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Rational homotopy theory

Theorem (Quillen ’69)

There are equivalences of homotopy categories

Ho(Top>2
Q ) ' Ho(DGCoalg>2

Q ) ' Ho(DGLie>1
Q )

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over Q, and
connected differential graded Lie algebras over Q.

simply-connected X  CQ(X) ∈ DGCoalgQ
.

H∗
(
CQ(X)

) ∼= H∗(X;Q)
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Rational homotopy theory

Theorem (Quillen ’69)

There are equivalences of homotopy categories

Ho(Top>2
Q ) ' Ho(DGCoalg>2

Q ) ' Ho(DGLie>1
Q )

between simply-connected rational spaces, simply-connected
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.
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Rational homotopy theory

Theorem (Quillen ’69)

There are equivalences of homotopy categories

Ho(Top>2
Q ) ' Ho(DGCoalg>2

Q ) ' Ho(DGLie>1
Q )

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over Q, and
connected differential graded Lie algebras over Q.

simply-connected X  AQ(X) ∈ DGAlgQ, Sullivan ’77, minimal models

finite type
H∗
(
AQ(X)

) ∼= H∗(X;Q)
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Rational homotopy theory

Theorem (Quillen ’69)

There are equivalences of homotopy categories

Ho(Top>2
Q ) ' Ho(DGCoalg>2

Q ) ' Ho(DGLie>1
Q )

between simply-connected rational spaces, simply-connected
differential graded cocommutative coalgebras over Q, and
connected differential graded Lie algebras over Q.

simply-connected X  models for the Q-homotopy type of X
.

H∗
(
AQ(X)

) ∼= H∗(X;Q)
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vn-self maps

Example

Sd
p−→ Sd → Sd/p for any d

induces an isomorphism in H∗(−;Q).

Sd admits v0-self maps, with v0 = p a prime.

Theorem (Hopkins-Smith ’98)

Let V be a p-local finite complex of type n, i.e. K(n)∗(V ) 6= 0 but
K(i)∗(V ) = 0 for i < n. Then V admits a vn-self map

v : ΣkV → V

which induces an isomorphism in K(n)∗(−).
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Example (Adams ’66)
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{
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vn-self maps

Example (Adams ’66)

The stable composite

Sq → ΣqS0/p
v−→S0/p→ S1

is α1 (the first element of order p in πs∗) for p odd,
and 8σ (where σ is the generator of πs7) for p = 2.

Theorem (Hopkins-Smith ’98)

Let V be a p-local finite complex of type n, i.e. K(n)∗(V ) 6= 0 but
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The v0-self map Sd
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vn-periodic homotopy groups

Recall rational homology H∗(−;Q)
rational homotopy π∗(−)⊗Q

Now vn-periodic homology K(n)∗(−) There is an underlying prime p.

vn-periodic homotopy ?

Observe (Bousfield ’01, Kuhn ’08) v−1
n π∗(X;V ) ∼= π∗ΦV (X)

Define Bousfield-Kuhn functor Φn(X) := holim
i

ΦV∨i
(X)

with Vi such that holim
i

v−1
n Vi ' ST (n)

Define unstable vn-periodic homotopy v−1
n π∗(X) := π∗Φn(X)
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Behrens and Rezk’s model for vn-periodic homotopy types

Consider S
(−)
T (n) : Ho(Mf

nTop∗)
op → Ho

(
AlgComm(SpT (n))

)
Have v−1

n π∗(−;V ) ∼=
[
Σ∗V,Mf

n (−)
]
→
[
S

(−)
T (n),S

Σ∗V
T (n)

]
Theorem (Behrens-Rezk)

There is a “comparison” map

c
K(n)
X : ΦK(n)(X)→ TAQSK(n)

(SXK(n))

which is an equivalence on a class of spaces X including spheres.

Remark cf. Arone-Ching,
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Topological André-Quillen cohomology

which is an equivalence on a class of spaces X including spheres.

