

Define  Bousfield-Kuhn functor ®,,(X) := holim ®yv (X)
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] ® Z[vH!]
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n
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] ® Z[vH!]
Zlv]

n

Observe (Bousfield '01, Kuhn '08) v, 'm.(X; V) =2 1 ®xooy (X)

Define  Bousfield-Kuhn functor ®,,(X) := holim ®yv (X)
with V; such that holim v, !V, ~ S1(n)
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] ® Z[vH!]
Zlv]

n

Observe (Bousfield '01, Kuhn '08) v, 'm.(X; V) =2 1 ®xooy (X)

Define  Bousfield-Kuhn functor ®,,(X) := holim ®yv (X)
with V; such that holim v, 'V, ~ S1(n)
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] ® Z[vH!]
Zlv]

n

Observe (Bousfield '01, Kuhn '08) v, 'm.(X; V) =2 1 ®xooy (X)

Define  Bousfield-Kuhn functor ®,,(X) := holim ®yv (X)
with V; such that holim v, 'V ~ Sy,
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v,-periodic homotopy groups

Recall rational homology H.(—;Q)
rational homotopy m.(—)® Q

Now vn—periodic homology K(n)*(—) There is an underlying prime p.
vp-periodic homotopy v, 7. (—; V) == [2*V, -] ® Z[vH!]
Zlv]

n

Observe (Bousfield '01, Kuhn '08) v, 'm.(X; V) =2 1 ®xooy (X)

Define  Bousfield-Kuhn functor ®,,(X) := holim ®yv (X)
with V; such that holim v, !V, ~ S1(n)

Define unstable v,-periodic homotopy v, 7. (X) = 7. ®,(X)
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider S(T}i)i Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider S(Tf(fl): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider S(T}i)i HO(]\J,’{T()p*)Op - HO(Algcomm(SPT(n)))
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider SY ) : Ho(M{Top,)P — Ho(Algc (Spr(.))
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider S(T}i)i Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

Have v, lm.(—; V)= {E*V’M’{(_)} = [S(T?BWS?%}
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider ng(r)z) : HU(]\"L'{TOP*)OP — Ho (AlgComm(SpT(n)))

Have v, lm.(— V)= |S*V, A’M(*)} - [S(T@y%m
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider SY ) : Ho(M{Top,)P — Ho(Algc (Spr(.))

Have v'm (V) =[SVl ()] = (85 87T
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

Have v, lm.(—;V) {Z*V,Mg(_)} = [S(T?L)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

ci(n)‘ Py (X) — TAQSK(n)(Sg("))
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

a2 [0 o [86 85

Theorem (Behrens-Rezk)

There is a “comparison” map

Ci(n)i Pxn)(X) — TAQSK<n)(S§(n))
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

Have v_lm(—;v)g [E*V’ M’{(_)} - [SFEZI)S%()])}

Theorem (Behrens-Rezk)

There is a “comparison” map

K(n
cX( )‘ ‘I)K(n)(X) - TAQSK(m(Si‘(’("))

Topological André-Quillen cohomology
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

Have v, lm.(—;V) {Z*V,Mg(_)} = [S(T?L)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

c?((m‘ Qg (n)(X) — TAQSA"(n)(Si‘{("))

Topological André-Quillen cohomology
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

Have v, lm.(—;V) {Z*V,Mg(_)} = [S(T?L)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

ci(n)‘ Py (X) — TAQSK(n)(Sg("))

Topological André-Quillen cohomology

which is an equivalence on a class of spaces X including spheres.
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

Have v, lm.(—;V) {Z*V,Mg(_)} = [S(T?L)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

K(n
K, D (n)(X) = TAQs,,, (Sk(m))

Topological André-Quillen cohomology

which is an equivalence on a class of spaces X including spheres.
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

Have v, lm.(—;V) {Z*V,Mg(_)} = [S(T?L)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

K(n
cX( )‘ ‘I)K(n)(X) - TAQSK(m(Si‘(’("))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.
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Behrens and Rezk's model for v,,-periodic homotopy types

M ng(r)z) HO(M#:TOP*)OP — HO(AIgComm(SpT(n)))

Have v, lm.(—;V) {Z*V,Mg(_)} = [S(T?L)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

ci(n)‘ Py (X) — TAQSK(n)(Sg("))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(Algcomm(SpT(n)))

Have v, lm.(—;V) {Z*V,Mg(_)} = [S(T?L)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

ci(n)‘ Py (X) — TAQSK(n)(Sg("))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(AlgComm(SpT(n)))

