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Abstract

Principal bundles connect differential geometry, algebraic topology and physics.
We first explain the most important concepts about principal bundles and study
them on the example of the Hopf bundle S* < $3 — S§2. We show that the Hopf
bundle is non-trivial by calculating its first Chern class. Then we describe how
magnetic monopoles and electromagnetism can be phrased in terms of principal
bundles. Motivated by quantum mechanics we study normalised eigenbundles of
Hamiltonians. Finally, we show that different Hopf bundles arise from normalised

eigenbundles of 2 x 2 matrices.
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1 Introduction

The study of principal bundles brings together differential geometry, algebraic topology
and physics. One can think of a principal bundle as a manifold with a certain group
attached at every point, i.e. it is a fibre bundle where the fibre is a group. Moreover,
there is a well defined group action which can move a point in some fibre to any other
point in the same fibre. However, this group action does not move points form one fibre
to another. One very important example of a principal bundle is the Hopf bundle. For
the Hopf bundle we attach the group of unit complex numbers U(1) to the sphere S2.
But we attach it in such a way that we do not get S? x U(1) but actually the sphere S3.
Since U(1) is just the circle S*, we write the Hopf bundle as S' < S% — S?. Analogous
constructions are possible if instead of complex numbers we take real numbers, quaternions
or octonions. With methods form algebraic topology it is possible to show that the Hopf
bundle is indeed different from the trivial bundle 5% x U(1).

In Section [2| the most important definitions connected to principal bundles are given.
We study the different concepts on the example of the Hopf bundle. In Section (3| we
define associated bundles and Chern classes and show that the Hopf bundle is non-trivial.
Then in Section [4] we look at different settings where principal bundles show up in physics
such as magnetic monopoles, Maxwell’s theory of electromagnetism and eigenstates of
Hamiltonians in quantum mechanics. Finally, we present a way of constructing Hopf
bundles via eigenvectors of 2 x 2 matrices in Section 5] Here, we also encounter the Hopf
bundles S° « S! — S and S? — ST — S* arising form real numbers and quaternions,
respectively.

I thank Prof. Dr. Giovanni Felder and Dr. Iuliya Beloshapka for taking their time to

supervise my work and for our enlightening discussions.

2 Principal bundles

2.1 Preliminaries

Definition 2.1. Let M and F' be topological spaces. A fibre bundle over M with fibre F
is a tuple (E, 7, M, F') where

i) E is a topological space and 7 is a continuous surjective map 7 : £ — M

ii) There is an open cover {U; }ier of M such that for every ¢ € I there is a homeomor-

phism ®; : U; x F — 77 1(U;) C E mapping {p} x F to 7~1(p) for every p € U;.

E is called the total space, M is called the base space, for every p € M the preimage

E, :==7!(p) is called fibre at p and ®; is a local trivialisation.



For a fibre bundle (F,m, M, F) we may also write 7 : E — M or F — E — M and

take the other information as implicitly given.

Definition 2.2. Let G be a topological group. A principal G-bundle is a fibre bundle
7w E — M together with a continuous right action £ x G — FE such that

i) the action preserves the fibres, i.e. for all ¢ € G and p € M we have E,g = E,
ii) on every fibre the action is free and transitive

iii) there is an open cover {U; };e; of M such that for every i € I there is a homeomorphism
®;: U;xG — 71 (U;) C E mapping {p} x G to 7 1(p) for every p € U; and satisfying
P;((p, g)h) = @i((p, g))h for all g, h € G and p € U;, where (p, g)h := (p, gh).

If additionally G is a Lie group, £ and M are smooth manifolds and 7, ®; and the right

action are smooth, then 7 : E — M is a smooth principal G-bundle.

In this chapter most statements can be formulated for both continuous and smooth
principal bundles. The changes one needs to make for smooth bundles are indicated in
brackets.

Remark 2.3. For a principal G-bundle 7 : £ — M
i) The map 7 induces a homeomorphism £E/G — M.

ii) Each fibre of a (smooth) principal G-bundle is homeomorphic (diffeomorphic) to G.
To see this, pick an element u € 77(p) = E, and look at the map G — E,, g — ug.

This is a homeomorphism (diffeomorphism) because G acts freely on E,,.
See [Dupont| (1978) Chapter 3 for more details.

Definition 2.4. Let 7y : FF — N and 7 : E — M be (smooth) principal G-bundles.
A bundle map is a pair (f, f) of continuous (smooth) maps such that f is G-equivariant,

i.e. f(ug) = f(u)g and the following diagram commutes:
F

uya l

N

A bundle map is a bundle isomorphism if there is another bundle map forming a two

.

E
|-

— M
f

sided inverse.

Example 2.5. Let M and F' be topological spaces. Then EF = M x F together with
m:MxF — M, (p,f) — pis a fibre bundle over M with fibre F. This fibre bundle is

called the trivial bundle. Any bundle isomorphic to the trivial bundle is called trivial.
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Definition 2.6. Let 7 : E — M be a (smooth) principal G-bundle. For an open subset
U of M a local section defined on U is a continuous (smooth) map o : U — E such
that m o 0 = id|y. A global section is a continuous (smooth) map o : M — E such that

moo =id|y.
Proposition 2.7. A principal bundle admits a global section iff it is trivial.

Proof. This proof is based on [Nakahara| (2003) Section 9.4.3. Let (E,7,M,G) be a
principal bundle. Suppose s : M — FE is a global section. For an element u € FE we
observe the following: For p = m(u), the two elements s(p) and u both lie in the same
fibre 7~!(p). Since G acts freely on the fibre, there is a unique element g € G such that
u = s(p)g. Hence, there is a well defined bundle isomorphism ¢ : E — M x G mapping
u=s(p)g to (p,g). Thus E is trivial.

Conversely, if ¢ : E — M x G is a bundle isomorphism, we can define a global section

s: M — FE through s(p) = ¢~ (p,e). O

Remark 2.8. Let M and N be homeomorphic (diffeomorphic) manifolds. Any principal

G-bundle over M is isomorphic to some principal G-bundle over N and vice versa.

Proof. Let mp : F'— N be a principal G-bundle for some topological (or a Lie) group G
and let f: N — M be a homeomorphism (diffeomorphism). Then g := fomp: FF — M
is a (smooth) principal G-bundle over M. The map (idp, f) is a bundle isomorphism.
Analogously, we can construct a principal bundle over N from a principal bundle over

M. ]

Example 2.9. The complex projective space CP? is defined as the quotient space CP! :=
(C%\ {0})/ ~, where a ~ 3 iff &« = AB for some A € C. The equivalence class of (z1, 22)
in CP! is denoted by (z; : 2z3). The set CP! is a one dimensional complex manifold and
the differentiable structure is given through CP! = U; U U, where

Uy ={(z1:2)|x1#0t={(1:2)]zeC}=C
Uy={(z1:2)|22 #0} ={(z: 1)]z € C} = C.

The space CP! is diffeomorphic to C U {oo} through the map (21 : 2z3) — 21/2s.
Moreover, S? is diffeomorphic to C U {oo} through stereographic projection. Thus, CP?
is diffeomorphic to S? and let g denote the homeomorphism induced by the maps above.
Consider the projection f : C?\ {0} — CP', (21, 22) > (21 : 22). Viewing S® as a subset
of C? his gives us a map h := go f|gs : S — S? called the Hopf map. Explicitly, the
Hopf map is given through

h(z1, 22) = (22122, |21 ]* = | 22*).
We claim that h : S? — 52 is a smooth principal U(1)-bundle.
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Proof. First, we have a group action S x U(1) — S3, (21, 29, A) — (21\, 22A), which is
well defined since |A| = 1. Second, we have to check the locality condition, i.e. that
7Y U;) 2 U; x U(1) for some open cover {U;} of S?. By Remark [2.8 we can verify this
for the map f : S — CP! instead.