Remark cf. Arone-Ching,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Behrens and Rezk’s model for vn-periodic homotopy types

Consider S
(−)
T (n) : Ho(Mf

nTop∗)
op → Ho

(
AlgComm(SpT (n))

)
Have v−1

n π∗(−;V ) ∼=
[
Σ∗V,Mf

n (−)
]
→
[
S

(−)
T (n),S

Σ∗V
T (n)

]
Theorem (Behrens-Rezk)

There is a “comparison” map

c
K(n)
X : ΦK(n)(X)→ TAQSK(n)

(SXK(n))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Arone-Ching,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Behrens and Rezk’s model for vn-periodic homotopy types

Consider S
(−)
T (n) : Ho(Mf

nTop∗)
op → Ho

(
AlgComm(SpT (n))

)
Have v−1

n π∗(−;V ) ∼=
[
Σ∗V,Mf

n (−)
]
→
[
S

(−)
T (n),S

Σ∗V
T (n)

]
Theorem (Behrens-Rezk)

There is a “comparison” map

c
K(n)
X : ΦK(n)(X)→ TAQSK(n)

(SXK(n))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Arone-Ching,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Behrens and Rezk’s model for vn-periodic homotopy types

Consider S
(−)
T (n) : Ho(Mf

nTop∗)
op → Ho

(
AlgComm(SpT (n))

)
Have v−1

n π∗(−;V ) ∼=
[
Σ∗V,Mf

n (−)
]
→
[
S

(−)
T (n),S

Σ∗V
T (n)

]
Theorem (Behrens-Rezk)

There is a “comparison” map

c
K(n)
X : ΦK(n)(X)→ TAQSK(n)

(SXK(n))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Arone-Ching,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Behrens and Rezk’s model for vn-periodic homotopy types

Consider S
(−)
T (n) : Ho(Mf

nTop∗)
op → Ho

(
AlgComm(SpT (n))

)
Have v−1

n π∗(−;V ) ∼=
[
Σ∗V,Mf

n (−)
]
→
[
S

(−)
T (n),S

Σ∗V
T (n)

]
Theorem (Behrens-Rezk)

There is a “comparison” map

c
K(n)
X : ΦK(n)(X)→ TAQSK(n)

(SXK(n))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Arone-Ching,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Behrens and Rezk’s model for vn-periodic homotopy types

Consider S
(−)
T (n) : Ho(Mf

nTop∗)
op → Ho

(
AlgComm(SpT (n))

)
Have v−1

n π∗(−;V ) ∼=
[
Σ∗V,Mf

n (−)
]
→
[
S

(−)
T (n),S

Σ∗V
T (n)

]
Theorem (Behrens-Rezk)

There is a “comparison” map

c
K(n)
X : ΦK(n)(X)→ TAQSK(n)

(SXK(n))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Heuts ’18, Mf
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a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Heuts ’18, Mf
nTop∗ ' Lie(SpT (n))

forget−−−→ SpT (n)
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Consider S
(−)
T (n) : Ho(Mf

nTop∗)
op → Ho

(
AlgComm(SpT (n))

)
Have v−1

n π∗(−;V ) ∼=
[
Σ∗V,Mf

n (−)
]
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]
Theorem (Behrens-Rezk)
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K(n)
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(SXK(n))

a spectral Lie algebra model

which is an equivalence on a class of spaces X including spheres.

Remark cf. Heuts ’18, Mf
nTop∗ ' Lie(SpT (n))

forget−−−→ SpT (n)

Φn

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



Behrens and Rezk’s model for vn-periodic homotopy types

c
K(n)
X : ΦK(n)(X)

∼−→ TAQSK(n)
(SXK(n))

Main strategy and ingredients in Behrens and Rezk’s proof

(1) Do induction up the Goodwillie towers of both the source and
target of the comparison map.

