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an Heo-ring map.

Note - Can be understood as enhancement/families/lifts of manifold invariants.

- Power operations / descent of level structures along the classifying rings Ar plays a
key role. Appears in recent work of Rezk on cofreeness and the Witt filtration of
Lubin-Tate deformation rings.
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deformation ring, for r 2 1, is Ar = (E°BZy)/Itr the T of some Ew-ring spectrum?

Difficulty The moduli problem of level-I (p) deformations is not étale over the moduli stack
Mrs of formal groups, and so the above realization problem does not feed into Lurie’s machine

producing sheaves of Eco-rings over Mre.

Theorem (Ma-Z.) Given any formal group F of height n over a perfect field k of
characteristic p, for each integer r 2 0, 3 an Ew-ring spectrum Er = Er(F/K) s.t. W Er = Ar.

The case of r = 0 recovers the Morava E-theory spectrum E associated to F/k.

Note For r > 1, Devalapurkar showed that there is no K(n)-local E-algebra whose m is Ar
(ramified extension of A ) by arguing with constraints from K(n)-local power operations. As
such, our Ew-ring Er can not be K(n)-local, and so is not a finite E-algebra, even though the
morphism Spet Er — Speét E of spectral Deligne-Mumford stacks is finite in the sense of Lurie’s

spectral algebraic geometry.

Proof strategy Inspired by Katz-Mazur’s approach to arithmetic moduli of elliptic curves
after Drinfeld and Deligne, we devise in the setting of spectral algebraic geometry effective
Cartier divisors, as well as level structures, and prove representability theorems using Lurie’s
spectral analogue of the Artin representability theorem.




Theorem (Faltings, Fargues ‘08, Scholze-Weinstein ‘13) 3 an isomorphism between the
Lubin-Tate tower of moduli of deformations of formal groups and the Drinfeld tower of

moduli of deformations of shtukas, which is equivariant with respect to the action of the
triple product group GLn(Zp) x D* x Wz,.

LT Droo
G H
v 4
&‘LT G GLn(Zp) O Dru Q
D" GLn(Qp)
GLn(Qp) D"
V \4
&LTGLn(Zp) Z)FOD:Q
D* GL"(QP)
Gross-Hopkins period Hodge-Tate period

\4 14

P Q



Theorem (Faltings, Fargues ‘08, Scholze-Weinstein ‘13) 3 an isomorphism between the
Lubin-Tate tower of moduli of deformations of formal groups and the Drinfeld tower of

moduli of deformations of shtukas, which is equivariant with respect to the action of the
triple product group GLn(Zp) x D* x Wz,.

Jacquet-Langlands correspondence

LT Droo
G H
v 4
&‘LT G GLn(Zp) O Dru Q
D" GLn(Qp)
GLn(Qp) D"
V \4
&LTGLn(Zp) Z)FOD:Q
D* GL"(QP)
Gross-Hopkins period Hodge-Tate period

\4 14

P o
D’ G D GLn(Qp)



Theorem (Faltings, Fargues ‘08, Scholze-Weinstein ‘13) 3 an isomorphism between the
Lubin-Tate tower of moduli of deformations of formal groups and the Drinfeld tower of

moduli of deformations of shtukas, which is equivariant with respect to the action of the
triple product group GLn(Zp) x D* x Wz,.

local Langlands correspondence

LT Droo
G H
v 4
&‘LT G GLn(Zp) O Dru Q
D" GLn(Qp)
GLn(Qp) D"
V \4
&LTGLn(Zp) Z)FOD:Q
D* GL"(QP)
Gross-Hopkins period Hodge-Tate period

\4 14

P o
D’ G D GLn(Qp)



Theorem (Faltings, Fargues ‘08, Scholze-Weinstein ‘13) 3 an isomorphism between the
Lubin-Tate tower of moduli of deformations of formal groups and the Drinfeld tower of

moduli of deformations of shtukas, which is equivariant with respect to the action of the
triple product group GLn(Zp) x D* x Wz,.