We construct diffeomorphisms ¢, and ¢

¢1 : U1 X U(l) — {(21722) € 53‘21 7£ O} = fﬁl(Ul)
By : Uy x U(1) = {(21,22) € S?|20 # 0} = fH(Us)

which are compatible with the action of U(1). Let us take

1
¢1 ((1 : Z),)\) —> T‘ZP()\,ZA)
1
¢2:((z:1),A) = T‘ZP(Z)\’)\)

These maps are invertible since their inverse is given by

o1t (21, 22) = (12 22/21), 21/ ]21)
03" (21, 22) = ((21/ 22 1), 22/ | 22)

Moreover, the maps are compatible with the right action, since

o1 (21, 22)0) = (12 220 210), 210/ [21A]) = (12 20/21), 200/ |21]) = 071 (21, 22)) A
where we used that |A| = 1. Analogously for ¢s. O]

Definition 2.10. Suppose ®; and ®; are local trivialisations of a principal G-bundle
m:E— M.

(I)i Ul x G — 7T71<Ui)
(I)j ZUj x G — W_I(Uj)

For p € U; N U; and the identity element e € G both ®;(p, e) and ®,(p, e) lie on the same
fibre 77!(p). Hence there is an element ¢;;(p) € G such that ®;(p,e) = ®;(p,e)t;i(p) =
Q;(p,tii(p)). We call t;; : U;NU; = G a transition function. The transition function is
continuous since t;;(p) = mp0 <I>j_1 o®;0u(p) where my : U; x G — G denotes the projection
onto the second component and ¢ is the inclusion ¢ : U; — U; X G, p — (p,e). Note that
for arbitrary g € G we have ®;(p,g) = ®;(p, t;i(p)g). For smooth principal bundles the

transition functions are smooth.

Example 2.11. We now want to calculate the transition functions for the local trivial-



isations we chose for the Hopf bundle in Example [2.9. By definition, for x € Uy N U, :
o1(x, 1) = ¢o(x, 1)te (), where ty; is one of the transition functions we are looking for.
Elements of U; N Uj are of the form (z; : z3) where 21, 2o # 0. We have

1

V12?2

1

) 1) =
») V14 |21/ |z]?

¢1((21 1 22), 1) =

(17 ZQ/Zl)

Go((21 1 2 (21/29,1)

Thus we get for z = 25/2;

Vit zP /P2 |al 2

tgl((]. . Z)) = t21<<21 . Zg)) =

z
VitlaP/laPa a2l |
and hence t12((1: 2)) = |2]/%.

Remark 2.12. (see |Dupont| (1978) Chapter 3) Let G be a Lie group and M a smooth
manifold. Suppose there is an open cover {U,} of M together with transition functions
satisfying t,stga = tya on Uy N Ug N U, and t,q = 1 on U,. Then there is a principal
bundle with total space

E = (];[Uaxa)/w

where (p,g) € Uy X G ~ (p,ta(p)g) € Us x G for all pe U,NUg and g € G.

Definition 2.13. Let 7 : E — M be a (smooth) principal G-bundle, N a topological
space (smooth manifold) and f : N — M a continuous (smooth) map. The pullback is the
(smooth) principal G-bundle f*r: f*E — N with f*E = {(q,e) | f(q9) =7(e)} C N x E
and f*m(q,e) = q, where the right G-action is given by (¢,¢)g = (g, eg).

Proposition 2.14. Let 1 : E — M be a principal G-bundle and fi,fo : N — M
homotopic maps. Then the pullback bundles f{E and f5E are isomorphic.

For a proof see Cohen| (2002)) Chapter 2.1.

One can show that for homotopy equivalent spaces X and Y the principal G-bundles
over X arein 1 to 1 correspondence with the principal G-bundles over Y. One can formu-
late this by introducing universal G-bundles. Let Pring(X) denote the set of isomorphism
classes of principal G-bundles over X. Let m : E — B be a principal G-bundle, where
B is a connected space. For every continuous map f : X — B the pullback construction
gives an element of Pring(X). By Proposition the pullback construction induces a
map [X, B] = Pring(X).

Definition 2.15. A principal G-bundle p : E — B is called universal if for every space
X the pullback construction
[X, B] = Pring(X)
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is a bijection.

The hard bit is then to prove the existence of a universal bundle.
Theorem 2.16. For any topological group G there exists a universal G-bundle.
This is Theorem 2.21 in (Cohen| (2002). From this we obtain the following result.

Corollary 2.17. If X and Y are homotopy equivalent spaces and G is a topological group
then the sets Pring(X) and Pring(Y) are isomorphic.

Proof. By Theorem there is a universal G-bundle p : £ — B. By the universal
property we have Pring(X) = [X,B] and Pring(Y) = [Y,B]. Since X and Y are
homotopy equivalent, we have [X, B] = [V, B] and thus Pring(X) = Pring(Y) . ]

From now on we implicitly assume all principal bundles to be smooth.

Definition 2.18. Let H and G be two Lie groups and suppose a : H — G is a Lie
group homomorphism. Let m: F' — M be a principal H-bundle and let ( : £ — M be a
principal G-bundle. We say that F'is a reduction of E or E is an extension of F' relative

to « if there is a differentiable map ¢ : F' — E such that
i) p(F,) C E, for all p e M and
ii) p(uh) = p(u)a(h) for all h € H and u € F.

Proposition 2.19. A principal U(n)-bundle can be extended to a principal GL(n,C)-
bundle.

Proof. Let m : I — M be a principal U(n)-bundle with local trivialisations ¢; : U; X
U(n) — 7 *(U;) C F and transition functions t;; : U; N U; — U(n). The inclusion
t:U(n) = GL(n,C) is a Lie group homomorphism. Let ¢; : U; x U(n) — U; x GL(n,C)
denote the inclusions. Fist we want to construct a principal GL(n,C)-bundle. Define
E = ([[,Ui x GL(n,C)) / ~ where (p, g) € U; x GL(n,C) ~ (p,t;i(p)g) € U; x GL(n,C)
for all p € U;NU; and g € GL(n,C). The right action of GL(n,C) on E is defined
through [(p, g)]h = [(p, gh)] and a projection ¢ from F to M is given through [(p, g)] — p.
This makes E a principal GL(n, C)-bundle with local trivialisations ¢; : U; x GL(n,C) —
YUY, (p,g) = [(p,g)]. The transition functions for the 1; are the same as for the local
trivialisations ¢; of F.

Now define ; : 7= H(U;) — ¢ H(U;) as ¢; i= ;01,0 ¢; ' For u € 71 (U; N Uj) write
¢; '(u) = (p,g). By definition of the transition functions we have ¢, (u) = (p,t;(p)g).
Hence, ¢;(u) = ¥;(p,t;i(p)g) = ¥i(p,g) = ¢i(u). Thus we get a well defined map ¢ :
F — FE with ¢|y, = ¢;. This map ¢ satisfies the properties from Definition so F is

an extension of F'. O



2.2 Connections

Definition 2.20. Let E be a principal G-bundle. Let g be the Lie algebra of G.
For any a € g and u € E, we have a curve through w defined by uexp(ta). Hence,
Eula) :== %‘tzouexp(ta) € T,E. The vector field {(a) is called the fundamental vector
field generated by a.

Remark 2.21. The curve uexp(ta) lies in one fibre E,, where m(u) = p. Thus &,(a)
belongs to T,,(E),). Moreover, note that &, is linear. Since G acts freely on E,, the map
&, 1s injective. Now T),(E,) and g have the same dimension, thus &, : g — T,,(E,) is an

isomorphism. We denote its inverse by ¢,.

Proposition 2.22. The map £ : g — I'(TE) is a Lie algebra homomorphism, i.e.
§([a,]) = [§(a), £(0)].

For a proof see Dupont| (1978) Chapter 3.

Example 2.23. We want to calculate the fundamental vector field of the Hopf bundle. Let
z € S3. If we write z = (21, 22) for complex numbers z; and 2, the action of U(1) is given
by (21, 22)A = (21, 22A). We can express z through real coordinates, z = (x1, o, T3, 14) =
(Re(z1),Im(z1), Re(22),Im(z2)). Then the action is given by (z1,za, x3,24)(a + ib) =
(x1a0 — xob, 1b + x9a, w30 — T4b, x3b + 24a). Moreover, note that Lie(U(1)) = iR.