(2) Use the Bousfield-Kan cosimplicial resolution

X → Q•+1X = (QX ⇒ QQX V · · · ), QX = Ω∞Σ∞X

to reduce to proving the comparison map on QX, for which
one needs the Morava E-theory Dyer-Lashof algebra in an
essential way.
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Behrens and Rezk’s model for vn-periodic homotopy types

Goodwillie tower of ΦK(n) : Top∗ → SpK(n)

Stages PkΦK(n) ' ΦK(n)PkId

Layers DkΦK(n)(X) ' (s−1Liek ∧hΣk X
∧k)K(n)

Convergence (Arone-Mahowald ’99)

ΦK(n)(S
q)
∼−→ ΦK(n)PkId(Sq)

where k = pn if q is odd, and k = 2pn if q is even.
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Goodwillie tower of ΨK(n) := TAQSK(n)
(S
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(−)
K(n)) : Top∗ → SpK(n)

Stages PkΨK(n)(X) ' FkTAQSK(n)
(SXK(n)) Kuhn ’04
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Convergence TAQR(A)
∼−→ holim

k
FkTAQR(A)
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Upshot The layers of the two towers are abstractly equivalent.
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sfd lkajfl The hard part is to show the comparison map induces
these equivalences.
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Goodwillie tower of ΨK(n) := TAQSK(n)
(S

(−)
K(n)) : Top∗ → SpK(n)

Stages PkΨK(n)(X) ' FkTAQSK(n)
(SXK(n))

Layers DkΨK(n)(X) ' (s−1Liek ∧hΣk X
∧k)K(n)

' DkΦK(n)(X) Behrens ’12, Antoĺın Camarena ’15, Kjaer ’17

Convergence TAQR(A)
∼−→ holim

k
FkTAQR(A)

Upshot The layers of the two towers are abstractly equivalent.
sfd lkajfl The hard part is to show the comparison map induces
these equivalences.
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An application of the Behrens-Rezk model

Theorem (Z.)

Let E be a Morava E-theory spectrum of height 2, and write
E∧∗ (−) := π∗(E ∧ −)K(2). Then E∧0 (Φ2S

2d+1) ∼= 0 for any d ≥ 0,

and E∧1 (Φ2S
2d+1) is given by{

0 if d = 0
(E0/p)

⊕p−1 if d = 1

where the relations rj can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Rezk ’13,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



An application of the Behrens-Rezk model

Theorem (Z.)

Let E be a Morava E-theory spectrum of height 2, and write
E∧∗ (−) := π∗(E ∧ −)K(2). Then E∧0 (Φ2S

2d+1) ∼= 0 for any d ≥ 0,

and E∧1 (Φ2S
2d+1) is given by{

0 if d = 0
(E0/p)

⊕p−1 if d = 1

where the relations rj can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Rezk ’13,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



An application of the Behrens-Rezk model

Theorem (Z.)

Let E be a Morava E-theory spectrum of height 2, and write
E∧∗ (−) := π∗(E ∧ −)K(2). Then E∧0 (Φ2S

2d+1) ∼= 0 for any d ≥ 0,

and E∧1 (Φ2S
2d+1) is given by{

0 if d = 0
(E0/p)

⊕p−1 if d = 1

where the relations rj can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Rezk ’13,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



An application of the Behrens-Rezk model

Theorem (Z.)

Let E be a Morava E-theory spectrum of height 2, and write
E∧∗ (−) := π∗(E ∧ −)K(2). Then E∧0 (Φ2S

2d+1) ∼= 0 for any d ≥ 0,

and E∧1 (Φ2S
2d+1) is given by{

0 if d = 0
(E0/p)

⊕p−1 if d = 1

where the relations rj can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Rezk ’13,

Yifei Zhu Toward calculating unstable higher-periodic homotopy types



An application of the Behrens-Rezk model

Theorem (Z.)

