



































Sins of omission not on the final exam

More about higher cup products and

Steenrod operations

See questions 4 6 here

See Greenlees's article How blind

Applications and variants

Division algebra

problemThere
are no division algebra structures on

mathbbRn
n not a power of 2 In fact only n1248

A weak division algebra structure is a map

mumathbbRntimesmathbbRnrightarrowmathbbRn with element einmathbbRn such that
1 muleftexrightmuleftxerightx
2 muleftrxsyrightrsmuleftxyright rsinmathbbR
3 muleftxyright0 iff x0 or y0
4 mu is
continuousNo
such exists for n not a power of 2

https://yifeizhu.github.io/8021/2025/HW7.pdf



Pf Get a map

mumathbbRnbackslashleft0righttimesmathbbRnbackslashleft0rightrightarrowmathbbRnbackslashleft0right
Since muleftrxsyrightrsmuleftxyright

get a well defined map
mathbbRPn1timesmathbbRPn1rightarrowmathbbRPn1

If we restrict

mathbbRPn1veemathbbRPn1rightarrowmathbbRPn1timesmathbbRPm1rightarrowmathbbRPn1

mathbbRPn1timeslefterightcuplefterighttimesmathbbRPn1
fold map

identity on each

factorEffecton HleftmathbbZ2right

mathbbZ2leftyzrightleftynznyzright
yz

mathbbZmathbbZleftxrightleftxnrightmathbbZ2leftyzrightleftynznright
x

yz X

x3x2x1
o z3 y3cdot

y2cdot
y
y z2 yzacdotz2

cdotZ ycdotcirczy
a1



xn0 image of xn is 0 lie leftyzrightn0

leftyzrightnsum_i0nleftbeginmatrixniendmatrixrightyizni
ynsum_i1n1leftbeginmatrixniendmatrixrightyiznizn

nonzero

basis elements in mathbbZ2leftyzrightleftynznright

For this sum to be 0 we need leftbeginmatrixniendmatrixright0 for 1leqileqn

leftbeginmatrixniendmatrixrightequiv0 mod 2with mod 2 coefficients

n01
711

0 21l
l1 11

o 10 0 41
1o 1oI 1

o 00 l1 1 1

ll1 11 lll
81o6l

o1 o1

llTheonly rows where all middle terms are zero

are when n is a power of 2

Even better if na0a1ldotsak ib0b1ldotsbk
written in binary leftbeginmatrixniendmatrixrightequivPileftbeginmatrixaibiendmatrixright mod 2ucas'semmaE

g leftbeginmatrix11011010100110endmatrixrightleftbeginmatrix10endmatrixrightleftbeginmatrix11endmatrixrightleftbeginmatrix00endmatrixrightleftbeginmatrix10endmatrixrightleftbeginmatrix11endmatrixrightleftbeginmatrix01endmatrixrightleftbeginmatrix10endmatrixright
only get 0 if we have leftbeginmatrix01endmatrixright somewhere



Adams proved by topology there are no such maps for n8

Atiyah used K theory generalized cohomology theory

Sketch of computation of HlanglemathbbRPn mathbbZleft2right

There are relative cup products
Let ABsubsetX be open subspaces
There is a cup product

HpleftXArightotimesHqleftXBrightfracwrightarrowHpqleftXAcupBright
such that the diagram

vHpleftXArightotimesHqleftXBrightrightarrowHpqleftXAcupBright

HpleftXrightotimesHqleftXrightrightarrowHpqleftXright

commutes.We

can determine the multiplicative structure in

HleftmathbbRmathbbRnmathbbZ2rightcongleftlanglemathbbZ2rightrangleleftxrightleftxn1rightleftxright1

through several guises of the multiplication

HileftmathbbRmathbbRnrighttimesHjleftmathbbRmathbbRnrightrightarrowHijlanglemathbbRmathbbRnijn



as cup productii
HnjleftmathbbRmathbbRnrighttimesHnileftmathbbRmathbbRnrightrightarrowHnleftmathbbRmathbbRnright
12trslashPoincaréduality nCIRIPn

HnIRIP21112asintersectionpairing HjleftmathbbRmathbbRnrighttimesHileftmathbbRmathbbRnrightrightarrowH0leftmathbbRmathbbRnright
as
relativeii HnjleftmathbbRmathbbRnmathbbRmathbbRnbackslashmathbbRmathbbRjrighttimesHnileftmathbbRmathbbRnmathbbRmathbbRnbackslashmathbbRmathbbRirightrightarrowHnmathbbRmathbbRn

mathbbRPnbackslashleftprightcapproduct
leftX0ldotsXi1tXitXi1ldotstXijright 12 1 12

HnjleftmathbbRmathbbRnmathbbRmathbbRnj1righttimesHnimathbbRmathbbRnmathbbRmathbbRni1rightarrowHnleftmathbbRmathbbRnmathbbRmathbbRn1right
o

HnjleftmathbbRmathbbRnmathbbRmathbbRnj1rightrightarrowHnjlanglemathbbRmathbbRnrightarrowHnjleftmathbbRmathbbRnj1right0

cong

Hnj1leftmathbbRmathbbRnmathbbRmathbbRnj1rightrightarrowHni1leftmathbbRmathbbRnrightrightarrowHnj1leftmathbbRmathbbRnj1right
as

in HnjleftmathbbRnmathbbRnbackslashmathbbRjrighttimesHnileftmathbbRnmathbbRnbackslashmathbbRirightrightarrowHnleftmathbbRnmathbbRnbackslashleft0rightrightrelative
upproduct z

leftxineq0rightmathbbRinrightarrowmathbbRmathbbRnleftX0ldotsXi1XitXi1ldotstXijright HnleftDeltaleftnrightpartialDeltaleftnrightright

HnjleftmathbbRimathbbRibackslashleft0rightright
excision

HnjleftmathbbRmathbbRnjmathbbRmathbbRnjbackslashleftprightright
leftxi1ldotsxij0right



More generally HGrleftknright mathbbZleft2right
of

vD2sum_DalphacleftD1D2DalpharightDalphaD1

of boxes in Dx
m cdotD1imD2

coefficients given by Littlewood Richardson rule

Machinery for rigorous Poincaré duality
Simplicial structure on amanifoldmsorientation

ZnDeltaleftMrightcongHnDeltaleftlangleMright no boundaries

How can we get a cycle
local and global orientations
cap product

CleftXRrightotimesCleftXrightfrac1timesDACleftXRrightotimesCleftXrightotimesCleftXright
evotimes1

RtimesCleftXrightCleftXRright
cup cap HleftXright is a module over HleftXright

relative version

https://yifeizhu.github.io/8021/2026/supp-Gr.pdf



Cohomology with compact support

HileftMKrightHileftMMKright

HcileftMrightfraclimKHileftMKright
cong iMNmrightarrowHileftMKrightrightarrowHleftNKright by excision

mHcileftMrightrightarrowHcileftNright

DHcileftMrightrightarrowHnileftMright
Goal Prove D is an iso for all oriented

manifolds M

Steps I Prove it for mathbbRn

2 Apply induction using Mayer Vietoris

sequence

37 Take some limit to prove for a

general manifold

What on earth is a Massey product

You should have been equipped with the

background in order to understand it

and motivation