Now we calculate the fundamental vector field. Let a € R and (x1, 22, 23, 24) € S°.

Using exp(ita) = cos(ta) + isin(ta) we get

d

dt (x1 cos(ta) — zy sin(ta),

t=0

(xl, To, X3, T4)exp(ita) = —

¢(ia)((z1, 22, w3, 24)) = dt

x1 sin(ta) + x4 cos(ta), x3 Cos(ta) — x4 sin(ta), x3sin(ta) + x4 cos(ta))
0 0 9, 0 )

=a(—x9, 11, —T4,73) = a ( ZL‘Q% + xl@x 8 + xg@x
1 2 4

Definition 2.24. Let E be a principal G-bundle. Let R, be the right action R, : £ —
E,u ug. Let ad, be the action on g induced by the adjoint action on G.

Definition 2.25. Let E be a principal G-bundle. Let v € E and p = 7(u). The vertical
subspace V, E is the subspace of T, which is tangential to the fibre £,.

With this notation Remark states that &, : g — V, F is an isomorphism.

Definition 2.26. Let E be a principal G-bundle. A connection on E is a unique separa-
tion of the tangent space T, E into the vertical subspace V,E and the horizontal subspace
H,FE such that

i) T,.E=H,E@PV,E forallue E



(ii) A smooth vector field X on F is separated into smooth vector fields X € H,F and
XY eV,EFas X =X+ XV

(ii) HyyF = (H,E)g = Ry (H,E) for all w € E and g € G.

Definition 2.27. Let F be a principal G-bundle and let g be the Lie algebra of G. A

connection form w is a g valued one form, i.e. w € g ® T*FE such that
(i) w((a)) =aforallaeg
(ii) Rjw = Adg-w

Note that V,E = {{(w(v)) | v € T, E}. Interpreting w as projection onto the vertical

subspace gives a link between connection forms and connections:

Proposition 2.28. Connection forms and connections are equivalent in the following
sense: A connection form w defines a connection through H,E == {v € T,E | w(v) = 0}.
Conversely, given a connection on a principal G-bundle E, we can define a connection
one form through w, = v, oV, where V,, : T, E — V,FE is the projection onto the vertical

subspace.
For a proof see Westenholz (1978) Chapter 11 or [Nakahara| (2003)) Section 10.1.

Remark 2.29. For principal bundles over paracompact differentiable manifolds connec-
tions always exists. This can be shown making use of the local triviality condition and a

partition of unity (see Corollary 3.11 in Dupont, (1978))).

We now want to define a connection on the Hopf bundle. A connection corresponds

to a projection onto the vertical subspace. In this case, the vertical subspace is one
0

Oxs

Example [2.23] So up to some factor we want our connection to be the dual of this vector,

dimensional and spanned by the vector —xga%l + a1 — m% + x;;%, as calculated in

i.e. —[L'Qdilfl + l’1d1’2 — $4d$3 + l’3d$4.

Example 2.30. Let @ = i(xdzy — xodxy + x3day — x4dxs) be a Lie(U(1)) = iR valued
1-form on R*. We restrict @ to S® and call it w. We claim that w is a connection on the
Hopf bundle.

Proof. We have to show that
i) w(é(a)) =a for all a € iR and that

ii) R;w = Adg—lw.

For i) recall from Example [2.23| that £(a) = —ia (—xQ% + :L‘laim - m% + :1:38%4)
Thus, w({(a)) = a(z? + 23 + 23 + 23) = a.




For ii) we choose x = (x1, %2, T3, 14) € S, v = 01%+02%+03%+v4% e T,S? and
A=a+ib e U(1). We observe that (Ady-1w),(v) = w,(v) = i(x109 — X201 + X304 — T403).

On the other hand we have z - A = (z1a — x9b, x1b + z2a, 230 — x4b, x3b + z4a). Thus

Ry.(v) = (via — vab,v1b + vea, v3a — v4b, v3b + v4a). Hence w, \(Ra(v)) = i((x1a —
Tob)(v1b+ v9a) — (z1b+ wea) (via — vab) + (w30 — x4b) (V3 + v4a) — (x3b+ x4a)(vza — v4b)) =
i(x1v9 — xovy + T30y — x4v3), where we used a? +b?> = 1. Thus w is a connection. O

Let m : E — M be a principal G-bundle and let {U;};c; be a open cover of M such
that there are local trivialisations ¢; : U; x G — 7~ 1(U,).

Definition 2.31. Suppose w is a connection 1-form on E. Let o; : U; — E be a local

section. We define the local connection 1-form A; on U; as the pullback A; := o}w.

Proposition 2.32. Suppose w is a connection 1-form on E. Let o; : Uy — E and
oj: Uj — E be local sections. For all p € U;NUj the local forms A; = ofw and A; = ojw
satisfy the compatibility condition

—1 —1
wh€16 tZ] . I}i ‘/j — G 18 the transition fUnCtiOn.

For a proof see Nakahara (2003)) Section 10.1.

Theorem 2.33. Suppose that for all i € I there are local g-valued 1-forms A; on Uj.
Define the functions g; : 7 (U;) — G through ¢; ' (u) = (p, gi(u)). On 7=1(U;) define the
1-form w; = g[lw*Aigi + g[ldgi.

i) If A; and A; satisfy Equation forp € U;NU; then w; = w; on 7 Y(U; NU;).

ii) Suppose that for every pairi,j € I forp € U;NU; Equation is satisfied. Then there

is a connection 1-form w such that for all i € I we have ojw = A; and w|—1(y,) = w;.
For a proof see Nakahara (2003)) Section 10.1.

Example 2.34. For the Hopf bundle h : S® — S? local connection forms are given by
A = %(1 —cosf)de and Ay = —%(1 + cosf)dyp

in spherical coordinates (cos ¢ sin 6, sin @ sin 6, cos ) on Uy := 5%\ {(0,0,—1)} and U, :=
S%\ {(0,0,1)}, respectively. For a proof see [Shnir| (2005)) Section 3.3.

2.3 Curvature

Let Q"(M) denote the space of all differential r-forms on a manifold M. For a vector
space V' the space of V-valued r-forms on M is denoted by V ® Q"(M). The exterior
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derivative on differential forms can be extended to vector valued forms as follows: For

pure tensors we set d(v ® ¢) = v ® d¢ and extend this by linearity.

Definition 2.35. Let F be a principal G-bundle over M with a given connection. Let
¢ € g® Q" (E) be a Lie algebra valued r-form on E. Let u € E and X3, ..., X,,; € T,E.
Let h, : T, EF — H,FE denote the projection onto the horizontal subspace. The covariant

derivative of ¢ is given by
Do(Xy, ..., Xop1) = do(h(X1), ..., h(X11))

Definition 2.36. Let E be a principal G-bundle over M with a given connection. The

curvature 2-form Q € g® Q%(F) is the covariant derivative of the connection one form w.

Theorem 2.37. (Cartan’s structure equation) For X,Y € T,E we have
QXY) = dw(X,Y) + [w(X),w(Y)]. (2)

For the proof see for example Nakahara (2003)) Section 10.3.2.

Example 2.38. In Example we saw that w = i(z1dzy — zodxy + x3dry — 24dx3)
defines a connection 1-form on the Hopf bundle. We want to calculate the curvature
2-form using Cartan’s structure equation. Since in this example the Lie algebra U(1) is

commutative the equation reduces to 2 = dw. Hence,

Q= QZ(d.Tl VAN dl‘Q + dl’g VAN dl’4)
= dZH VAN le + dZQ VAN ng,
where z; = x1 + 129 and 29 = x3 + 124.

Definition 2.39. Let U be a chart of M and o : U — FE a local section. The local form
F of the curvature ) is defined as F' = ¢*).

Remark 2.40. Let A = o*w be the local connection form. Since o*dw = d(c*w) it
follows from Equation that

F(X,Y) = dA(X,Y) + [A(X), A(Y)].