(extended) Morava stabilizer group Gn

LT Droo
G H
v 4
&‘LT G GLn(Zp) O Dru Q
D" GLn(Qp)
GLn(Qp) D"
V \4
&LTGLn(Zp) Z)FOD:Q
D* GL"(QP)
Gross-Hopkins period Hodge-Tate period

\4 14

P Q



Theorem (Faltings, Fargues ‘08, Scholze-Weinstein ‘13) 3 an isomorphism between the
Lubin-Tate tower of moduli of deformations of formal groups and the Drinfeld tower of

moduli of deformations of shtukas, which is equivariant with respect to the action of the
triple product group GLn(Zp) x D* x Wz,.

DX

Gross-Hopkins period

D

(extended) Morava stabilizer group Gn

LT 0o

GLn(Qp)

LT 6L(zp)

Lubin:Tate deformation ring

\4

=

"

DX

Droo
H
\4
Z)T'H Q
GLn(Qp)
\4
Z)FODX

Q GLn(Qp)

Hodge-Tate period
v

Q

Q GLn(Qp)



Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [[(p’)], we
obtain Ew-rings JLr analogous to Er




Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [[(p’)], we

obtain Eeo-rings JLr analogous to Er, from which we get JLe = lim JLr.
r




Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [F(p)], we

obtain Ew-rings JLr analogous to Er, from which we get JLe = lim JLr.
“~

Corollary 3 a spectral sequence

Eg’t = Hg (GLn(Zp)a Wt(LE)) = Ti—sLig(n)S

where Lp._ jih6: is a Jaquet-Langlands dual to E.



Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [[(p’)], we

obtain Ew-rings JLr analogous to Er, from which we get JLe = lim JLr.
-~

Corollary 3 a spectral sequence

Eg’t = Hg (GLn(Zp)a Wt(LE)) = Ti—sLig(n)S

where Lp._ jrhG. is a Jaquet-Langlands dual fo E.

Note This new Ez-page is expected to be more tractable via representations of GLn(Zp)
and recent progress in p-adic geometry.



Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [[(p’)], we

obtain Ew-rings JLr analogous to Er, from which we get JL« = lim JLr.
.

Corollary 3 a spectral sequence

Egt = Hg (GLn(Zp)a Wt(LE)) = Ti—sLig(n)S

where Lp._ jrhG. is a Jaquet-Langlands dual fo E.

Note This new Ez-page is expected to be more tractable via representations of GLn(Zp)
and recent progress in p-adic geometry.

cts GL Zp X G’n,ﬂ-tJL

Lubly Drinfeld tower

cts Gnaﬂ-t & cts y Tt— s

~ .

Tt—s—r



Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [[(p’)], we

obtain Ew-rings JLr analogous to Er, from which we get JL« = lim JLr.
“~

Corollary 3 a spectral sequence

E;’t cts(GL (ZP)77Tt(LE)) — Wt_SLK(”)S

where Lp._ jrhG. is a Jaquet-Langlands dual fo E.

Note This new Ez-page is expected to be more tractable via representations of GLn(Zp)
and recent progress in p-adic geometry.

cts GL Zp X G’n,ﬂ-tJL

Lublry Drinfeld tower

cts Gnaﬂ-t & cts y Tt— s

~ .

Tt—s—r



Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [[(p’)], we

obtain Ew-rings JLr analogous to Er, from which we get JL« = lim JLr.
“~

Corollary 3 a spectral sequence

E;’t cts(GL (Zp)ﬂrt(LE)) — Wt_SLK(”)S

where Lp._ jrhG. is a Jaquet-Langlands dual fo E.

Note This new Ez-page is expected to be more tractable via representations of GLn(Zp)
and recent progress in p-adic geometry.

cts GL Zp X G’n,ﬂ-tJL

Lublry Drinfeld tower

cts Gnaﬂ-t & cts y Tt— s

R

Tt—s—r



Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [[(p’)], we

obtain Ew-rings JLr analogous to Er, from which we get JLe = lim JLr.
.

