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       - By work of Hopkins-Lawson, at height 1 this orientation is in fact E∞.  How can we

            upgrade it from H∞ to E∞ in general, if possible?  Alternative (and strengthened)
            versions for related spectra / certain cases have been obtained by Absmeier, Senger,

          Burklund-Schlank-Yuan, Hahn-Shi, Zhao, and others, via a diverse range of methods.

Theorem (Devinatz-Hopkins ’04 unstable version)  ∃ a spectral sequence

converging to the vn-periodic homotopy groups of the d-dimensional sphere.
- n = 2: completed E-homology of the Bousfield-Kuhn functor on odd-spheres (Z. ’17)
- n = 2, p ≥ 5, d = 3 (Wang ’15)
- n = 1 (Mahowald ’82, Thompson ’90)

Note  Computing with this SS in general seems intractable.  E-homology on E2-page involves 
GLn(Zp) acting on rings of power operations.  Switch order of taking homotopy fixed points?  
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Question  Just as the r = 0 case of Morava E-theory spectrum lifting the Lubin-Tate 
deformation ring, for r ≥ 1, is Ar ≃ (E⁰BΣₚr)/Itr the π₀ of some E∞-ring spectrum?
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Difficulty  The moduli problem of level-Γ₀(pʳ) deformations is not étale over the moduli stack 
MFG of formal groups, and so the above realization problem does not feed into Lurie’s machine 
producing sheaves of E∞-rings over MFG.
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Theorem (Faltings, Fargues ’08, Scholze-Weinstein ’13)  ∃ an isomorphism between the 
Lubin-Tate tower of moduli of deformations of formal groups and the Drinfeld tower of 
moduli of deformations of shtukas, which is equivariant with respect to the action of the 
triple product group GLn(Zp) x Dˣ x WZp.
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Example (n = 1, p odd)  The Lubin-Tate tower corresponds to the Iwasawa tower of field 
extensions
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where K0 = Qp, Kr = Qp(ζpʳ), K∞ = ∪r≥0 Kr, with Gal(K∞/K0) ≃ GL1(Zp) ≃ Zpˣ.
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where K0 = Qp, Kr = Qp(ζpʳ), K∞ = ∪r≥0 Kr, with Gal(K∞/K0) ≃ GL1(Zp) ≃ Zpˣ.
On the other hand, the Morava stabilizer group G1 ≃ Zpˣ, too, but its action on the 
homotopy groups differs from that by GL1(Zp).   
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The Devinatz-Hopkins SS is well-understood in this case.  
















¼t¡s¡rLK(1)S

Hs
cts

¡
GL1(Zp)£G1;¼t JL1

¢

Hr
cts(G1;¼t¡sE) Hr

cts

¡
GL1(Zp);¼t¡s(

LE)
¢






                         Lubin-Tate tower                                      Drinfeld tower



















The Devinatz-Hopkins SS is well-understood in this case.  By computing relevant group 
cohomology and analyzing the corresponding homotopy fixed point SS, we obtained the 
homotopy groups of JL∞ and ᴸ E consecutively. 
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The Devinatz-Hopkins SS is well-understood in this case.  By computing relevant group 
cohomology and analyzing the corresponding homotopy fixed point SS, we obtained the 
homotopy groups of JL∞ and ᴸ E consecutively.  Can we open up this route at height n > 1?
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The Devinatz-Hopkins SS is well-understood in this case.  By computing relevant group 
cohomology and analyzing the corresponding homotopy fixed point SS, we obtained the 
homotopy groups of JL∞ and ᴸ E consecutively.  Can we open up this route at height n > 1?

Pre-Definition  Let G be a profinite group.  A genuine G-spectrum is a collection of 
genuine G/U-spectra XG/U for U running through open subgroups of G, s.t. for U1 ⊂ U2, ∃ 
an equivariant equivalence

with compatibility conditions. 
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