For more details see Nakahara| (2003) Section 10.3.4.

Remark 2.41. Suppose the curvature form €2 can be written as ) = 7*F for some
F € g®Q?*(M). Then for any local section o : U — E we get 0*Q = (ro0)*F = Fon U.

Theorem 2.42. Let U; and U; be two charts of M and let F; and F; be local curvature

forms on U; and U; coming from the same connection. Then on U; NU; the following
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compatibility condition is satisfied:
Fy =t Fity;,
where t;; is the transition function.

This is shown in |[Nakahara| (2003) Section 10.3.4.

Example 2.43. We now want to calculate a local curvature form on the Hopf bundle,
namely for the chart Uy = C. Recall the projection g : 3 — CP', (21, 22) + (21 : 29).
For zo # 0 we may write (21 : 20) = (21/22: 1) = (2 : 1).

We make the ansatz F' = f(z)dz A dz and want Q = ¢*F. We calculate g*dz =
d(21/22) = (20d2; — z1d29)/23. Thus ¢g*(dz A dz) = (|20]?dzy A dzy + |21)?d% A dzy —
Z2dz ANdzy — Z120d 2 Adzy)/|22|*. Now note that 1 = |z1]? + |22|* = 2121 + 222 implies
0 = z1dz1+21dz; +20d 2+ 22d2ze. Thus we get Zp21d2 Adzg = —221d2 Adzy—|20]*d 22 Ad 2y
and z120d2 A dzy = —|212d5; Adzy — Z122d2e A dzy. So we actually have ¢g*(dz A dz) =
(|21)% + |22|*)(dz1 Adzy + dze Adz)/|20]* = (|21)* + |22/*)Q/|22|*. Since 1 = |2]* + |25]?
we can multiply the equation by this to get ¢g*(dz Adz) = (|21/2]* +1)2Q = (|2]* + 1)2Q.

Therefore, choosing
dz Adz

F=——0"""
(1+ |2[2)2

gives us the desired property 2 = g*F.

3 Associated bundles

Proposition 3.1. Suppose G is a Lie group acting on the left on some manifold X. Let
E be a principal bundle. We define an equivalence relation on E x X as follows: for any
g€ G: (u,z) ~ (ug™', gr). Then the quotient space x == E xg X := (E x X)/ ~ is a
fibre bundle with fibre X. This fibre bundle is called the associated fibre bundle.

For a proof see (Westenholz; [1978) Chapter 6.

Definition 3.2. A wvector bundle is a fibre bundle where the fibre is a vector space and

every local trivialisation ®; is a linear isomorphism of vector spaces.

Proposition 3.3. Suppose E is a principal G-bundle and V' is a vector space. Let p :
G — GL(V) be a representation of G. Then E x,V = (E x V)/ ~ where Vg € G:
(u,v) ~ (ug™, p(g)v) is a vector bundle with fibre V. It is called the associated vector
bundle.

This is shown in |[Nakahara| (2003) Section 9.4.2.

We can also construct a principal bundle from a vector bundle:
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Definition 3.4. Suppose 7 : P — M is a vector bundle with fibres P, = R*. For every
fibre P, of P we denote the set of all (ordered) bases by F},. We define the frame bundle as
E = cpip} X F, together with the projection 7 : ' — M onto the first component.
The differentiable structure on E is given as follows. First note that the bases of R* are
exactly the elements of GL(k,R) when we identify the basis vectors with the columns
of a matrix. Thus if ¢ : U x R* — 771(U) is a local trivialisation of P we get a map
¢p : UxGL(k,R) — 7' (U) given by (p, (v1, .., v1)) = (p, (b1, ..., b)), where ¢(p, v;) = b;.
Demanding the ¢g to be local trivialistations of F (i.e. diffeomorphisms) gives us the

differentiable structure on F.

Proposition 3.5. Let P be a vector bundle over M with fibre V. Then the frame bundle is
a principal GL(V')-bundle over M, where GL(V') acts on the bases by matriz multiplication
from the right.

This is shown in [Westenholz| (1978)) Chapter 6.

Remark 3.6. If the vector bundle carries a metric one can also define orthonormal and
unitary frame bundles by restricting to orthonormal bases and O(k) or unitary bases and
U(k), respectively. These bundles then are reductions of the GL(k,R) frame bundle. (see

Proposition [2.19)).

Example 3.7. Let E be the Hopf bundle and V' = C. We want to examine the associated
bundle y = S* Xy C. According to Proposition , X is a one dimensional complex
vector bundle over S?. Recall f and U, from Example . We define the map f :
S?xp1yC — CP,[(p,z)] — f(p). This map is well defined, since f(Ap) = f(p) for X € C.
We have f=1(U,) = {[(21,2,2)] | (21,22) € S3,2 € C,z # 0}. A local trivialisation is
given by

(I)l : U1 x C — f_l(Ul)

1 %2
((21: 22),2) — [( 1_‘_‘22’2/121’2721 1‘1"2'2|2/|Zl‘27 )]

The two sided inverse is given by

212
<I>1_1 (21, 22, 2)] — ((21 D 29), L)
The inverse is well defined since

o ((ah a2 = (ahs 200, 250) = (a1, 225 ) = @7 2002

Analogously one can find a local trivialisation ®y : Uy x C — f~1(U5).
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3.1 Chern classes

Definition 3.8. Let G be a Lie group with Lie algebra g. Let I*(G) be the vector space of
all symmetric multilinear maps f : g* — R which satisty f(adyay, ..., ad,ar) = f(as, ..., ag)
for all g € G and a; € g.

Now set I(G) := @,y I*(G). For f € I*(G) and g € I'(g) we define their product as

fg(al,-- akJrl k)—i—l Z f Ao (1), - ) (ad(k—i-l)a"'aacr(k—i-l))a

O’ESkJrl

where Sk, is the group of permutations of k + [ elements. This turns /(G) into a com-

mutative algebra.

For f € I*(G) and a 2-form Q on M define the 2k-form f(Q) on M as

FE) (X, ..., Xok) 2k: o] Z sgn(o (Xo(1): Xo2))s s U Xo(2r-1)5 Xo(2r)))-

gESoy

Theorem 3.9. (Chern-Weil) Let 7 : E — M be a principal G-bundle with connection

1-form w and corresponding curvature 2-form §2.

i) For every fi. € I*(Q) there is a unique closed 2k-form f(Q) on M such that fr(Q2) =
i) The cohomology class in the de Rham cohomology [f(Q)] € H* (M) is independent

of the choice of the connection on E.

iii) The map wg : I(G) — H*(M), f = [f(Q)] is a natural algebra homomorphism, i.e.
if g F — E is a bundle homomorphism of principal G-bundles, then g*wp = wp.

For the proof see (Kobayashi and Nomizu; 1969) Chapter 12 or (Greub et al.; 1973)
Chapter 6.

Definition 3.10. Let aq,...,a, be a basis of g. A map p : g — R is called invariant
polynomial function if p(d";_, t;a;) is a polynomial in ¢, ..., ¢, and if p(adyv) = p(v) for
allg € Gand v € g.

The set P(g) of invariant polynomial functions on g forms an algebra.

Proposition 3.11. Let G be a Lie group with Lie algebra g. The algebra of invari-
ant symmetric multilinear mappings 1(G) is isomorphic to the algebra P(g) of invariant

polynomial functions on g.

A proof is given in |[Kobayashi and Nomizu (1969) Chapter 12. The idea is to consider
the algebra homomorphism ¢ : I(G) — P(g) given by (¢f)(v) = f(v, ...,v) for f € I*(GQ)

and v € g. Through a polarization argument an inverse to ¢ can be defined.
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Example 3.12. Suppose G < GL(r;C) is a matrix Lie group with Lie algebra g. Then
p(A) = det(I + ;= A) is an invariant polynomial. Invariance follows form p(ad,A) =
det(I + 5=adyA) = det(g(I + 5= A)g™") = det(I + 5= A) = p(A) and p is a polynomial since

the determinant is a polynomial in the entries of the matrix it acts on.

