MAT&8021, Algebraic Topology

Final Exam

Friday, June 11, 2021
4:30-6:30 pm

There are 6 questions in total.

1.

helpful.)

P a 9

(a) (5 points) Construct a A-set whose geometric realization is the 2-
dimensional real projective space RP?. (In particular, write down its
lists X,, of n-simplices for 0 < n < 2, together with all face maps
0 : X, = Xy_gforl <n<2and0<i<n. A picture will be

1

Xo= 1P 13
X| = {Q,b,ci
Xz= iu’f\/i

37(&):‘1
3, (a) = p

d b) = 9
3ib) = p

a(i) (:C.') = a:(C):i



(b) (5 points) Compute the (simplicial) homology groups H,,(RP?;Z)
using the A-complex structure from part (a).

From ]ooch (&) we obtoum
C.=1pD 71
QOCP)=30(OL)= 0
Ci,= 1L-a® 72.6(® 7 ¢

Di(a)y=L-p
3, (by = 4-P
9 (cy=9-9=0
C1= 7[“@ Z'V

D (w) = C-a+b
gz(V)z c-bta

Thewelove
20 = _ZP(B Z )
Bo= 7-@-p)

Z,= Z(a-)@) Z-¢
Bi= 7 (c-atb)@ Z . (c-bta)
Z2,=B, =0

omd so
Ho= 20/8. 2(7-p® 7 1)/ (p-10)= 7

Hi= Z,/8 ~ #2d® 2:c
2~ D® 72 (ced)’

~ Z-4 Z/z
7 2d

I

whaire dfi= g,




(¢) (10 points) Use this A-complex structure to compute H*(RP?;Z/2)

together with the cup product on it.

frow park (o) we olohain
C =2z p* @ 2f2- ¢*
C‘ = 7[{2 0\*@ 71/2'b*® 7[/2-6_*
C =722 uw*® Z/z N*

with
EIR C\ — Qoa, Lo
=SR]
%;%‘bse S)" o Cl
oy
Bz -G — C " v
al -\ |
=0T
e 87 ¢ C



Thivelove

2= (1|

B’ =0 ‘ .
Z - EARITA
5~ Z/Z'UD‘&

2 =2/ (o\@ 2/2 (]
B =22 [}

omdl SO
"'71_/2
H 2 22 [0, whae o = bF4c*
'(. = Z_/
K" , n=>12

!V MOV‘QO\"M‘ go\l‘ ﬂ\l‘a&\eol mmllnr[tcwh\re, $+rud'wre,

(Ao (w)=ock(b) d(ed= |- 1=

Q‘ﬁb (A udY(N) = d(a) d(ed=0-1=0

=> [d1vixl=Tu*l

= HF(RP1;7L/Z\ o '7/_'/2 L')(]/(’)(SB, Wl/\uN. K= Ldlé['{‘,



(a) (10 points) Recall that we may view RP? as the lens space L(2,1)
which is formed by gluing together two tetrahedra. Use this A-

complex structure to compute H*(RP3;Z/2) together with the cup
product on it.

We com olfain RP* by 3y

owk pockal. poim/rs & '”A.L‘OO\molanv N
oL D°, on equivalsutly, by gleing
bwo Hedrabudrg o G dhe picture .

Tlhag opues

Xo= § p. ¢}
X':' {G.b,c,c‘}
X2= i(L/\I, X/j%

X3= {S, tg

Vs Momo\;w/ we have " s

U = c,-b+a.