Have v, lm.(—;V) {Z*V,Mg(_)} = [S(T?L)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

ci(n)‘ Py (X) — TAQSK(n)(Sg("))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Arone-Ching,
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(Algcomm(SpT(n)))

Have v, lm.(—; V) {Z*V,Mﬂf(—)} = [S(T_(ZL)’S%X;}

Theorem (Behrens-Rezk)

There is a “comparison” map

K(n
K, Qg (n)(X) — TAQSKW(Sé(n))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Heuts '18, M/ Top, ~ Lie(Spr(n))
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(Algcomm(SpT(n)))

Have v, lmi(—;V) = {E*V, Mﬁf(—)} - {S(()) SZZn)}

Theorem (Behrens-Rezk)

There is a “comparison” map

K, Dk (n)(X) = TAQs, ., (Sk(n)

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Heuts '18, M/ Top, ~ Lie(Spr(n))
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Behrens and Rezk's model for v,,-periodic homotopy types

Consider Sg;&l): Ho(Mﬂ:Top*)Op — Ho(Algcomm(SpT(n)))

Have v, lmi(—;V) = {E*V, Mﬁf(—)} - {S(()) SZZn)}

Theorem (Behrens-Rezk)

There is a “comparison” map
K
s gy (X) = TAQs,, (SF ()
a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

forget
) —

Remark cf. Heuts '18, M/ Top, ~ Lie(Spr(n)) — SPr(n)
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Behrens and Rezk's model for v,,-periodic homotopy types

—
~—

Consider STzn): HO(MX:Top*)Op — Ho(AlgComm(SpT(n)))

Have v;lm.(—; V)= {Z*V, M,{(—)} — [S(T(Zz) SZE )}

Theorem (Behrens-Rezk)

There is a “comparison” map

C)I?(n)i Qg (n)(X) — TAQSKW(Sﬁ(n))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

forget
) —

Remark cf. Heuts '18, M/ Top, ~ Lie(Sprn) SPr(n )

@
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Behrens and Rezk's model for v,,-periodic homotopy types

X @y (X) S TAQs (S ()
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Behrens and Rezk's model for v,,-periodic homotopy types

K(n ~
CX( )3 (I)K(n) (X) - TAQSK(n)(Sﬁ(n))

Main strategy and ingredients in Behrens and Rezk's proof

(1) Do induction up the Goodwillie towers of both the source and
target of the comparison map.
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Behrens and Rezk's model for v,,-periodic homotopy types

K(n ~
CX( )3 (I)K(n) (X) - TAQSK(n)(Sﬁ(n))

Main strategy and ingredients in Behrens and Rezk's proof

(1) Do induction up the Goodwillie towers of both the source and
target of the comparison map.

(2) Use the Bousfield-Kan cosimplicial resolution
XX =QX=0QX = ), QX=Q*5>®X

to reduce to proving the comparison map on QX, for which
one needs the Morava F-theory Dyer-Lashof algebra in an
essential way.
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Behrens and Rezk's model for v,,-periodic homotopy types

Gooduwillie tower of @ (,,y: Top, — SpK(n)
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Behrens and Rezk's model for v,,-periodic homotopy types

Gooduwillie tower of @ (,,y: Top, — SpK(n)

Stages qu)K(n) ~ @K(n)PkId
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Behrens and Rezk's model for v,,-periodic homotopy types

Gooduwillie tower of @ (,,y: Top, — SpK(n)

Stages qu)K(n) ~ @K(n)PkId

Layers Dp® () (X) =~ (s™1Lieg Anx, X/\k)K(n)
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Behrens and Rezk's model for v,,-periodic homotopy types

Gooduwillie tower of @ (,,y: Top, — SpK(n)

Stages qu)K(n) ~ @K(n)PkId

Layers Dy® () (X) = (s~ Lieg Apx,, X" g(n) Ching 05
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Behrens and Rezk's model for v,,-periodic homotopy types

Gooduwillie tower of @ (,,y: Top, — SpK(n)

Stages qu)K(n) ~ @K(n)PkId

Layers Dy® () (X) ~ (s~ Liey, Apg,, X/\k)K(n) Ching '05

Convergence (Arone-Mahowald '99)
D g () (ST) = P g () Prld(S7)

where k = p™ if ¢ is odd, and k = 2p" if ¢ is even.