Definition 3.13. Let 7 : E — M be a principal G = GL(r,C)-bundle. We can define

invariant symmetric multilinear maps f;, € I*(G) for 0 < k < r through

i
det (1 + %A) = ;(gb fi)(A)
for A € g. For k > r we let f = 0. We call ¢x(F) := wg(fx) the k’th Chern class. For
a complex vector bundle we define the Chern class as the Chern class of the associated
frame bundle. For a principal H-bundle { : FF — M which can be extended to a principal
G-bundle relative to a : H — G, we define the k’th Chern class as ¢, (F) := wp(a* fi),

where o fi. (v, ..., vx) = fr(auvr, ..., a,vg) for all v; in the Lie algebra of H.
Corollary 3.14. The Chern classes ¢ of a trivial bundle are zero for k > 0.

Proof. This proof is based on Nakahara/ (2003) Section 11.1. Let 7 : P — M be a trivial
principal G-bundle. There is a principal bundle isomorphism f from P to the trivial
bundle £ = M x G. Let F = {p} x G be the trivial principal G-bundle over {p}.
Let g : E — F be the map given through ¢(q,g) = (p,g). This is a principal bundle
homomorphism. The space Q*({p}) of differential forms over {p} is zero for k > 1. Thus
also the Chern classes ¢ (F) = 0. By Theorem we have ¢ (P) = (g o f)*ci(F) = 0,

*

because (g o f)* is a ring homomorphism. [

Example 3.15. By Proposition the Hopf bundle E can be extended to a principal
GL(1,C) = C*-bundle and hence we can calculate its Chern classes. Let € denote the
curvature 2-form on E from Example [2.38 We have det(1 4+ j=v) =1+ 5=v for v € C =
Lie(C*). Thus fo = 1 and fi(v) = 5=v and fx(v) = 0 for k > 1. By definition we have
c1(P) = wp(L* f1), where * f1(v) = fi(t.v) = f1(v) for v € iR. Moreover, f;(Q)(vy,v2) =
s(f1(Qv1,v2)) = f1(Qva, 11)))=F1(2(v1, v2)), where we used that Q(vy,v2) = —Q(v2, v1).

Let 0 € Q*(CP') be the unique 2-form with 7*0(vy,v2) = f1()(v1,v2) = 3=Q(v1, v2). We
see that 0 = ﬁF where F' is the 2-form calculated in Example satisfying 7 F = ().
For the Chern classes we thus get that co(P) = 1, ¢;(P) is the cohomology class of
s=F and for k > 1 we have ¢, (P) = 0.
We now want to show that ¢;(P) is not trivial. If two elements «, 3 of Q*(CP!) lie in

the same cohomology class, they differ by a boundary, i.e. a — 8 = dn. Thus by Stokes’

o o[ [

cpt cpt cp? acpl

Theorem we have
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since CP! has empty boundary as it is diffeomorphic to S2. Therefore, to prove that the

first Chern class of the Hopf bundle is not zero it is enough to show

/97&0.

CPt?

From Example [2.43| we know that on CP'\ {(z: 0)} = U, = C we have F = %.

With z = re’ we have dz = ¢dr + ire?dy and dz = e %dr — ire”¥dy which gives
dz A dz = 2irdr A de. Since {(z:0)} is just a point in CP! we get

2 0o

/QIL/F:L// A dgdr = 2/
27 21 (14 ]2]?)? 1+172)
00

0
e [ 1 N
:2—/ ds — _ 1
(1+5)2 1+s],
0

Since ¢1(F) is not trivial, the Hopf bundle is not trivial by Corollary (3.14}

3.2 Covariant derivative

Definition 3.16. A covariant derivative on a vector bundle = : £ — M is a map
V:T'(TM)xT'(E) - T'(E),(X,Y) = VxY = V(X,Y) with the following properties:

i) C°°(M)-linearity in the first component
ii) Linearity in the second component
iii) Leibnitz rule: For f € C*(M) VxfY = fVxY + X(f)Y
Now let m : B — M be a principal G-bundle with connection 1-form w.

Definition 3.17. Let v: [0,1] — M be a curve in M. A curve 7 is called horizontal lift
of 7 if m o4 =~ and for all ¢ € [0, 1] the tangent vector T (¢) lies in Hs ) E.

The following two Theorems are proved in Nakahara/ (2003)) Section 10.4.

Theorem 3.18. Let v : [0,1] — M be a curve. For every u € w7 '(v(0)) there exists a
unique horizontal lift 5 of v with 7(0) =

Theorem 3.19. If5 and 7' are two horizontal lifts of v, they satisfy 7' (0) = 5(0)g for
some g € G. Then for all t € [0,1] also ¥'(t) = F(t)g.

Let E'= P x,V be a vector bundle associated to P.
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Definition 3.20. Let v : [0,1] — M be a curve in M. Parallel transport along 7 is a
-1

map 7, () : 75" (7(0)) = 75 (+(1)) given through

() ([7(0), v]) = [3(8), o],
where 7 is a horizontal lift of ~.

Remark 3.21. The parallel transport is well defined, i.e. it is independent of the
choice of the horizontal lift: If 4 and 4’ are two horizontal lifts of v then ¥/(t) = (t)g
by Theorem .19} Thus if u = [§/(0),v] = [¥(0)g,v] = [5(0), p(g)v] then 7,(t)(u) =
L OF(0),0]) = [7().0] = [(8),plgh] = 7, () ([3(0), plg)e]) = 7 (£)(u). Moreover,
parallel transport is a linear isomorphism for every ¢ and hence invertible.

Definition 3.22. Let p € M let X € I'(TM) and Y € I'(E) be vector fields and let
v :[0,1] = M be an integral curve of X, such that «(0) = p. The covariant derivative of
Y with respect to X at the point p is defined as

(VY )y = lim = (m Y (3(6)) — Y (2(0) )

Theorem 3.23. The covariant derivative from Definition [3.23 satisfies the properties of

a covariant derivative on a vector bundle given in Definition |3.16|

This is proved in |Morrison| (2000)).

4 Principal bundles in physics

4.1 Magnetic monopoles

This section follows some ideas presented in Nakaharal (2003) Sections 1.9 and 10.5. For a
magnetic monopole the magnetic field would satisfy V- B(Z) = 47¢d*(Z). The solution is
B= g%. Now we want to calculate the magnetic vector potential such that B=VxA.
There cannot be any global expression for A with no singularities since we would get a

contradiction:

4wg:/V-§d3x:/V-(Vxff)d?’z:O.

It is possible, however, to write down local solutions A; and A, on Uy := R3\ {(0,0, z)|z <
0} and Uy :=R3\ {(0,0, )|z > 0}, respectively. They are given by

i g - g(1 — cosf)
—= = — €
YT r(r+2) gé rsinf ¥
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and

- g Y g(1 4+ cosb)
Ay = ———— | -2 | = ———F—¢,,
r(r—z) 7 sin 0
0
where e, = —singe, + cospe, for the unit vectors e, and e, in  and y direction,

respectively. On UjNU, we have A;—Ay = V(2gy). Now consider a particle of mass m and
charge e in this field. The time independent Schrodinger equation is ﬁ(ﬁ — E/T)%D(r) =
Et)(r). Under the change A — A+ VA the wave function changes as ¢ — exp(ieA/ch)i.
So in our case with A = 2g¢p,

Y| =1

»=0

:¢2

¢=0

= exp(ie2g2m/hc)iy = exp(4mge/hc)i
=27 =2 =0

Thus we obtain the condition that 4wge/hic = 27k for some k € Z.

Now we want to formulate this situation using principal bundles. As base space we
take R3\ {0} which is homotopy equivalent to S?. We want the local connection forms
to be

Ay =ig(1 — cos@)dep

Ay = —ig(1 + cosf)dy

where g = ge/hc. Up to the factor e/hic these 1-forms correspond to the vector potentials
/Tl and ffg since

rsinfdy = — sin pdx + cos pdy.

