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1. (20 points) For each of the following statements: if the statement is true

write “True.” If the statement is not true, state a counterexample. No
further justification is needed.

(a) Let (X, d) be a metric space and S C X be a finite set. Then S = 0.
Avuj Set tqvu'pfeo! with He disenete +°P°l°‘<’l’“j
Com be viewed @s a wmednc space with .
wairic d (a“\ﬁw\ b‘j olex, ¥y = { C'D ’);(1‘:}3 . s S=8S,

(b) Let (X,7) be a topological space and x € X. Then the set {z} C X
is closed.

We \AM.A a SVQUL \-‘Aa{' (s V\O" _\1. Le{:

Xo= §%09% with Hhe trivial dopology , ie
the open sels owe (1) od X .

(c) Suppose that (X, d) is a compact metric space. Then X is bounded.

\tue.,

(d) Let (X,7) be a compact topological space. Then every compact
subset of X is closed.

We weed o space that s uot T,. Acaaim,
et X=9x,43 with 4 Asiad dopolegy .
i osw?ouc‘- because iF is Liwbe . Tl set
xy is cowpadk buk not closed.



2. (20 points) Let X be a topological space and let X x X be the product
space. The set
A={(z,z)|lre X} C X xX

is called the diagonal of X x X. Prove that X is Hausdorff if and only if
the diagonal A is a closed subset of X x X.

=5 1k Suvﬁ{cas bo dhaw thet XxX -4 is
opam.  Let (XY € XxX—= & so thot
%29 Siwa Yis Homsdorl | Howe
orish  opeun cabssts U ewd V sud,
Yok U %, VoY, and unV =cj>'
s x4y e UV CXeX-A
& Given xqe X with xHY ) siua
KX =4 is opom,  Huwe wxisks om
0 par cubser W < X2 X sudh Hiat

exy ¢ W XsX=A . Siue

"\'[AL FmAMc,-‘- '\1}1}0[0% om X7<><
'S Wa*e& lolﬁ subsets o the

Lorn UxV whue U omd V oune
opeu Subsels of X, Hure exist
Uy owd Vi open n X such it
el xVx cW < XxX-A |
Tlwg Ux >% andVx 23 suy Hat
u%(\\/«x =¢,
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3. (20 points) Let X and Y be topological spaces and f: X — Y be a
function. Define the graph of f to be

I'={(z,y) e X xY]|y=f(z)}

Consider the following statement: if " is a closed subset of X x Y, then f
is continuous.

(a) If in addition Y is compact, prove the above statement.
(5 em oy xeY, bk \ be oy opem
Wﬁb\LovL\oo& of $cxy.  Given auy
44§y, siue [ is elosed, fhare
enst opem \/33 Y omd  opem Una'x
such fhot Uy N 7NN =4 Sina
Y s conpack owd Y - U Vyu\,

Y+ 4@ n

we howe Y= V v Lmj\jxj ot sowe n. Let U*mu\si.
=1
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(b) If in addition Y is Hausdorff, prove the converse of the above state- —| V
Thew SCUY V.

ment.

Let (x,4)e X xY-T" so that Y=+ fixy,
Siuee Y is Howsdowff , vt exist
opem subsets U owd Vol V swd et
Usfer, VoY, and UNV =¢.
Siwer § &5 eoubunous, FTCU) s
open. Thay (e L*(U)xV C
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4. (20 points) Give an example of a topological space X and a finite subset
A C X whose closure A is infinite. Is there an example if X is Hausdorff?

Le{’ \ = R eo\,“’;rwdl wifl, o Amvied "\'DFO[oox,‘

o A= 903 Thow ojuen oy xe K,
e ouly  opemn aicfibodeod is I, which
wherseds A, Thus X€ A TMS(ON A=K,

No. 1{ X is H‘“‘*‘A"VH ;oMY va\gldom is
closed , owd hamar so (s auy Cinite subset,



5. (20 points) Let {0, 1} denote the 2-element set with the discrete topology,
and let C' = {0, 1} be the product of countably infinitely many copies of
the 2-element set, with the product topology.

(a) Prove that C is sequentially compact.

Let %Tn%:l‘ CC be « Sedquance. .
T dinst componeats V4 o V. wmusk
howe im«Fme'dv-& mouy O or 1, say 0.
AW\O\AS Huse 7nk , +haur secoud oow]oomw{-s
Va2 wiast howe Tw{-'ujh,[% mony 0 o1,
Sow 0. lncJMo\‘%veJ\a, we  obfom o subsequautg
comtrgian to (0,0,..) wn Hu produch +apolegy.

(b) Show that this fails with the box topology.

The sequuse 28n3s with Ba=(0.0.. 0 Lo ..)

T
has wo cou\uw%inoa &%b%ﬂmu\.‘:‘ " Lh:L, Z‘:o:eu(-
O om.