Let E be a Morava E-theory spectrum of height 2, and write
E∧∗ (−) := π∗(E ∧ −)K(2). Then E∧0 (Φ2S

2d+1) ∼= 0 for any d ≥ 0,

and E∧1 (Φ2S
2d+1) is given by⊕p−1

i=1 (E0/p
d) · xi ⊕ (E0/p

d−1) · xp
(r1, . . . , rd−1)

if 2 ≤ d ≤ p+ 2
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where the relations rj can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Wang ’15, d = 1,
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An application of the Behrens-Rezk model

Theorem (Z.)

Let E be a Morava E-theory spectrum of height 2, and write
E∧∗ (−) := π∗(E ∧ −)K(2). Then E∧0 (Φ2S

2d+1) ∼= 0 for any d ≥ 0,

and E∧1 (Φ2S
2d+1) is given by⊕p−1

i=1 (E0/p
d) · xi ⊕ (E0/p

d−1) · xp
(rd−p−1, . . . , rd−1)

if d > p+ 2

where the relations rj can be given explicitly, with coefficients
arising from certain modular equations for elliptic curves.

Remark cf. Wang ’15, d = 1,
asdfahklHs

c

(
G2;E∧t (Φ2S2d+1)

)
=⇒ v−1

2 πt−s(S2d+1) p≥5
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.

(2) Set up two spectral sequences to compute this, reduced to
calculating Ext∗Γ(M,N).

(3) Compute Ext∗Γ(M,N) ∼= H∗C•(M,N).

(4) Calculate C•(M,N) from certain rings of power operations in
Morava E-theory.
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calculating Ext∗Γ(M,N).
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Morava E-theory.
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An application of the Behrens-Rezk model

Idea of proof

(1) Apply Behrens-Rezk, reduced to computing E-theory of
TAQ—the algebraic model.

(2) Set up two spectral sequences to compute this, reduced to
calculating Ext∗Γ(M,N).

(3) Compute Ext∗Γ(M,N) ∼= H∗C•(M,N).

(4) Calculate C•(M,N) from certain rings of power operations in
Morava E-theory. explicit at height n = 2 (Z. ’15)
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Joint work in progress with Wang

Have a sequence of unstable spheres

ΩS1 → Ω3S3 → Ω5S5 → · · ·

Apply E∧0 Φ2(−), get a sequence of Koszul complexes

A0 A1 A1/A0

A0 A1 A1/A0

A0 A1 A1/A0

A0 A1 A1
...

...
...

−1 1

−b b′

−b2 b′2

id

id

id

b

b

b

p

p

p

A0=WFpJaK∼=E0(∗)

A1=A0[b]/(bp+1+···−ab+p)
∼=E0(BΣp)/Itr

E0
ψp−→E0(BΣp)/I

ψp−→E0(BΣpoΣp)/I′

a 7→ a′ b 7→ b′
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Joint work in progress with Wang

Have a K(n)-local equivalence

hocolim
k

ΩkΦnS
k ' SK(n)

n = 1 (Heuts, Bousfield) The K(1)-local sphere SK(1)

admits a “Kuhn filtration” with associated graded

LK(1)Σ
−2d−1

⊕
m≥1

(S2d/pd)∧mhΣm (p odd)

n = 2 In the “EHP filtration” define the fiber Kd →
Ω2d−1S2d−1 → Ω2d+1S2d+1. Using the double Koszul
complex we calculated E∧0 Φ2(Kd) explicitly modulo p.
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Joint work in progress with Wang

Have a K(n)-local equivalence

hocolim
k

ΩkΦnS
k ' SK(n)

n = 1 (Heuts, Bousfield) The K(1)-local sphere SK(1)

admits a “Kuhn filtration” with associated graded

LK(1)Σ
−2d−1

⊕
m≥1

(S2d/pd)∧mhΣm (p odd)

n = 2 In the “EHP filtration” define the fiber Kd →
Ω2d−1S2d−1 → Ω2d+1S2d+1. Using the double Koszul
complex we calculated E∧0 Φ2(Kd) explicitly modulo p.
bb′≡ (a′−ap)(a′p−a) mod p
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Thank you.
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