

















































































































Supplement Isorprdutsadorgrop
Tensor products

FMisarght module over a ring R

N is a left module over R

tensorpromtman.EEiniiE me
m chituz myrus mg 2

m r q n mgrn rer

In practice if M has generators mi subject to

relations Σ miri 0
n N has generators Nj

relations Σ s nj o
β then M N has generators

miQ n subject to relations

Emir nj o j Va

Emiq
s n o i β


















































































































Over R Z module abelian group We can

ignore r

M N MON a b
altar b

2
a bitba

E 206 G

I has generator I and no relations

If G has generators 9 relations Enigio

I G has generators 109 relations Eni 1 91 0

same group

Ex In 21m I gadcn.ms

I n generator 1 relation n 1 0

I m 1 m 1 0

2 402 m 102 n 107 0

m 1 07 0

gcd min 101 0


















































































































Properties of
is a functor

A Bi A Bi

If B B Bs 0 is exact then

A B A pB2 AQBs 0 is alse exact

Why f B2 Bs is surjective
Given a general element

Eai bi E A B

lift bit Bs to elements bi B2
f bi bi

get a map 1 of A B2 A Bs
R

given by 1 f Ea bi
Eai fibil

ai bi
check well defined

A B2 A Bs is surjective


















































































































Check exe A B AQB AQB is exact

requires B2 Bs

EI 0 2 2 2 2 0 Tensorwith 2 2

Get sequence 0 2 2 2 2 2 2 30

taken generator107of 2 202 to
generator 1070722042

takes generator 101 of 2 2 2

1 2 2 1 1 0

This sequence is no longer exact

Repair Tor

Tof There exists a sequence of functors Torff
such that

Tor A B takes a right R module A and a left

R module B and produces an abelian group

Tor is functorial
a map A A of right R modules and a

map B B of left R modules induce a








































































































































































































































































































































































































































































































































































































































































































