MA327 Midterm Exam

Name:

Instructions: Calculators, course notes and textbooks are NOT allowed on the worksheet. All
numerical answers MUST be exact; e.g.. you should write 7 instead of 3.14.... V2 instead of 1.414....
and % instead of 0.3333... Explain your rcasoning using complete sentences and correct grammar,
spelling, and punctuation.

Show ALL of your work!

Question 1. Show that the curve
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has constant speed. Then find a re-parametrization of this curve by arc length.

We compude, K@=t ot stut) omd humce

|l = ﬂi L oosk +sert =d2 s constowmt

=
Since the ore bugth s = L [ty dt = J2t

S o .
we \/)owe, + = \T_—Z' , SO & V’Q,-povmxwfm zazLIO'v\

\ 0 == S"S— oosi
[ijsls 8V\/‘€MLDU O((S>‘<E/ UV‘\[Z/‘ \I—Z>



Question 2. Write down the Frenet, formulas for the derivatives of the tangent, normal, and binormal
unit vectors of a curve parametrized by arc length. Be careful with notation. Explain all the symbols
involved as well as the precise assumptions on the curve.
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Question 3. Consider the coordinate chart

x(u,v) = (w3, u? + 02 0%)

for u,v > 0. Find the coefficients F, F', and G of the first fundamental form in these coordinates
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Question 4. Suppose we have a coordinate chart x on the open set

{(u,v) € R?|u>0,0< v < 27}

such that the coefficients of the first fundamental form are
o F=e"",

o =0,
e G=¢ "

(a) Compute the length of the image under x of the curve a(t)
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(b) Find the area of the image of the entire region.
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Question 5. Find all possible fields of nnit normal vectors on the surface given by 22 — 2% — 3% = 1.
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Question 6. Given a regular surface S with unit normal vector field N and a point p € S, state
carefully the mathematical definition of the second fundamental form IT, of S at p.
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Question 7. Suppose that N is a field of unit normal vectors on a surface S, and f: S — R a smooth
function with f(p) > 0 for all p in the surface. Define M(p) = f(p)N(p). This is a field of normal
vectors which are not necessarily unit vectors.

(a) Show that (dM),(v),v) = —f(p)II,(v) for each v € Tp(S).
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(b) Show that the point p is hyperbolic if and only if (dM,(v),v) takes on both positive and negative
values for different choices of v.
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Question 8. Show that all points on the hyperboloid of one sheet j%

—
are hyperbolic.
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Question 9. Show that the sphere of radius a > 0 centered at the origin has constant Gaussian
curvature 1/a® and mean curvature 1/a.
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Question 10. Suppose you have a curve «(t) in a surface S with normal vector field N on the surface.

(a) Show that if o”/(#) is always parallel to N, then the length of o (t) is constant.
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(b) Is the converse o the statement in part (a) true? Give either a proof or a counterexample.
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