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Behrens and Rezk's model for v,,-periodic homotopy types

Gooduwillie tower of W, == TAQSK(n)(Sg(_()n)): Top, — Spg(n)

Stages Pk(I)K(n) ~ (I)K(n)PkId

Layers Dk(bK(n) (X) ~ (s_lLiek AV X/\k)K(n)

Convergence (Arone-Mahowald '99)
D g () (S7) = @ () Prld(S7)

where k = p™ if ¢ is odd, and k = 2p™ if ¢ is even.
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Behrens and Rezk's model for v,,-periodic homotopy types

Goodwillie tower of W (,,) == TAQSK(n)(Sg;()n)): Top, — Spk(n)

Stages Pk:\IJK(n) (X) ~ FkTAQSK(n)(Sﬁ(n)) Kuhn '04

Layers Dk(bK(n) (X) ~ (s_lLiek AV XAk)K(n)

Convergence (Arone-Mahowald '99)
D g () (ST) = P () Prld(S7)

where k = p™ if ¢ is odd, and k = 2p™ if ¢ is even.
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Behrens and Rezk's model for v,,-periodic homotopy types

Gooduwillie tower of W () == TAQSK(n)(Sg(_()?’L)): Top, — Spk(n)

Stages PV g (n)(X) =~ FkTAQsK(n)(Sﬁ(n)) Kuhn '04
Layers Dk\I/K(n)(X) ~ (5_1Liek AV X/\k)K(n)
Convergence (Arone-Mahowald '99)

D g () (S7) = P g () Prld(S7)

where k = p™ if ¢ is odd, and k = 2p" if ¢ is even.
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Behrens and Rezk's model for v,,-periodic homotopy types

Goodwillie tower of Wy (,,) == TAQSK( )( g(() )) Top, — Spkn)

Stages PV g (n)(X) =~ FkTAQSK(n)(Sﬁ(n)) Kuhn '04

Layers Dk\IfK(n) (X) ~ (s_lLiek Apzy X/\k)K(n)

Convergence TAQR(A) = hollvim Fi TAQR(A)
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Behrens and Rezk's model for v,,-periodic homotopy types

Goodwillie tower of Wy () == TAQSK( >( g(() )) Top, = Spx(n)

Stages PV g (n)(X) ~ FrTAQg, >(S§(n))

Layers Dk,\I’K<n)(X) ~ (s_lLiek AV X/\k)K(n)
=~ D@ () (X)

Convergence TAQg(A) = hollcim F,TAQR(A)

Upshot The layers of the two towers are abstractly equivalent.
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Behrens and Rezk's model for v,,-periodic homotopy types

Goodwillie tower of Wy () == TAQSK( >( g(() )) Top, = Spxn)

Stages PV g (n)(X) ~ FrTAQg, )(Sﬁ(n))

Layers Dk‘I’K(n) (X) ~ (s_lLiek. Apzy X/\k)K(n)
~ Dp®p(n)(X)

Convergence TAQR(A) = hollgim F, TAQR(A)

Upshot The layers of the two towers are abstractly equivalent.
The hard part is to show the comparison map induces
these equivalences.
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Behrens and Rezk's model for v,,-periodic homotopy types

Goodwillie tower of Wy (,,) == TAQSK( )( g(() )) Top, = Spxn)

Stages PeV k() (X) ~ FkTAQSK( )(Sﬁ(n))

Layers Dk‘I’K(n) (X) ~ (s_lLiek, Aps, X/\k')K(n)
~ Dkq)K(n) (X) Behrens '12, Antolin Camarena '15, Kjaer '17

Convergence TAQg(A) = hollcim F, TAQR(A)

Upshot The layers of the two towers are abstractly equivalent.
The hard part is to show the comparison map induces
these equivalences.
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An application of the Behrens-Rezk model

Theorem (Z.)
Let £/ be a Morava E-theory spectrum of height 2,
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An application of the Behrens-Rezk model

Theorem (Z.)

Let £ be a Morava E-theory spectrum of height 2, and write
EN(=) = T(E N =)k (2)-
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An application of the Behrens-Rezk model

Theorem (Z.)

Let £ be a Morava E-theory spectrum of height 2, and write
E} (=) =m(E A —)g(2). Then E{)(®25%4+1) =0 for any d > 0,
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An application of the Behrens-Rezk model

Theorem (Z.)

Let £ be a Morava E-theory spectrum of height 2, and write
E} (=) =m(E A —)g(2). Then E{)(®25%4+1) =0 for any d > 0,
and E{\(®25%*1) is given by

0 ifd=0
(Bo/p)®! ifd=1
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An application of the Behrens-Rezk model

Theorem (Z.)

Let £ be a Morava E-theory spectrum of height 2, and write
E} (=) = m(E A =)g(2). Then E{)(®25%+1) =0 for any d > 0,
and E{\(®25%¢*1) is given by

DI (Bo/p?) - @i ® (Bo/p*™") -z
(7"1, o0 o ,Tdfl)

if2<d<p+2
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An application of the Behrens-Rezk model

Theorem (Z.)