Corollary 3 a spectral sequence

E;’t cts(GL (ZP)77Tt(LE)) — Wt_SLK(”)S

where Lp._ jrhG. is a Jaquet-Langlands dual fo E.

Note This new Ez-page is expected to be more tractable via representations of GLn(Zp)
and recent progress in p-adic geometry.

cts GL Zp X G’n,ﬂ-tJL

Lubly Drinfeld tower

cts Gnaﬂ-t & cts y Tt— s

~ .

Tt—s—r



Definition/Theorem (Ma-Z.) Given F/k of height n at p, for full level structures [[(p’)], we

obtain Ew-rings JLr analogous to Er, from which we get JL« = lim JLr.
.

Corollary 3 a spectral sequence

E;’t ctS(GL (Zp)ﬂrt(LE)) — Wt_SLK(”)S

where Lp._ jrhG. is a Jaquet-Langlands dual fo E.

Note This new Ez-page is expected to be more tractable via representations of GLn(Zp)
and recent progress in p-adic geometry.

cts GL Zp X G’n,ﬂ-tJL

Lubly Drinfeld tower

cts Gnoﬂ-t & cts y Tt— s

~.

Tt—s—r



Example (n = 1, p odd) The Lubin-Tate tower corresponds to the Iwasawa tower of field
extensions
Koo

Hp-1

Ko
where Ko = Qp, Kr = Qp(8p’), Keo = UroKr, with Gal(Keo/Ko) = GL1(Zp) = Zp*.



Example (n = 1, p odd) The Lubin-Tate tower corresponds to the Iwasawa tower of field
extensions
Koo

HMp-1

Ko
where Ko = Qp, Kr = Qp(8p’), Keo = UroKr, with Gal(Keo/Ko) = GL1(Zp) = Zp*.
On the other hand, the Morava stabilizer group G: = Zp", too, but its action on the
homotopy groups differs from that by GL1(Zp).
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homotopy groups of JLw and -E consecutively.
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The Devinatz-Hopkins SS is well-understood in this case. By computing relevant group
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topological invariant encoding
Galois cohomology
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The Devinatz-Hopkins SS is well-understood in this case. By computing relevant group
cohomology and analyzing the corresponding homotopy fixed point SS, we obtained the
homotopy groups of JL~ and "E consecutively.

TedLoo ~ (Ox, ® Io[e)[u™]  with |¢| =1, € =0, and |u| = —

( Ok, P I ifn=0
Oxk.. ifn=-1
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L O otherwise

torsion classes from
Galois cohomology
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The Devinatz-Hopkins SS is well-understood in this case. By computing relevant group
cohomology and analyzing the corresponding homotopy fixed point SS, we obtained the
homotopy groups of JL~ and “E consecutively. Can we open up this route at height n > 1?



H,o(GLu(Zy) X G1, 7 TLoc)

Lubin-Tate tower Drinfeld tower

Hgts(Gm 7ft—sE> Hgts(GLn(Zp)v Wt—s(LE))

~
SO,
oo .
oo
LIGZS
O
S
~~~~~
~
~oa
oo s
oo .
oo N
DIGLS
LZS

oo
LSO
oo
RIS
DIGZS

Wt—s—rLK(n)S

The Devinatz-Hopkins SS is well-understood in this case. By computing relevant group
cohomology and analyzing the corresponding homotopy fixed point SS, we obtained the
homotopy groups of JL~ and “E consecutively. Can we open up this route at height n > 1?

Pre-Definition Let G be a group. A genuine G-spectrum is a collection of
genuine G/U-spectra Xs/u for U running through open subgroups of G, s.t. for U1 c Uz, 3
an equivariant equivalence

XG/U2 — (XG/Ul)QD(Ub/Ul)
with compatibility conditions.



Thank you.