Suppose A; and A, are local connection forms of a principal U(1)-bundle over S? with
transition function t15(7, 0, ¢) = exp(if(r, 0, ¢)). The compatibility condition then implies
Ay — A = tf21dt12 = i%dgp + i%dr + i%d@. But on the other hand we have As — A; =
2igdp. Hence, t15(r,0,p) = exp(i2¢g) and thus 4¢g = 27k for some k € Z, which is
exactly the condition we derived from the physical perspective. The principal bundle is

given by E = Uy x U(1)[[Us x U(1)/ ~, where Uy x U(1) > (x,A) ~ (z,ta1(z)N) €
Uy x U(1). The magnetic potential corresponds to the local curvature of this bundle.

Remark 4.1. The principal U(1)-bundles over S? can be classified by the homotopy
class of the transition functions, see for example Theorem 2.7 in |Cohen (2002). The
construction of the monopole bundles hence produces all possible principal U(1)-bundles

over S% up to isomorphism. For § = 1/2 the principal bundle F is exactly the Hopf
bundle, see Example [2.34. For g = 0 this gives the trivial bundle.

4.2 Electromagnetism

Electromagnetism allows for a formulation in terms of principal bundles. We take the

Minkowski space-time R* as basespace and consider a U(1)-bundle E over it. Since R?
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is contractible, the bundle is trivial £ = R* x U(1). A local connection form A is just a

iR-valued 1-form on R*:

A=Y A,dat
w

The local curvature is then given by

2 ox”  Oxk

v

1 DA, 0A\ ., 1 v
F:dA:—Z( >da: Adxﬂ:E;Fde#Adx,

where F,, = 24z _ aA’;. We know that dF' = d2A = 0. Let us name the components of
H OxH ox

F,,, in the following way:

0 —-Fy —Ey —L3
Ey 0 —Bs DBy
Ey, Bs 0 -B
Es —By, DB 0

F, =1

Then the equation dF' = 0 implies the two vacuum Maxwell equations

. OB .
VxE+—=0 and V-B=0.
ot
So thinking of the magnetic and the electric field as components of the curvature gives us
two of the four vacuum Maxwell equations for free. One can derive the other two from

minimizing the Maxwell action

1
S(A) = 1 / E, Frdiz,

R4

see for example Nakahara (2003) Section 10.5.

4.3 Berry connection

In quantum mechanics one is interested in eigenstates of Hamiltonians. Multiplying a
state with an element of U(1) does not change the physical meaning. This gives us the

motivation to study the following construction.

Proposition 4.2. Let M be a smooth manifold and H a complex Hermitian (or real sym-
metric) n X n matriz depending smoothly on the parameter p € M. Since the eigenvalues
of H(p) are real they can be ordered. Assume that for some open subset U of M for every
p € U the eigenspace to the kth eigenvalue of H(p) is one dimensional. Then one can
define a principal U(1)-bundle (or an S°-bundle) consisting of normalised eigenvectors to
the kth eigenvalue of H(p) for allp € U.
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We call this bundle a normalised eigenbundle or NE-bundle.

Proof. Let us denote the eigenvalues of H(p) by A;(p) for j € {1,...,n}. The coefficients
of the characteristic polynomial x, of H(p) depend smoothly on p € M. Since A\x(p)
is a simple root of this polynomial, it is smooth by the implicit function theorem. The
rational function f,(z) = x,(z)/(x — A\e(p)) depends smoothly on p. Since x,(Ax(p)) = 0,
the rational function f,(x) has no pole and is holomorphic. Moreover, we can write
fo(x) = [T (@ — Aj(p)). Note that x;,(Ar) = [[;.4 (A(p) — Aj(p)). Following an idea in
Schwinger| (2001) Chapter 1.7, for p € U we define the matrix

) = SO _ [ H0) = Dst)

o ) = A4(p)
where I is the unit matrix of size n. Note that the different factors commute, so this
product is well defined. This matrix P(p) depends smoothly on p € U by our considera-
tions above. Let E, be the eigenspace to the eigenvalue A\, at p € U. Applying P(p) to
eigenvectors v; of H(p), we see that P(p)v, = v, and P(p)v; = 0 for j # k. Since the
eigenvectors form a basis of V' = C" (or R™ in the real case) we see that the matrix P(p)
acts as a projection onto F£,.

Now let s € U and pick an eigenvector v € E;. Then ||P(s)v|| = ||v|| > 0 and since
| P(p)v| is a continuous function of p, there is an open neighbourhood O C U of s, such
that P(p)v # 0 for all p € O. Now pick a p € O. Since E; and E, are one dimensional,
and P(p){ B, E, — E, is a non-zero linear map, it is actually an isomorphism. We

therefore obtain an isomorphism

Ox E,— H E,, (p,v)— P(p)v.

peO

This is a local trivialisation of ' := [[ ., B Since s € U was arbitrary, we can find local
trivialisations on all of U and thus E is a vector bundle. Now as described in Section [3]
we can consider the unitary (or orthonormal) frame bundle associated to E. This gives

us exactly the NE-bundle. O

Let m : E — M be a NE-bundle for some complex Hermitian matrix. For any local
section ¢ : U — E we can define the 1-form A(p) = o(p)ido(p) (see Nakahara| (2003)
Section 10.6).

Proposition 4.3. Let {U;} be an open cover of M together with local sections o; : Uy — E
and let A;(p) = o;(p)Tdo;(p).

i) There exists a connection 1-form w such that ofw = A;, i.e. the 1-forms A; are local

connection 1-forms.
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ii) The connection w is independent of the choice of the cover {U;} and the connections

g;.
The connection w is called Berry connection.

Proof. Let o0 : U — E be any local section of the NE-bundle (not necessarily equal to any
;). We have 0 = d(o(p)To(p)) = (do(p))To(p) +o(p)ido(p) = A(p) + A(p). Thus A is an
iR-valued 1-form. Let 7 : V — E be another local section (not necessarily equal to any
o;) and B(p) = 7(p)Tdr(p). For p € UNV we can write 7(p) = o(p)t(p) for the transition
function ¢. Then B(p) = 7(p)'d7(p) = t(p)o(p)'(do(p))t(p) +E(p)o(p)'o(p)dt(p) = A(p)+
t~H(p)dt(p).

Applying this to ¢ = ¢; and 7 = 0, shows that the assumptions of Theorem [2.33}il)
are satisfied. Hence, there exists a connection 1-form w such that ofw = A;. Moreover,
on U; we have w = w; where w; is defined in Theorem [2.33|

To prove ii) consider another cover {V,,} of the NE-bundle with sections 7, from which
we obtain the connection 1-form w using Theorem . Applying our calculation above
to 0 = 0; and 7 = 7, for any ¢ and « shows that the assumptions of Theorem are
satisfied. Thus w; = W, on 7 1(U; N'V,) for all o and i. Hence, the 1-forms w and @

actually agree on F. O

4.4 Eigenbundles for Hamiltonians

Lemma 4.4. Let H(p) be a complex Hermitian n X n matriz depending smoothly on
p € R3. Assume that at p = 0 two eigenvalues M\ (p) and \o(p) are equal, and that there is
an open neighbourhood V' of 0 such that all the eigenvalues are pairwise distinct on V\{0}.
There exists a unitary matriz u(p) depending continuously on p such that u(p)'H (p)u(p)
has block form Hs(p) ® H,_o(p) where H,_o(p) is diagonal and Hy(p) is a 2 X 2 matriz
with eigenvalues \y and Ay and the NE-bundles of H for A1 and Xy are isomorphic to the
NE-bundles of Hs.