Let £ be a Morava E-theory spectrum of height 2, and write
E} (=) = m(E A =)g(2). Then E{)(®25%+1) =0 for any d > 0,
and E{\(®25%¢*1) is given by

DI (Bo/p?) - @i ® (Bo/p*™") -z
(7"1, o0 o ,Tdfl)

if2<d<p+2

where the relations r; can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.
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An application of the Behrens-Rezk model

Theorem (Z.)

Let £ be a Morava E-theory spectrum of height 2, and write
E} (=) = m(E A =)g(2). Then E{)(®25%+1) =0 for any d > 0,
and E{\(®25%¢*1) is given by

D1 (Eo/p?) - i @ (Eo/p*") - 2
(Td,pfl, ooy Td,l)

ifd>p+2

where the relations r; can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.
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An application of the Behrens-Rezk model

Theorem (Z.)

Let £ be a Morava E-theory spectrum of height 2, and write
E} (=) = m(E A =)g(2). Then E{)(®25%+1) =0 for any d > 0,
and E{\(®25%¢*1) is given by

D1 (Eo/p?) - i @ (Eo/p*") - 2
(Td,pfl, ooy Td,l)

ifd>p+2

where the relations r; can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Rezk 13,
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An application of the Behrens-Rezk model

Theorem (Z.)

Let £ be a Morava E-theory spectrum of height 2, and write
E} (=) = m(E A =)g(2). Then E{)(®25%+1) =0 for any d > 0,
and E{\(®25%¢*1) is given by

D1 (Eo/p?) - i @ (Eo/p*") - 2
(Td,pfl, ooy Td,l)

ifd>p+2

where the relations r; can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Wang '15, d =1,
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An application of the Behrens-Rezk model

Theorem (Z.)

Let F be a Morava E-theory spectrum of height 2, and write

El (=) =m(E A —)g(2). Then Ef(®25%+1) =0 for any d > 0,
and E{N(®25%*1) is given by

D (Eo/p?) - 2 ® (Eo/p?1) - zp
(Td—p—h ceey Td—l)

ifd>p+2

where the relations r; can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Wang '15, d =1,
HE (Ca; B (@252041)) = v My o (5%4+1) p>5
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.

(2) Set up two spectral sequences to compute this, reduced to
calculating Ext}-(M, N).
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.

(2) Set up two spectral sequences to compute this, reduced to
calculating Ethw(M, N) Morava E-theory Dyer-Lashof algebra
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.

(2) Set up two spectral sequences to compute this, reduced to
calculating Ext}-(M, N).

(3) Compute Ext(M,N) = H*C*(M, N).
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.

(2) Set up two spectral sequences to compute this, reduced to
calculating Ext}-(M, N).

(3) Compute EXtF(M, N) = H*C.(]\[, N) Koszul complex (Rezk '12)
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.

(2) Set up two spectral sequences to compute this, reduced to
calculating Ext}-(M, N).

(3) Compute Ext(M,N) = H*C*(M, N).

(4) Calculate C*(M, N) from certain rings of power operations in
Morava E-theory.
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.

(2) Set up two spectral sequences to compute this, reduced to
calculating Ext}-(M, N).

(3) Compute Ext(M,N) = H*C*(M, N).

(4) Calculate C*(M, N) from certain rings of power operations in
Morava FE-theory. explicit at height n = 2 (Z. '15)

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Joint work in progress with Wang

@ Have a sequence of unstable spheres

St = 0383 5 0585 — ...
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
QS - %8 - QS5 — ...

o Apply Ej®a(—), get a sequence of Koszul complexes

Ao — A — 1 Ay /A
id b p
_b b/
Ay Ay Ay /A
id b p
—b? b2
A Aq Aq1/Ao
id b p
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
St — 0357 - 5% — ...

o Apply Ej®a(—), get a sequence of Koszul complexes

Ao — Ay —1 Ay /A
id b p
_b b/
Ay Ay Ay /A
id b p
—b2 b2
A Aq Aq1/Ap
id b p
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
QS - %8 - QS5 — ...

o Apply Ej®a(—), get a sequence of Koszul complexes

Ay —— Ay —— 4 /Ao B
Ao=WFy[a]
id b
Ag—2 4 Y A4,
id b p
—b2 b2
Ap Aq Aq1/Ao
id b p
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
QS - %8 - QS5 — ...