Vo | Voo Vi Vo 0% =0 ov=b-cta
\A; db=23c=p_¢q I3x=d-b+c 05 = -x+u-v

( 3d=0 24y =d -c+b

ond :(;\HLW wi £, 9t=X-Y+N-uw

Dv\a“j wad VV\DJAA\O 2, we DHM

T =S ef = L+ *

SoF = u*s o

S\D)F < SC.* :u*+\)x+xx+3*
o = x*y*

Su¥ o Sut = §x* = YT gF ek



Thave fore
2° =z (pFea®)
B =0
2' = U2 (@ dDY® Lz (e c*)
R =T/ (b +c¥)
21571_/2- (uF+v¥)® Z/z~(x*+j*)@74/z.<wx+x*)
R = [z Cu*ev®) @2 (<F49%)

2= s* ©@72-t*

3
R’ = 7L/2'(s"‘+t*)
ound S0

H =7 f2-[pF+9"3
= 7f2: [a®+654d™] = T2 {4
H = Tl [utexFY = L[20p3
H=Tf2- (54

Moveover~, Stce

dvd (B = dla+c) dlctdy= 140y (0+) =1
dv kv (s) = d(ay odlby-d(dd=1(-1-[=1I

We ‘}Q)C H*(Rﬁ)3}7l./2) = 7L/2 [W]/(W‘*), whare, W =11 é\_\‘-

(b) (5 points) Let m be a positive integer. Give a presentation for
H*(RP™;Z/2) as a graded ring in terms of generators and relations.
No justification is needed.

(P 2/2) = 2/ 091 /(W™) g, wi= 1.



3. (a) (10 points) Describe a CW-complex structure on the real Grassman-
nian Gr(2,4).

Gr(2,4) has poinks 2~ divamsiona] subspaces
"/L R* —ﬂ«n.j e bSQCh% with, 2x Y
ModT@s  withy [;Mj wdependont row veckors
Twrn Huse tnto veduced echalou Sors -
[O O | OK yives o O~ cell

oo o1

—LC; :Dac')?& oives o | - cell

(35521 L8050 g toe ek
522 g ok

[é C‘) gkL\ gives q 4-cell

\Ne_ $‘Oedf§j *\'l/\L cxt'LokA/\E\/lj W\&‘)S Bj NSCO\Q(V\j om d
‘{7019-%5 limits e edhalon Forws . Fon Mwwp‘c,

.\.\/u_\-CC“ [O\ qol N{o ifa \o‘& oHocles o

© 0o | O o ol
o 0| o .
‘“/LQO’CC“ [OO o) ‘10\5 A —>0e.

(b) (5 points) In the cellular chain complex CS™(Gr(2,4);Z/2) from
above, assume that all boundary maps are zero. Compute the (cel-
lular) homology groups H,, (Gr(2,4);Z/2).

G|\N’AA Ao “’-“U\\M Cl’law\,\ czwr)‘e,x

O o< U2<= 2/2@ 2/24—0\ "%/260—742@——0 -

2 n=0.1,3, 4

7[2® Z[2 n=2
O OHMW(SQ

we. dotorm  Ha(Gr(2.4); 2[2) =



4. (a) (5 points) Show that R is not the square of some topological space,
i.e., there does not exist M such that R is homeomorphic to M x M.

SMPPOSQ, on Ha C)D"'WU Hhot R =2 MM Since R

(s Pw\’[f\ oovmed‘eol, so1s M Now P(O‘Q x P'D.“"JC x &M
omd cousidan M x M — {(’X,’X)k. Siwce_ M is P“H/\
cowected. | tais space s Aso pabh connected., bub
s (s not the case Sor R with o poiunt removed.

(b) (10 points) Let F be a field. Using the relative Kiinneth formula

Hy(X xY,AxY UX x B;F) 2 (D H,(X, A;F) ®p Hy(Y, B;F)

pt+qg=n

show that R? is not the square of any space either.

Suppose: ok R’ = M =M Agoiaa, comsidan
X=Y=M oud A=B=-M- =}
O ong. Mowad |
(XxY, AxY U x*B) = (R®, R*—pt) T (R, )
has novtrivial houmology suly i diweusions 0 amd 3 Frow

e long exact s2quemeg

o (R = Ha (R, S°) —= Haa (S)— -

TJhis Hhay gomzs (M, M—{xﬁ o, . ofan side o'\_

e Koty (Sowww()(zv\'sm {o hone q\ovH'ﬁ\Ifo& ‘mvwo\o%
Bj ij 4=p, we

\ Sowme diwmansion p>0.
condud. Hhat CRS, Rg’- pt) has wuajrv*i\ria& L}om\ow
o CDVI‘\‘V‘CAAAQHLM,‘

k-A/\ J&Mmsio-m 2P/



5. Let R be a ring.
(a) (5 points) Write (—, —) for the evaluation pairing
C'(X;R) x C;(X;R) = R

Verify that the cup and cap products are adjoint operators with re-
spect to (—, —) in the sense that, given f € C"(X; R), g € C"(X; R),
and = € Cy4n(X; R), we have