Proof. Note that the eigenvalues of H(p) are real. Choose an open ball U such that
U C V with centre 0. We can assume without loss of generality that A\;(p) > Aa(p) for
all p € U\ {0}. Let X\;(p) denote the eigenvalues of H(p). Set By = R3\ {(0,0, 2)|z < 0}
and By = R3\ {(0,0,z2)|z > 0}. Consider the NE-bundles E? for the eigenvalues \;. For
J < 3 this is a principal U(1)-bundle over U \ {0}, for j > 3 the bundle E7 is actually
well defined on all of U. Since U is contractible E/ is trivial for j > 3 and hence admits
a global section s/ : U — E7. For j = 1 we cover U \ {0} with U; = U N B; and
Uy = U N By. We choose local sections s/, : U, — E'. The transition function ), is given
through sj(p) = s (p)ths(p) for all p € U, N Ug. For j = 2, pick any section 3, of E* on

U,. Now define a new section through s? = 5, det(sl,, 54, %, ...,s")7!. Then the matrix
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A, = (sk, 82,53 ...,s") is a unitary matrix with determinant one. For p € U, N Uz the

e

transition function is given through s3(p) = s2(p)t5(p) . For p € U, N Ug we have

1 =det Ay = det(s), s, 5%, ..., s") = det(ssts, (), s554(p), 8%, ..., ™)
= 150 (P)t5a (p) det As = t5, (p)t5,(p) (3)

Now let # denote the azimutal angle of p. Consider the following vector fields

~ 1+ cos@ 1 — cos®
Ap) = —F )+ —5—=50)

1 —cosf 1+ cos@
Ep) = ———F =)+ —5 1)

Both are well defined on U\ {0} because wherever a section is not well defined its prefactor

vanishes. These vector fields are orthogonal, since by Equation

_ 1 —cos?d
(@ (p), @) = ——(~ta(p) + 2,(p)) = 0.
We normalise them "7‘( )
- c
¢'(p) = ——
2—sin? 6

to get an orthonormal frame u(p) = (c*(p), A(p), s*(p), ..., s"(p)) defined on U \ {0}. In
this basis the Hamiltonian becomes diagonal apart form a 2 x 2 block Hy which is given
by

1 A (p)(1 4 cos0)® + Aa(p)(1 —cos0)* (1 —cos® O)t1,(p)(Na(p) — Mi(p))
Hy(p)

T 4—2sin%0 (1 —cos? )t (p)(A2(p) — Mi(p))  Ai(p)(1 —cos@)? + Xa(p)(1 + cos §)?

The NE-bundles for H, are isomorphic to the bundles £' and E?. This can be seen
for example by comparing H, to the matrix in Section 5.2} Let b, ¢, d and v; be as in
Section 5.2 One gets

1 —cos?0

b+1ic= mtm(p)()Q(Z)) — Mi(p))
and 0
= T oy M) = X)),

The condition b = ¢ = 0 is equivalent to 0§ € {0,7}. Moreover, we have d > 0 for § = 0
and d < 0 for # = w. So for the larger eigenvalue \; the local section obtained from v,
by plugging in the above expressions for b, ¢ and d is defined on U; (this is the U; from

this Section), and the other local section is indeed defined on U,. The transition function
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bf;j; gives exactly t1,(p). So both the NE-bundle of H, for A\; and E' have the same

open cover and the same transition functions, hence they are isomorphic by Remark [2.12]

The NE-bundle for Ay and E? are isomorphic as well, since they have again the same
open cover with identical transition functions (which are just the inverse of the transition
functions for A\; by Equation ) O

5 Hopf bundles via 2 X 2 matrices

In this Section we consider symmetric or Hermitian 2 x 2 matrices with real, complex or
quaternionic entries. We study how the normalised eigenvectors depend on the entries and
view them as a principal bundle. It turns out that this gives a construction for different
Hopf bundles.

5.1 Real matrices

Analogously to the complex Hopf bundle, the map h : S* — St (21, 22) = (22129, 23 —23)
induces a principal S°-bundle. We call this bundle the Hopf bundle S° « S* — S!. Since
the total space S! is connected and S° and S* x S° are not, this Hopf bundle is non-trivial.
One can show (see Theorem 2.7 in |Cohen (2002)) that up to isomorphism there are only
two principal S%-bundles over S!. This means that there is only the trivial bundle and
this Hopf bundle.

Every symmetric real 2 x 2 matrix can be written as

a+c b
A(a,b,c)z( ; a—c)

for some a,b,c € R. Its eigenvalues are then given by Ay = a & v+ b%. Let Uy :=
R\ {(0,¢)]c <0} and Uy := R?\ {(0,c)|c > 0}. For (a,b,c) € R x U; the vector

e <c+¢m> |
vi(a,b,c) =
b \/2(192 + %)+ 2ev? + b2

is a normalised eigenvector of A(a,b,c) to the eigenvalue A\, (a,b,c). Note that the Jex-
pression is not well defined for b = 0 and ¢ < 0. However, there is another expression
which is well defined in this case. For (a,b,c) € R x U, the vector

(..o b 1
va(a, b,c) =
2 —ct+ VB + ¢ \/2(b2 +c2) =20V + 12

is a normalised eigenvector of A(a,b,c) to the eigenvalue A\, (a,b,c). Notice that v; and
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ve are independent of the parameter a and invariant under scaling (b, c) — (rb,rc) for
r € R.g. The normalised eigenbundle thus is of the form 7 : Rx Ry x £ — Rx Ry x St
where F is a principal S°-bundle over S*.

We focus on F and view v; and vy as maps depending only on b and ¢. The maps v
and v, define local sections of E over S!. The transition functions ti; such that v;t;; = v;
take values in {£1} and are defined on R*\ {(0,c)|c € R} which has two connected
—1 for b < 0. Thus this
bundle has a@znné_}ﬂéﬁ) total space and hence is non-t€i{al g;ge 1t s isomorphic to the

Hopf bundle S «— S* @V
v,
’ S0 /

D2 0) |
All complex Hermitian 2 x 2 matrices can be expressed a;

components. We see that t15(b,¢) = 1 for b > 0 and

5.2 Complex maty

o v‘,\‘.& a+d b—ic 6
z v A(a,b,c,d) = .
U,\’ob b+ic a—d

for some a,b,c,d € R. The eigenvalues are \yx = a + /d? + b2 c*
concentrate on A, and define U; := R3\ {(0,0,d)|d < 0} and U, :

As before, the eigenvectors are independent of the parameter a. )

d b2 2 d2
’U1<b,C,d):< - e

bt e >\/2b2+c2+d2 +2d\/m) AN

and

(b,c.d) b—ic 1
va(b,c,d) =
: —d+ VP +E+ & \/2(b2+c2+d2)—2d P+t d

on Uy and U, respectively. The maps v; and v, are local sections of a U(1)-bundle over

S2. The transition function is t15 = bgjcg.

Now we can calculate the Berry connection. Switching to spherical coordinates

b cos psin @
c| =r]|sinpsind
cos 6
we obtain
(.0) 1 v 1+ cosé
v(p,0)=—1 .
. V2 \ ey/1 — cosB

and

(0.0) = e~ %y/1 + cos 0
v _\/5 v/1—cosf .
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Hence for the Berry connection we have 4; = vldv, = (1 — cosf)dyp and Ay = —%(1 +
cosf)dp. By the calculation in Section , the local connection forms A; and A, fix
the homotopy class of the transition function. By Remark [4.1] the principal bundle we
obtained is exactly the same as the Hopf bundle S' — S — 2.

5.3 Quaternionic matrices

The skew field of quaternions is given by H = {a + bi + ¢j + dk | a,b,c,d € R} where
i?=42=k*>=—-1landij =k, jk=1iand ki = j. For ¢ = a + bi + ¢j + dk the complex
conjugate is given by ¢ = a — bi — ¢j — dk. Note that |¢|* = q7 = qq = a* + b* + * + d°.

Definition 5.1. Suppose A is an n X n matrix with quaternionic entries. We call ¢ € H

a right eigenvalue of A if there is a nonzero vector v € H" such that Av = vgq.

Definition 5.2. We call a quaternionic matrix A Hermitian if A" = A, where 1 denotes

the transpose complex conjugate as in the complex case.
Proposition 5.3. If A is Hermitian and X is a right eigenvalue of A, then X is real.