o Apply Ej®a(—), get a sequence of Koszul complexes

Ag —— 4y — A1 /Ao B
) Ao=WFy [a]=E°(x)
id b
Ag—2 4 Y A4,
id b p
—b2 b2
Ap Ay Aq1/Ao
id b p
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
QS - %8 - QS5 — ...
o Apply Ej®a(—), get a sequence of Koszul complexes
Ag — A —1 A /4,

id b

Ao=WF, [a]=E°(x)

Ap—=s A, Y A4y A=Al (7 4 abip)

id b p
—b2 b2
A Ay A1 /Ap
id b p
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
QS - %8 - QS5 — ...

o Apply Ej®a(—), get a sequence of Koszul complexes

Ag — A, 1 Ay /4, )
. A():WIF'p[[a]]%EO(*)
id b
Ap—=0s A, Y A Ay A=Aol/ (7 abip)
~E%(BYp)/Itx
id b D
—b2 b12
Ag Ay A1 /Ao
id b p
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
QS - %8 - QS5 — ...

o Apply Ej®a(—), get a sequence of Koszul complexes

Ao — A — 1 Ay /A )
A():WIF'p[[a]]%EO(*)

id b

Ap—=s Ay Y A Ay A=Al (7 abip)
~E%(BYp)/Itx
id b D
_b2 b12 P "

AO Al Al/AO EO—>E0(32p)/1_>E0(BEpZZp)/I'

id b p
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
QS - %8 - QS5 — ...

o Apply Ej®a(—), get a sequence of Koszul complexes

1 1
Ao A A1 /Ao B
Ao=WF, [a]=E°(x)
id b
Ao - Ay & Ar/Ag Ar=Aolt]/ (b7 - —abrp)
~FO(BSy)/ I
id b P
7b2 b/2 wp wp
Ag Ay A1 /Ay EOYSEO(BS,)/ 12— EY(BS,5,)/ 1!
id b P aw— a b— b
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Joint work in progress with Wang

@ Have a sequence of unstable spheres
QS - %8 - QS5 — ...

o Apply Ej®a(—), get a sequence of Koszul complexes

1 1
Ao Ay A1/Ao B
Ao=WFp[a]2E° ()
id b p
Ay —b Ay v Al/AO A =WF,[b,b']/ (bt —p)
~F%(BYp) /I
id b p
—b? b2 p »
Ao Ay A1/Ay BV EO(BS,) /125 EO(BENS,)/ I
id b P a+— a b— b
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Joint work in progress with Wang

Have a K (n)-local equivalence

hocolim @, 8" = ()
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Joint work in progress with Wang

Have a K (n)-local equivalence

hocolim @, 8" = ()

e n =1 (Heuts, Bousfield) The K(1)-local sphere Sy 1)
admits a “Kuhn filtration” with associated graded

LS @ (s> /p)ng, (p odd)

m>1
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Joint work in progress with Wang

Have a K (n)-local equivalence

hoc]g)lim Ok, 5% ~ Sk(n)

e n =1 (Heuts, Bousfield) The K(1)-local sphere Sy 1)
admits a “Kuhn filtration” with associated graded

LS P (s™/pne, (p odd)

m>1
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Joint work in progress with Wang

Have a K (n)-local equivalence
hoc]g)lim QOFd,, 5% ~ Sk(n)

e n =1 (Heuts, Bousfield) The K(1)-local sphere Sy 1)
admits a “Kuhn filtration” with associated graded

LS P (s*/pne, (p odd)

m>1

o n=2 In the "EHP filtration” define the fiber K ; —
Q2d—152d—1 N QQd+152d+1.
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Joint work in progress with Wang

Have a K (n)-local equivalence

hoc]g)lim QOFd,, 5% ~ Sk(n)

e n =1 (Heuts, Bousfield) The K(1)-local sphere Sy 1)
admits a “Kuhn filtration” with associated graded

LS P (s*/pne, (p odd)

m>1

@ n =2 In the “EHP filtration” define the fiber K; —
O2d-1g2d—1 _, ()2d+162d+1  sing the double Koszul
complex we calculated Ef ®2(Ky) explicitly modulo p.
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Joint work in progress with Wang

Have a K (n)-local equivalence

hocglim 0k, 5% ~ Sk(n)

o n =1 (Heuts, Bousfield) The K(1)-local sphere Sg 1)
admits a “Kuhn filtration” with associated graded

LS @ (8*/ph)nst, (p odd)

m>1

@ n =2 In the “EHP filtration” define the fiber K; —
Q2d-162d=1 _, 2d+1g2d+1  Using the double Koszul
complex we calculated Ej) ®2(K,) explicitly modulo p.

b’ = (a’—aP)(a’P—a) mod p
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Thank you.

Yifei Zhu Toward calculati

unstable higher-periodic homotopy types



