
Grassmanians

Def The Grassmannian Gr kin of k dimensional

planes in IR is given as follows

Let FCk.nl be the space of Iframes in IR
CUT Vl Vie IR vi are linearly independent

Two points vi Vp iwi Tip are equivalent

if they have the same spans

OF each w̅ is a linear combination of Vj
Of vice versa

01 If we put these vectors in a kxn matrix

Ei ii
these two matrices differ only by some

sequence of elementary row operations

Use quotient topology
set of equivalence classes is Gr kin



It's a manifold of dimension n k

Ve Ur We Grck.nl wnvt 03

Uv Hom V V

W v wet v1

Can we understand these

Grain IRIP

Or in i n Rip V out
n 1 dim
plane

In general this gives a homeomorphism

Grckin Gren kin

Smallest view example is

Gr 12,4 which is 4 dimensional

There's an analogue of cell decomposition of
IRIP Cells are called Schubertell Make
Gr kin into a CW complex



Method

Gaussian elimination

kxn matrix with linearly independent rows

new matrix with k pivots somewhere

strict upper triangular form

Gr 2,4

There are the following possible reduced

row echelon forms

1 1 9 18 511
point EIR GD EIR GD

112

C 1,1 11,1

1 57 11
EIR CSD R GD

1691117 R D



Each RRE form is uniquely associated to a point

of the Grassmannian

Turns out that each of these extends to an
attaching map for a disc

e g 8189
as an is

RRE becomes 8869
crescale

Extends to a CW complex structure on Gr exe

In this case have a CW complex with

one 0 cell
one 1 cell

two 2 cell

one 3 all
one 4 cell

Hx boundary map is difficult

With 2 2 coefficients all 2 maps in
W
Grekin 2 2 are 0



Hx in each degree 2 2

m of Schubert cells of clim

ÉrÉ n complex manifold of dim 2km k

or kcn k apx dim

Same RRE story

Same set of cells except all IR are

replaced by Gt

Gre 2 4 one 0 cell
one 2 cell
two 4 cells

one 6 cell

one 8 cell

In general Gre kin only has cells in even

dims C
W
Gre kin has all 2 maps equal

to 0

He 2
of cells of dime



I.IE in

Ein.EkEtT

Free variables are

in columns having no pivots and

in rows above all

pivotsathealth

Turns out of RRE forms with l freevariables

of diagrams FH
each row is longer than

next or if equal
length pushed to right
with l total boxes

height k

width n k



n 5 k 3 1 3

3 boxes

height 3

width 2

27 2 possibilities

1 ill il
Diagrams are called Yadagrams