Proof. Let Av = v\. We have (Av)'v = vfAv = vTv) and (Av)Tv = lwfv. Since viv is

real and non-zero, we obtain A = \. O

Any quaternionic Hermitian 2 x 2 matrix can be written as

e+ f a+ib—|—jc+kd>

A(a,b,c,d,e, f) =
( f) (a—ib—jc—kd e—f

for some a,b,c,d,e, f € R. The eigenvalues are \y = e + \/a2 + 0242+ d*+ f2.
Let us call [ = /a2 + b2+ 2+ d? + f2. Again we will consider \,. Let U; = R°\
{(0,0,0,0, f)|f <0} and U, := R®\ {(0,0,0,0, f)|f > 0}. We find the following expres-

sions for eigenvectors on U; and Us, respectively:

(@bcdf) i 1
v1(a, 0, a, - —_—
! a—ib—je—kd) /28 + 2f1

and

a+ib+ je+ kd 1
91

vz(a,b,Qd,f):( —f41 T2fl

We now compare this to the Hopf bundle S3 < S7 — S4 which can be constructed the
following way. Identify R® with H? and view S” as a subset of H2. Consider the manifold
HP! which is the quotient of H?\ {(0,0)} by the equivalence relation (g1 A, g2A\) ~ (¢1, g2)
for all A\ € H\ {0}. Let g : ST — HP" be the quotient map. We identify R with H x R

through (z1, 9, T3, T4, T5) > (11 +Toi+23] + 24k, x5). Thus we can view S* as a subset of
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H x R. Let ¢ : HP* — S* be the diffeomorphism [(q1, 2)] = 1@, a1 — [a2*)/(|g2f* +
|¢1)?). The Hopf map is given through h = o g: S” — S*.
Let U(H) denote the unit quaternions. Note that U (H) = S3.

Proposition 5.4. There is a principal U(H)-bundle with the Hopf map h : ST — S* as
projection. We call it the quaternionic Hopf bundle.

Proof. A smooth right U(H)-action on S7 is given through (g1, q2) - A = (1A, g2\) for all
A € U(H) and (q1, q2) € S7. For every p € S* the fibre h=(p) is of the form {(q1,g2)\ | A €
U(H)} for any (q1,q2) € S with h(qy,g2) = p. The right U(H)-action thus preserves the

fibres and is free and transitive on each fibre. One calculates that h o v; for

- id‘UmS‘l
i = 1,2. Hence we can define local trivialisations ¢; : (U; N S*) x U(H) — h~'(U; N

SY), (p, A) = vi(p)A. These local trivialisations are compatible with the right action. [J

As we did in Section [2| for the Hopf bundle S* < S% — S? we now want to calculate a
connection and the corresponding curvature for the quaternionic Hopf bundle S3 < S7 —
S* and show that the bundle is non-trivial. The Lie algebra of U(H) is given through
the algebra of imaginary quaternions where the Lie bracket is the commutator. For the
generators we thus have [i,j| = 2k, [j, k] = 2i and [k,i] = 2j. For v = ai + bj + ck and
u = (q1,q2) = (1 + ot + 237 + T4k, y1 + y2i + y3J + yak) € ST the fundamental vector
field can be calculated to be

£.(0) (-IQCL — x3b — x4+ i(x10 — 24 + 23¢) + J(211b — T2 + 240) + k(210 + 220 — x;;a))
ul\U) =

—y2a — ysb — yac + i(y1a — yab + ysc) + j(y1b — yoc + yaa) + k(y1c + y2b — ysa)

Now we want to find a connection on the quaternionic Hopf bundle. Recall that a con-
nection is a projection onto the vertical subspace. The vertical subspace at u € S7 is
generated by the three orthonormal vectors &,(7), £,(7) and &,(k). The vector fields £(7),
£(j) and (k) define a frame and the dual of this frame consists of 1-forms w;, w; and wy,
on S” that can be combined to give the projection we want. So the connection form will
look like w = pw; + pjw; + pwy. Since w(£(i)) = 4, the factor y; has to be equal to 1.
Analogously, p; = j and p, = k. This leads to the following expression:

Proposition 5.5. A connection on the quaternionic Hopf bundle is given by
w =(—x9l — 23] — x4k)dxy + (210 — x4 + x3k)das
+ (£C4Z + Z'lj — l’gk)d%g + (-l‘gi + iIZ’Qj + $1/€)dl’4

+ the same with y instead of x

=qdg1 + ¢2dgo
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Proof. Expanding gives

4

@1dg1 + 2dge = w + Z rdz; + y;dy;.
i=1
Since Z?Zl 2? +y? =1 we have 0 = 2 Z?Zl x;dx; + y;dy; which implies ¢1dg; + ¢odge =
w. To show that w is a connection, we calculate w, (&, (ai + bj + ck)) = (ia + jb +
k:c)(Z?:l x? +y?) = ai + bj + ck. The second property of a connection follows from

Ady-1w,(v) = g7 weg(v) = 212:1 9 H@dg(v))g = 212:1 @d((ﬂg)(Rg*(U)) = Rywgg. U

Now we want to calculate a local connection form on V5 := H = {[(¢,1)]|¢ € H} C
HP!. We pick the section s : Vo — S7,

(¢,1)

S(Q) = \/rqg

Then we have

Aqd(q>+1d(1>
YT VTFq \VIFqi)  Vitar \VI+aq

One calculates

d( q ):_g(dQ)J+qdé+ dg
VI+qq 2 (L+4qq)?%?  V1+44qq

d< 1 ):_1(dq)q7+qdq7
VI+qq 2 (14qq)*?"

and

Plugging this in we get

~ qdg (1 +qq> (dg)q + qdgq
R 2 ) (1+4q)?
_ 2qdq — (dg)q — ¢dg

214+4q7)

Observe that ¢§ = gq implies (dq)g + ¢dg = (dg)q + gdg. Hence we have

A, — 14— (da)q :Im( qdg ) .

2(1+qq) (1+4qq)

The curvature is given by

1 1
F=A —A A= —
LA A = e

as shown in Naber| (1997) on p. 288.
We can look at the quaternionic Hopf bundle as an su(2)-bundle by identifying i, j, k
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0 0 1 0 1
with the Pauli matrices I = ' ,J = , K = " With ¢ = x1 + xof +
0 ¢ -1 0 ¢t 0

x3J + 24K and |¢* = 2% + 23 + 23 + 27 the curvature then takes the form
2
F :m ((dzy A day — dos Adag) ] + (dzg Ades + dag Aday)J
q

+(d1§1 A d£E4 — dxg N deg)K)

As shown for example in Nakahara/ (2003) Section 11.2, the second Chern class is given
by
1

co(F) = 3 (%)2(trF/\trF—tr(F/\F)),

where the trace and the wedge product are defined as follows. For pure tensors a ® n and
boweg® QM) let tr(a®@n) =tr(a) ®n and (a®n) A (b @ w) = ab® (n Aw). Then
extend these definitions by linearity to all of g ® Q(M).

Since the Pauli matrices have trace zero we get trF' = 0 and hence also trF' AtrF = 0.

We calculate

4
FAF=——— dgAdagAdas Aday (=P =1 =P - J> - K? - K?
(gt e o Al )
24 1 0
= ————dx; Adzy Adxs Adz
(L+[gR) 7 e (0 1)
Thus, tr(F A F) = ﬁdml A dxg A dxs A dxy. Now following the calculations in

Naber| (1997) on p. 320 we have

6 1
/ CQ(F) = P/mdl}/\dl’g/\dﬂ?g/\dﬂh
HPL R4

We introduce spherical coordinates

x1 =rsinysinpcos, o =rsinysingsinf, x3=rsinycosy, x4=r7rcCoSY,
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where r € [0,00),6 € [0,27] and x, ¢ € [0, 7]. We then have

2r ™ W™ 00

/ 7T2////7‘ sin? Xsmgpdrdxdcpde

HP!

(e 9]

12 ) r3
- //sm x sin pdyde /—(1+r2)4 r
00

0
_E@z) 2 / T a4
m\2/\6/) (1+4r?)3

0
YN E =1
4<1+T2)2 r=0

Thus the bundle is not trivial.
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