(f—gx)=(fg ~x)
Tl/uis GLMSHM\ c,aMSQA Some C,O\A-Q\Asfom Mwﬂ

e exom oud had 4o be modified weann w emd
Lek's see whave ooes \rong helow.

Bj \imwri{—g, W Way  OrSSuime Yok Ha
Cwtin) - doamn K is ow (ki) ~Sluplex , wirlfer,
[No, Vis oo, Newnd. Tk is Haen strasghbforwoud
bo vortfy by defiwibion, that

(LU 9,%x>= OGN, 0nd) - ALV, e, VonenT)

ound.
(8, 3An =<8, 3(The, ., VaT) - T, Vi 1

= 9 ([No, o, V) - {4, [V Vet 1)

= £ (0 Nwen 1) - 3 (Vo oo VaD)
Thus Hhe dwo sides do et agree o +he cocroan
level . Howeren, \D'j st—JMmS £, 9 (omd m.n) ou
Hee \eft-homd side, Hhay oLo,wP to a Sigm (=)™
(wot ‘DNSW{- w Haol'dwv-) Pasgmﬂ lo \wovmo\o% omd

c,oLuoowo\o% claSQS,wve_ Hram  olotonin

(I$1v 9], [X1Y ={ D™ [3IVERT, X1
~<1$1,191A0x1),



(b) (5 points) Using the relative cup product
H™(X, A; R) x H™(X, B; R) — H™™(X, AU B; R)

show that if X is the union of contractible open subsets A and B,
then all cup products of positive-dimensional classes in H*(X; R)
are zero. (In particular, this applies if X is a suspension, and its
generalization for k-fold cup products should agree with your answer
to part (b) of Question 2.)

1w Vos'\Jnlre Awmensions (_omA)\vwa) oo ogy
(KT R) agrees with its reduced veriex
TEOORY = WAL, 3R = HI(XAR) with
A coubrackible Sw?pose ot X=A0UR With

A owmd B Leth covtrackible . \iow the el oiie
cnp Fméuo‘r, we Hau see that oy cwp \O(roo\qc\‘

0& fwo (o mowe) (zosiv‘—f%_ C&_,'\Wsiamo& C\OLSS{%S A
U0 R lowds tr HFE(OXAUR 5 R) =K (X X1 R) = 0.
In Pow\‘-\'c;u\m, A Suspeusiom N (o~ ‘-B redinced exsion

§3= S‘/\\_\) is e wntam oAf Hre wppe C»owz.C.{.&
omd Haa Loww Colg C_\j p \;0\’9{\ QD\/\"-MCJ'\_\(QLL C"'O

thain respective Vesmbex +\A\ro\45\n linaous \/\mw»o\—opie,s)
The projechive space RP™ = {Ixo: - %ml| %1 €R
and ok Least e KiF 0§ 15 A wwiow of (it 1)

Ro x _79”'_)\
c)om"'V‘Oxc\'i\D\g a—ﬁlm (4\'1001&5 {(Z R LR O

wm
Rt 0y TR, A=0,m.



(c) (10 points) Suppose that Y is a path-connected (based) space, M is
a compact orientable manifold, and f: S* AY — M is a map which
induces an isomorphism on homology with integer coefficients. Show
that Y has the same homology as a sphere S? for some p. (In fact,
if Y is additionally a manifold itself, one can show that it must be
(homeomorphic to) a sphere, rather than just a “homology sphere.”
You don’t need to prove this here.)

