MA323 Topology Midterm Exam

2:00-3:50 pm
November 3, 2020
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1. (10 points) Show that the countable collection
B ={(a,b) | a,b€ Q,a < b}
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2. (40 points) Let X be a set. Let 7. be the collection of all subsets U of X
such that X — U is either countable or all of X.

(a) (5 points) Show that 7; is a topology on X.
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For the rest of the question, X denotes the topological space (X, T) ‘L’-MM
(b) (5 pomts) Suppose that A is an uncountable subset of X. Show that n u a é 7j
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(¢) (5 points) Suppose in addition that A is proper and let x € X — A.
Show that x is a limit point of A.
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(d) (10P nts) fmp rt ( ) hwtht ery neighborhood fhm& X—ACA.
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(e) (10 points) In spite of part (d), show that any sequence of points in ",

A does not converge to z. (Hint: first show that every convergent A" md"‘-
sequence in A stabilizes, i.e., is eventually constant.)
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(f) (5 points) Show that X is not metrizable. (Hint: show that in a

metric space, any point in the closure of a subset is the limit of a
sequence in the subset.)
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3. (10 points)

(a) (5 points) Is an open map necessarily a quotient map? Give a proof
counterexample.
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(b) (5 points) Is a quotient map necessarily open? Give a proof or a
unterexample.
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4. (20 points) Let X and Y be topological spaces and f: X — Y be a
function. Define the graph of f to be

I'={(r,y) e X xY [y = f(2)}

Consider the following statement: if ' is a closed subset of X x Y, then f
is continuous.

(a) (10 points) Prove this statement or provide a counterexample.
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(b) (10 points) Do the same for the converse.
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5. (20 points)

(a) (10 points) Prove that the circle and square
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are homeomorphic.
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(b) (10 points) Prove that the open and closed unit balls
{(,y) eR? [2® +y? <1} {(z,9) eR? |2” +y* <1}

are not homeomorphic.
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