Lok dim M= owad k= wwiu {ina[Hi () # 0},
hany Hia M) = Wm.(S'A\M = KI—\(lk(H)i 0.
83 Ay omivensod we}[['fdw[' Hasrem, e
He (MY = 0, we howe B ) 40 . Let x
he o nonzero Jass wn Hert (M) omd X" he

s duoldl clase o HkH(M),
Qv\ \LL\LO{’LW\/\ howd . L’ﬂ Al PDMCM{ CJMaL’#j,

Hn-k\‘(M) ALM]’> I_[k“ M) (S o ;SQMADV\T){N;SWI.

n-k-(

LQ/E \jGH (M) L)JL sudy Hiod EjAEM]r—x,

TM, \oj PM": (OQ, mo\\v\w\%m? co[/uomlow Q_la“eg

SYp [’wm/olo% Q_,[O\JKCS iy{\rﬂf <'X*V J, LM]> =
<?($,\3f\[M]>= <X*‘,')(>:1. I(' k<h_\’—“/w
Yois w [JQS]H% dlle/v\eQ {-ch\/\e»,lrwg%
C)DV\"H‘O\(‘J‘FC}S ™ \Jj = O -(:V‘OW\ \DOW‘{: u’)_\m&""f‘t
b=n-l omd the Jesived stodoment Lollows .



6. (a) (10 points) Using the Poincaré duality isomorphism
HP(M;Z/2) — H,—,(M,0M;Z/2)

show that there is no compact manifold W with boundary oW =
RP?*, where k is any positive integer.

S\MPPOSQ- on fhe OOVA’VWB that such o W exists For eo/ge,cﬁr
nobodion , let us owat tha coo%idavd‘& 7L/2, COMS(A.VV\ dha M\ow?w3
lO"‘j Qfﬁad'seﬂmce, with lnown \IG‘MQS u—,{, H*(BV\I) omd HQ(W)"

o — szﬂ('é\f\l)—%\‘lzkﬂ (W )Jﬂri—lw(\n,aW)
o gy T

qk(awx Lok sz(w)ji‘%‘ Hut (W, 30)
2 @)Y 2/t dap

(sz () Z o (W) V25" Haeoy O, W) dae
2 @2y" 2y B

j\_'}H (W)"’ Hz(W/BW\
CH”‘%%’ @hy (Z

G o (aw) & Ho(w) = Hilw,ow)

22 (2] (7))
()Hb (BW )E\) Ho (W) - HO(W/BW) D0
22 Y iz/l
Bj *\'I/LL Peimca/v@ C\Mojﬂg , szﬂ(\;\),BW\) x H &*éw,bw)*,; HA(\N )*

Ay 7[/2 va‘ce_ \“‘ZRH '&S r\vlj'ec};%, Hzgﬁ.( (W) = HO(W/ BVU)
cmom‘jngefx‘H/% 742 or o We carruowtox

redmchion anyP E\J cases as tollows.




Coge/_____l Haee (W) 71/2- T, \«}*H [ ow 1< omopphism

\N[/\,{J/l {(M.’D“Qg A'ZJ{&FO OW\J L\ﬂ/\ce, 'Lzh s "’\")%\/‘6 SMf/JOSe
that HeW) = (Z[2) owd Hop (W, w)¥(2)2)F . Thou
Stne Ror o= I g ¥ 7z, we et £ 7 S Qm Ha
othon howd, 22 D imdye = (7/.[2\t/ lRar dzh%‘(7/-/?.3 /Emjzk
:L?z/l)ﬂ*j omd o [E-stl ov szt Thus £=5-(
o £=S. '
- When €=5-1, Jap 15 qunec:‘—f\»& omd so olszOzc{zkﬂ‘
On e othar hond, by 4o Poincard, dmabihy, Hi(W. o)
& (2)2)  ouncl Hi(W) = (2[2)* - (22 H, A stwilou.
o\/imﬂrm QJ"O‘S"nj S'AQJC‘IS 'i.i =0 ="L¢) . —\-\/MS Wo"‘j/ "\-0
Lind o C,OV\#U*@AAU\';W Frow Haw \QV‘S emock
SeqWMeR, Wwe honre \PQAMCQA« e PO"‘HG"" betureon

dz\q.»\-’-b omd Lo=0 o ok laekwean dak =0

omndl L=0.

o Whay, t=5, dlgg is $\ij€,d"\\re/\,q\/\ig\/l uplies Lokt =O
ownd hemee iy is njechive . Suppose ok Hug (W)=
HaOW, W) = (7/2) " o, Haiee (W, 2W) > Ha WY =(ZJ2Y".
Thaw n=wm o n=mtl,

I n=m, thow Ak =0 omd i, =0, Thus we. howe
educd M porkion ol Ha loug exod sequena
betwean Az\&wo amd Lo=9 4o thok le‘\N*QQMdzh—\

=0 omud (,=0.

L0 newmse(, Hon dog is Suwie,di\r&. omd {4 (s owa
| Sowmerprism, Thus we howe vredmad He Portion
hatwream dhe swrjedion dag owde Hhy iscworphis
U te Mok hobhweam dine S“ﬁe&iw&z&q-\ e Y

fsmmv*()\zksm Ca.



% Hz\Q‘\‘lCWB=O._(.L% Aokl s va-\iedﬁvt omd. e
s amisemorpism,  Thus e howre, redmcad Hae
povkion batweon +he Surjeckion dugy vl 4o
(‘Som\p‘ol,qs,“ o to thak hatweon g sw-iu}fw
O\ZK el e \somv\‘o\/\isw\ a wm Coa | Whan t=5
chxMch\re&a “’tj e two conas (Ar reduchion OJQOVQ'/
K remorns to exouming. e "QO“QW;"‘:) \M\AJLL PQ\A-\%
"‘L tins. lomg axodr equance for 3 Possi\oik{—ie,g;

Hee (W) LN Hk&—z(\m —> HKZ(W,BW)

742 / dlﬁ-?.

G oy 2

OIS JTRPAI
22 (2Ry (2/2)* ‘{k 4

CHh(aw) TR He (W, 3W)

% W

(H_\@w\ e (W)
hz\/z Hiet (W) = Higy (W, 2w

Xy PoSSi\OiliJﬂl d\%\ = O omd ’i,hz Q. —\-Ws CQWH‘OAA'G\"S
He(oW) =~ /2.

Mﬁﬁ.“i& ARt2=0 omd ga=0 omd t=5. T,

diet 15 swrjedhive omdk 4, \s om isawvor?l/viw. Agaim,
ts coutrodids He(aw) & 2.

3ed Possi‘oi[ih digra 1S 5\Aqu:\'iu~e amd A, is om
iSovch\/visw\‘ Tl’\‘W\ £=S ov t=31{. 1-(3 t=5,
Heon Olk.\.\=O omd =0, o c»m{'mch/\d-ncm 1—Q t=SH,
than Ci\a.\.( s SV"F“QA'\\PQ, omd :‘l« (s Om iSQw\Qv-PLv'usm,
oot caviradichion .




(b) (5 points) Find such a manifold W with OW = RP?+l  (Hint:
Suitably view RP2**+1 as a fiber bundle over CP*.)

~ 2R
DQ‘Q(\/\L I \R“D&H . CF¥ by seudiug eadn xeﬁ{{i H,
\l(e»leo\ s QA me-o\AWQMs(QAO& &\A\os(quz, 0'5_ \R{p ~

O oNzke) = QW Wz, ,\lmwwzk@/

Qk’“‘ s‘acmw.ok bxj V=, -
\cw\o_ CQ\“ s\n\os\oa& 0/} C,ow\‘)bu;(

4o Al wm{a\w P
Jansion owe) Cﬁ"‘\'a;‘ww‘ﬁ o gpommo\ lox\l\ \
pondl an = (AN=NZ, e, W (T Vaee2) . This ives

IK\\D&H Y 5W0M cr's, o ciecle ‘)uwwu.o. SUUA C\\.(F\e
whwse Lilou S‘ =13eC | \si=1% . et W be 4
Lise budle cbtond by Slhag & o D =13e(|

gl sy



